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1 Day 1: The Geoboard

Problem

Notes: This is what’s known as a “launch” problem. We’ll
work on it today and then return to it throughout the course,
gaining more insight as we develop more machinery.

A geoboard is a device used by many teachers in geometry.
It’s a square grid of pegs, stuck in a board, like this:

This one contains 4 rows of
4 pegs, so it’s called a “4 by
4” geoboard. They come in
all sizes.

A 4× 4 geoboard

Looking down from the top, you see this:
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A 4× 4 geoboard, top view

One thing teachers do with geoboards is snap elastic bands
around the pegs to make segments: The elastics snap tight, so,

in real life, these really do
look like segments.

Three segments on a geoboard

1. Suppose you had a 2 × 2 geoboard (4 pegs total). What
different lengths can you make?

2. Suppose you had a 3 × 3 geoboard (9 pegs total). What
different lengths can you make?

3. Suppose you had a 4× 4 geoboard. What lengths can you
make? How many different ways can you make the length√

2?

4. Suppose you had a 5× 5 geoboard. What integer lengths
can you make?
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PROBLEM

If you know the size of a geoboard, can you tell how many different

You might want to consider
a 1× 1 geoboard, and work
up to at least a 6× 6 board.
Look for ways to shorten
your work.

peg-to-peg lengths there are?
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2 Day 2: The Gaussian

Integers

We left at the end of yesterday with a number of unanswered
questions:

•Given a distance, can it be made on a (potentially infinite)
Geoboard? If so, what is the smallest square Geoboard that
can be used to make the distance?

•What numbers can be expressed as the sum of the squares of
two integers? How many different ways are there to express
a particular number as the sum of two squares?

•Which numbers cause ”problems” for our Geoboard pat-
tern? These are numbers that can be expressed as the sum
of squares in ”different” ways. For example, 25 = 42 + 32 =
52 + 02. The numbers we have found so far that do this are
25, 50, 100, 169, and 225.

1. Find all numbers less than 100 that can be expressed as
the sum of the squares of two integers. What types of
numbers show up in this list? Can you find any underlying
structure?

2. Find at least three more examples of numbers (like 50)
that are not perfect squares, but can be expressed as the
sum of squares in ”different” ways. Hint: There are two
examples between 60 and 90, and one that is 4 less than
one of the ones we’ve already found.

3. Find all twelve ways to write 25 as the sum of the squares
of two integers.
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The third problem should suggest a Geoboard with a center
at (0,0) and pegs extending vertically and horizontally in both
directions. This is a picture of the Gaussian integers . This
session focuses on the structure of the Gaussian integers, and
forms the ground work we will need to properly connect the
mathematics of the Gaussian integers to our unsolved Geoboard
problems.

A Gaussian integer is a complex number of the form a + bi The system of Gaussian
integers is denoted by Z[i].
This means “the integers
(Z) adjoin the number i.”
So you can create sums and
products of integers and
powers of i—that is, all
polynomials in i—and look
at all the numbers you get.
They all turn out to be of
the form a+ bi where a
and b are integers (why?).
You can create other
systems by adjoining
numbers besides i. For
example, Z[ 3

√
2] would be all

the numbers that looked like
a+ b 3

√
2 + c 3

√
4 (why?).

What would Z[π] look like?.

where a and b are integers .

Example: 3 + 2i. Non-example: 1
2

+ i
√

2.

Important Stuff It’s time to add, subtract, multiply, and di-
vide!

4. Let z = 3− i and w = −1 + 7i. Find:
(a) z + w (b) w + z (c) z − w (d) w − z
(e) 2z (f) −z (g) −2z + 3w (h) iz
(i) iw (j) iwi (k) wz (l) zw

(m) w2 (n) w2

w

You can think of Z (the integers) as a set of distinct points
on the number line.

The Integers

In the same way, you can think of Z[i] (the Gaussian Integers)
as a set of distinct points in the plane. These are the lattice
points, where both coordinates are integers. The Gaussian integers where

a ≥ 0 and b ≥ 0 are like
pegs on a geobaord. That
might help later!
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The Gaussian Integers

5. Let z = 3 + i, w = 1 + i, and v = 2− 3i. Plot z, w, and v
on the same set of axes. Which number is “biggest”? Can
you make some logical order for them, smallest to largest? What could z < w mean in

Z[i]? Come up with a
definition of the “size” of a
Gaussian Integer.

6. Again, let z = 3+ i, w = −1+4i, and v = 2− i. Plot each
of the following on the same set of axes:

(a) z, i, z + i =
(b) z, 1, z + 1 =
(c) z, w, z + w =
(d) z, v, z + v =
(e) w, v, w + v =

7. In general, what is the geometric interpretation of adding
complex numbers? In particular, two complex numbers, z
and w, are shown below. Find their sum without calculat-
ing.
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8. Again, let z = 3 + i, w = 1 + i, and v = 2 − i. Plot each
of the following on the same set of axes: We’ll come back to this, but

any idea about a geometric
interpretation of multiplying
complex numbers?

(a) z, i, iz =
(b) w, i, iw =
(c) v, i, iv =
(d) z, −1, −z =
(e) z, −i, −iz =
(f) z, 2, 2z =
(g) w, 3, 3w =
(h) v, 2i, 2iv =
(i) z, w, zw =
(j) z, v, zv =
(k) w, v, wv =

9. Plot at least 8 integral multiples of −6 on a number line.
Use your picture to decide which multiple of −6 is closest
to 27.

10. Let’s see if we can make a picture in Z[i] analogous to the
one we made in problem 9, by plotting the multiples of
(2− i). First calculate and then plot each of the following
multiples of (2− i):
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(a) (2− i)1 (b) (2− i)2 (c) (2− i)3 (d) (2− i)(−1)

(e) (2− i)i (f) (2− i)2i (g) (2− i)3i (h) (2− i)(−i)

(i) (2− i)(1 + i) (j) (2− i)(2 + 2i) (k) (2− i)(3 + 3i) (l) (2− i)(−1− i)

(m) (2− i)(−1 + i) (n) (2− i)(−2 + 2i) (o) (2− i)(1− i) (p) (2− i)(1− 2i)

11. Without calculating, plot another 20 (or more!) multiples
of (2− i).

12. Use your picture from problem 10 to find the multiple of
(2− i) that is “closest” to (2 + 6i).

More Stuff

13. Evaluate the following:
(a) (3− 2i) + (3 + 2i)
(b) (3− 2i)− (3 + 2i)
(c) (3− 2i)× (3 + 2i)

14. Evaluate (5− 3i)÷ (3− 2i). Is this quotient an element How do we get rid of i in
the denominator?of Z[i]?

15. Calculate the value and plot each of the following:
(a) i (b) i2 (c) i3 (d) i4

(e) i5 (f) i6 (g) i10 (h) i127

16. Suppose z = 3 + 4i and w = 1 − i. Without calculating ,
locate each Gaussian integer on the complex plane.

(a) 3z (b) −2w (c) z + w
(d) 3z − 2w (e) 2w − 3z (f) iz
(g) 3iz (h) −iw (i) zw

17. Describe each of the following operations geometrically —
what effect do they have on a Gaussian Integer in the
plane?
(a) multiplying by i
(b) multiplying by −1
(c) multiplying by any real number

18. Use your answer from problem 5 to explain why it makes
sense geometrically that i2 = −1.

19. Create a picture of all the multiples of these Gaussian
integers:
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(a) 2 + 4i (b) 5

20. Using your picture from problem 19.a of all the multiples
of 2+4i, find the multiple that is “closest” to 7+9i. Why
did this ambiguity not occur with the multiples of 2− i?

21. Let z = 7 + 6i and w = 2 − i. Plot all of the points that An idea: first restrict t to
be an integer . Then look at
the picture when t is “pure
imaginary” (of the form bi
where b is an integer). Then
“mix.”

look like z + wt where t is in Z[i]. That is, plot all the
points that are z plus some multiple of w.

Properties of the Gaussian Integers Here is a list of state-
ments that are true about the integers. For each one, decide
if an equivalent statement would be true about the Gaussian
Integers. If it is true, craft the statement and then try to prove Your proofs will probably

use the fact that these
statements are true in the
integers.

it.

22. Closure under addition: If a and b are integers, then a+ b
is also an integer.

23. Closure under multiplication: If a and b are integers, then
ab is also an integer.

24. Commutativity: If a and b are integers, then a+ b = b+a.
Likewise, ab = ba.

25. Zero property: If a and b are integers, then ab = 0 if and
only if either a or b is zero.
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3 Day 3: Geometry of

Gaussian Integers

This session will focus primarily on the geometric interpretation
of Gaussian integers as an infinite Geoboard. You might still
have to do some adding and multiplying, though!

We typically draw a Gaussian integer as a vector starting from
the origin (0, 0). However, it is sometimes just as useful to think

Z[i] as vectors at 0,
points, and vectors.

of the Gaussian integer as the point corresponding to the end
of that vector, and the vector does not necessarily need to start
at (0, 0).

1. Let z = 3 + i, w = 1 + i, and v = 2− 3i. Plot z, w, and v
on the same set of axes. Which number is “biggest”? Can
you make some logical order for them, smallest to largest? What could z < w mean in

Z[i]? Come up with a
definition of the “size” of a
Gaussian Integer.

2. Again, let z = 3+ i, w = −1+4i, and v = 2− i. Plot each
of the following on the same set of axes:

(a) z, i, z + i =
(b) z, 1, z + 1 =
(c) z, w, z + w =
(d) z, v, z + v =
(e) w, v, w + v =

3. In general, what is the geometric interpretation of adding
complex numbers? In particular, two complex numbers, z
and w, are shown below. Find their sum without calculat-
ing.
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4. Again, let z = 3 + i, w = 1 + i, and v = 2 − i. Plot each
of the following on the same set of axes: We’ll come back to this, but

any idea about a geometric
interpretation of multiplying
complex numbers?

(a) z, i, iz =
(b) w, i, iw =
(c) v, i, iv =
(d) z, −1, −z =
(e) z, −i, −iz =
(f) z, 2, 2z =
(g) w, 3, 3w =
(h) v, 2i, 2iv =
(i) z, w, zw =
(j) z, v, zv =
(k) w, v, wv =

5. Describe each of the following operations geometrically —
what effect do they have on a Gaussian integer in the
plane?
(a) multiplying by i
(b) multiplying by −1
(c) multiplying by any real number

6. Use your answer from problem 5 to explain why it makes
sense geometrically that i2 = −1.

7. Suppose z = 3 + 4i and w = 1 − i. Without calculating ,
locate each of these Gaussian integers:
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(a) 3z (b) −2w (c) z + w
(d) 3z − 2w (e) 2w − 3z (f) iz
(g) 3iz (h) −iw (i) zw

8. Evaluate (2 + 6i)÷ (2− i). Is this quotient an element of
Z[i]? How do you know?

When performing division in the integers, we usually talk
about the quotient and remainder of a division. For the division
to work properly, the remainder should be less than the divisor.

9. Plot at least 8 integral multiples of −6 on a number line.
Use your picture to decide which multiple of −6 is closest
to 29.

10. Let’s see if we can make a picture in Z[i] analogous to the
one we made in problem 9, by plotting the multiples of
(2− i). First calculate and then plot each of the following
multiples of (2− i):
(a) (2− i)1 (b) (2− i)2 (c) (2− i)3 (d) (2− i)(−1)

(e) (2− i)i (f) (2− i)2i (g) (2− i)3i (h) (2− i)(−i)

(i) (2− i)(1 + i) (j) (2− i)(2 + 2i) (k) (2− i)(3 + 3i) (l) (2− i)(−1− i)

(m) (2− i)(−1 + i) (n) (2− i)(−2 + 2i) (o) (2− i)(1− i) (p) (2− i)(1− 2i)

11. Without calculating, plot another 20 (or more!) multiples
of (2− i).

12. Use your picture from problem 10 to find the multiple of
(2− i) that is “closest” to (2 + 6i).

Recall from last time that if z = a+ bi, then the conjugate of
z, written z, is a− bi.

13. Describe the relationship, geometrically, between a Gaus-
sian integer and its conjugate.

14. Let z = −1+4i and w = 2− i. Find each of the following.
(a) N(z) (b) N(w) (c) N(zw)

15. How is the norm of a Gaussian integer related to its graph
in the complex plane?
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16. Find several Gaussian integers with norm 1. What do they
all look like?

17. Find all of the Gaussian integers with the same norm
as 8 + i.

More Stuff

18. For each of the following pairs of Gaussian integers, find
the distance between z and w.
(a) z = −2 + i and w = 4− 3i
(b) z = 12 + 5i and w = 2i
(c) z = −7 + 4i and w = 7 + 4i

19. For any two distinct integers (a �= b), it is always possible
to say either a < b or b < a. Is the same true in Gaussian
integers? Explain.

20. Find several (at least 7) Gaussian integers whose norms
are prime (in Z).

21. If possible, find a Gaussian integer with each norm:
(a) 11 (b) 13 (c) 21
(d) 31 (e) 85 (f) 121
(g) 215 (h) 442 (i) 1105

Powers and Roots

22. Pick several Gaussian integers a + bi (make a > b) and
square them. Write down the results. Conjectures? We’ll come back to this

later.
23. For each Gaussian integer below, compute and then plot

z, z2, z3, and z4.
(a) z = 1 + i (b) z = 10 + i

24. Using the two values of z given in problem 3, compute
N(z), N(z2), N(z3), N(z4), and N(z17).

25. We say that an integer n is a perfect square if there exists To paraphrase Tina Turner,
“What’s Norm got to do
with it?” (Feel free to
groan.)

some integer a such that a2 = n. Likewise, a Gaussian
integer z is a perfect square if there exists some Gaussian
integer w such that w2 = z. For each z below, decide if it
is a perfect square. If it is, find its square root.
(a) z = −3 + 4i (b) z = 2i (c) z = 2− i
(d) z = 3 + 2i (e) z = −5− 12i (f) z = −25

c© Education Development Center, Inc. 2002 PCMI 13
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26. A Gaussian integer z is a perfect cube if there exists some
Gaussian integer w such that w3 = z. For each z below,
decide if it is a perfect cube. If it is, find its cube root.
(a) z = −2− 2i (b) z = 5− 3i (c) z = −11 + 2i

Challenges

27. Find two Gaussian integers that are an integer distance
apart.

28. Find three Gaussian integers so that any two of them are
an integer distance apart.

29. You know about primes in Z: they are numbers whose only
divisors are themselves and 1. In Z[i], some integer primes
can now “split” into factors. Make a table of integer For example,

2 = (1 + i)(1− i).primes, and for each one decide if it splits into factors over
the Gaussian integers or not.

14 c© Education Development Center, Inc. 2002 PCMI
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4 Day 4: Divisibility in

Gaussian Integers

Let’s start where we left off last time – looking at a lattice of
multiples of a particular Gaussian integer.

1. Make a pretty picture in Z[i] by plotting the multiples of
(3 + i). First, calculate and plot each of the following
multiples of (3 + i) until you get the idea:
(a) (3 + i)1 (b) (3 + i)2 (c) (3 + i)3 (d) (3 + i)(−1)

(e) (3 + i)i (f) (3 + i)2i (g) (3 + i)3i (h) (3 + i)(−i)

(i) (3 + i)(1 + i) (j) (3 + i)(2 + 2i) (k) (3 + i)(3 + 3i) (l) (3 + i)(−1− i)

(m) (3 + i)(−1 + i) (n) (3 + i)(−2 + 2i) (o) (3 + i)(1− i) (p) (3 + i)(1− 2i)
Then, continue the lattice so that it extends at least as far
as ±10 in both the real and imaginary directions.

2. The lattice should suggest that the Gaussian integer (9−i)
is not a multiple of (3 + i). Can you think of a way to use
norms to explain why (9−i) cannot be a multiple of (3+i)?

3. Use your picture from problem 1 to find the multiple of
(3 + i) that is “closest” to (9− i).

4. What integers are multiples of (3 + i)? Why?

The notion of divisibility is as important in Z[i] as it is in Z.

The expression a|b is read as “a divides b,” and it means
our familiar notion of “divides,” as in divides evenly with no So, for example, 2|6 is true,

but 6|2 is not true. We
sometimes write 6 � |2.remainder. A statement about divisibility can be true or false or

indeterminate, just like other types of mathematical statements.
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5. For each statement below, decide if it is true or false. Find These problems are about Z
(the integers).a way to justify your answers.

(a) 5|10 (b) 5| − 10 (c) 10|5 (d) 5|13
(e) 5|5 (f) 1|5 (g) 5|1

6. Propose a mathematical definition for a|b.
7. To decide if a|b when a and b are Gaussian integers, it

helps to be able to divide Gaussian integers. This prob-
lem helps review dividing Gaussian integers; if you already
know how, skip it.
Let z = 3 + 2i and w = 7− 4i.
(a) Find zz.
(b) Find z

w
. Hint: use problem 7a above!

8. For each statement below, decide if it is true or false. Find These problems are
about Z[i], the Gaussian
integers.

a way to justify your answers.
(a) 5|(5 + 5i) (b) −5|(5 + 5i) (c) (1 + i)|(3 + 3i)
(d) i|(5 + 5i) (e) (5 + 5i)|i (f) (26 + 41i)|0

9. Decide if each statement is true or false. Justify your an-
swers.
(a) (3 + 2i)|(10 + 11i) (b) (3 + 2i)|(4 + 7i) (c) (4 + 7i)|(10 + 11i)
(d) (10 + 11i)|(3 + 2i) (e) (4− i)|(10 + 11i)

10. Find the norm of each Gaussian integer in problem 9. Any
conjectures?

11. You saw in problem 9 that (3 + 2i)|(10 + 11i). Does that
imply that (3−2i)|(10+11i)? How about (2+3i)|(10+11i)?
(2− 3i)|(10 + 11i)? Any conjectures?

Recall from Roger Howe’s talk that a number can be consid-
ered prime if it has no proper factorization; that is, it cannot
be written as z = vw where v and w are both less than z.

12. Find all divisors of 2 + 2i. Find an element of Z[i] that
does not divide 2 + 2i. Is 2 + 2i prime in Z[i]?

13. Find all divisors (in Z[i]) of the Gaussian integer 5. Find
an element of Z[i] that does not divide 5. Is 5 prime in
Z[i]?

14. Find all divisors of 1 − 4i. Find an element of Z[i] that
does not divide 1− 4i. Is 1− 4i prime in Z[i]?

15. Find a Gaussian integer whose norm is 13. Use that to
find a factorization of 13 in Z[i]. Can you do this in more

16 c© Education Development Center, Inc. 2002 PCMI
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than one way? How can this be? Does this mean there is
no unique prime factorization in Z[i]?

16. Let a and b be Gaussian integers. If a|b, what must be
true about the graphs of a and b? Try several examples.

Prove, Disprove, or Salvage if Possible... Before going on
to the proofs, it will help to have a definition of “divides” to
work with. Here’s a good one.

DEFINITION

We say a|b (“a divides b”) if and only if there is an element c in Z[i] such

This definition of a|b works
for both Z and Z[i]. How
close is it to the definition
you proposed in problem 6?

that ac = b.

Here is a list of conjectures about divisibility. For each con-
jecture:

•Decide if it is true or false. Don’t forget that important
first step! Trying to prove
something that isn’t true
can be difficult.

• If it is true, try to prove it.

• If it is false, show how you know (provide a counterexam-
ple). Then try to “salvage” it — change the hypothesis or
conclusion somehow to make a true statement, and then
prove that .

17. For any a in Z[i], a|a.
18. For any a in Z[i], i|a.
19. If a|b then N(a)|N(b).

20. If N(a)|N(b) then a|b.
21. For any a, b, and c in Z[i]: If a|b and b|c then a|c.

Here are some other conjectures about Z[i] that may or may
not be true. Prove or disprove, and salvage if you can!

22. If q is an integer, then N(q) = q2.

23. A Gaussian integer is a perfect square if and only if its
norm is a perfect square.

c© Education Development Center, Inc. 2002 PCMI 17
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24. If a Gaussian integer z is a perfect square, then the fol-
lowing are all perfect squares as well: z, −z, and iz.

25. The norm of (1 + i)6 is 16.

26. A Gaussian integer is a perfect square if and only if its
conjugate is a perfect square.

27. If z and w are in Z[i], N(z + w) = N(z) +N(w).

28. The distance between two Gaussian integers z and w is√
N(z − w).

18 c© Education Development Center, Inc. 2002 PCMI
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5 Leftovers and

Carryovers. . .

1. If possible, find a Gaussian integer with each norm:
(a) 11 (b) 13 (c) 21
(d) 31 (e) 85 (f) 121
(g) 215 (h) 442 (i) 1105

2. Pick several Gaussian integers a + bi (make a > b) and
square them. Write down the results. Conjectures? We’ll come back to this

later.
3. For each Gaussian integer below, compute and then plot

z, z2, z3, and z4.
(a) z = 1 + i (b) z = 10 + i

4. Using the two values of z given in problem 3, compute
N(z), N(z2), N(z3), N(z4), and N(z17).

5. We say that an integer n is a perfect square if there exists To paraphrase Tina Turner,
“What’s Norm got to do
with it?” (Feel free to
groan.)

some integer a such that a2 = n. Likewise, a Gaussian
integer z is a perfect square if there exists some Gaussian
integer w such that w2 = z. For each z below, decide if it
is a perfect square. If it is, find its square root.
(a) z = −3 + 4i (b) z = 2i (c) z = 2− i
(d) z = 3 + 2i (e) z = −5− 12i (f) z = −25

6. A Gaussian integer z is a perfect cube if there exists some
Gaussian integer w such that w3 = z. For each z below,
decide if it is a perfect cube. If it is, find its cube root.
(a) z = −2− 2i (b) z = 5− 3i (c) z = −11 + 2i
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5 Day 5: Proofs, Primes,

and Pythagoras

Throughout our work in the first week, we have come up with a
number of conjectures. Some of them have been proved, some
have been disproved, and some are still undecided. We’ll start
today by focusing on proof; in particular we will try to prove
some of the things we have observed about Z[i].

Some of these proofs will be about divisibility, so it will help to
have a definition of “divides” to work with. Here is the definition
introduced in Friday’s notes.

DEFINITION

We say a|b (“a divides b”) if and only if there is an element w in Z[i] such

This definition of a|b works
for both Z and Z[i], or any
other number system where
multiplication is defined.

that aw = b.

Here is a list of conjectures about divisibility. For each con-
jecture:

•Decide if it is true or false. Don’t forget that important
first step! Trying to prove
something that isn’t true
can be difficult.

• If it is true, try to prove it.

• If it is false, show how you know (provide a counterexam-
ple). Then try to “salvage” it — change the hypothesis or
conclusion somehow to make a true statement, and then
prove that .

Many of these proofs rely on definitions, so make sure you
know the defintions of divisibility and norm.

1. For any a in Z[i], a|a.
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2. For any a in Z[i], i|a.
3. If N(a)|N(b) then a|b.
4. For any a, b, and c in Z[i]: If a|b and b|c then a|c.
5. If a|b then ai|b.

Here are some other conjectures about Z[i] that may or may
not be true. Prove or disprove, and salvage if you can!

6. If q is an integer, then N(q) = q2.

7. A Gaussian integer is a perfect square if and only if its
norm is a perfect square.

8. If a Gaussian integer z is a perfect square, then the follow-
ing are all perfect squares as well: z, −z, and iz.

9. The norm of (1 + i)6 is 16.

10. If z and w are in Z[i], N(z + w) = N(z) +N(w).

11. A Gaussian integer is prime if and only if its norm is prime.

Roger Howe’s definition of prime may be helpful in the previ-
ous problem and in the next few. A Gaussian integer is prime
if it has no proper factorization. Another useful definition in-
volving the norm is that a Gaussian integer p is prime if there
are no Gaussian integers z with z|p and 1 < N(z) < N(p).

12. Find all divisors of 3+ i. Find an element of Z[i] that does
not divide 3 + i. Is 3 + i prime in Z[i]?

13. Find all divisors (in Z[i]) of the Gaussian integer 2. Find
an element of Z[i] that does not divide 2. Is 2 prime in
Z[i]?

14. Find all divisors of 2− i. Find an element of Z[i] that does
not divide 2− i. Is 2− i prime in Z[i]?

15. If a Gaussian integer z is prime, what other Gaussian in-
tegers related to z would you expect to be prime? You
may find your work from Problem 5 useful, but this is not
a proof.
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Back to the Geoboard? Remember the original Geoboard
problem? It came down to asking two important questions:

•Which integers can be expressed as the sum of two squares?

•Given an integer, in how many ways can it be expressed as
the sum of two squares?

Well, remember that the norm of a Gaussian integer is a sum
of two squares:

N(a+ bi) = a2 + b2

so that should certainly help us with the investigation. Let’s
focus on sums of two squares and norms. First, a couple of
problems to review what we’ve done to this point:

16. If possible, find a Gaussian integer with the given norm:
(a) N(z) = 1 (b) N(z) = 2 (c) N(z) = 3
(d) N(z) = 4 (e) N(z) = 5 (f) N(z) = 6
(g) N(z) = 7 (h) N(z) = 25 (i) N(z) = 31
(j) N(z) = 221 (k) N(z) = 235 (l) N(z) = 290

17. Which prime numbers in Z are the norm of some element
in Z[i]?

18. Pick several Gaussian integers a + bi (make a > b > 0)
and square them. Write down the results. Conjectures?

19. Find the norm of each of each squared Gaussian integer
you found in problem 18.

20. Use properties of the norm to show that if z is a Gaussian
integer, then Notice that the right side of

this equation is a perfect
square (it is the square of an
integer).

N(z2) = (N(z))2

Problem 20 is a key to one of the nicest ways around for
generating Pythagorean triples. The idea goes like this:

•The equation a2 + b2 = c2 can be written N(z) = c2 where
z = a + bi. So, we are looking for Gaussian integers whose So, there are infinitely many

triples of integers that
satisfy the equation
x2 + y2 = z2. What about
x3 + y3 = z3?

norms are perfect squares.

•Problem 20 says that the norm of a Gaussian integer will
be a perfect square if the Gaussian integer is itself a perfect
square.

• So, to generate Pythagorean triples, pick a Gaussian integer
at random, and square it. The square will be a Gaussian
integer a+ bi whose norm, a2 + b2 will be a perfect square.
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That is, a2 + b2 will equal c2 for some integer c, and (a, b, c)
will be a Pythagorean triple.

21. Generate half a dozen Pythagorean triples in this way.

22. Use the method to establish the following identity that is
often used for generating Pythagorean triples:

(r2 + s2)2 = (r2 − s2)2 + (2rs)2

Challenges... There are some details that need to be taken
care of to refine our algorithm...:

23. If we pick a Gaussian integer “at random” using this method, Hint: If N(z) = N(w),
what do you know about z
and w?

we sometimes produce duplicate triples, and sometimes
the “legs.” produced are negative. Refine the algorithm
so that it produces only positive triples and produces no
duplicates.

24. Even after you eliminate duplicates, there are annoying
triples like (6, 8, 10) that show up and are simple mul-
tiples of a “primitive” triple (this one is twice (3, 4, 5)).
Characterize those z so that z2 will generate a primitive
Pythagorean triple.

25. Find all numbers less than 250 that cause ”problems” for
the Geoboard counting algorithm. We have found a few
such ”problem” numbers: 25, 50, 65, 85, 100, 169, 221,
225. Try to find a way to generate these numbers without
relying on trial and error.

26. Use the results of problem 25 to determine the number
of different distances that can be measured on a 15 × 15
Geoboard.
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6 Day 6: Congruences

By “a ≡ b (mod n)” (read this as “a and b are congruent
modulo n”). we mean a and b differ by a multiple of n.

1. Which of the following pairs of numbers are congruent
modulo 5? Justify your answers.
(a) 2 and 12 (b) 4 and 444 (c) 2 and −2 (d) 0 and 15
(e) 1 and −14 (f) 4 and −1 (g) a and 5a (h) a and 6a

2. List seven pairs of numbers that are congruent to −3
modulo 13.

3. Draw a number line. On the number line,
(a) Color all of the numbers congruent to 0 modulo 6 one

color.
(b) Color all of the numbers congruent to 1 modulo 6

another color.
(c) Color all of the numbers congruent to 2 modulo 6

another color.
(d) Keep going. How many different colors do you need?

Zn is the system of remainders modulo n. There are lots
of potential sets we could use, but the standard set we use is
0, 1, 2, . . . , n− 1.

4. Find the following in Z8:
(a) 7 + 6, 5 · 3, 42, 6− 2 , 2− 7,
(b) 16, 32, 40, 88, 800,
(c) −4, −13, 800 + 3, 800 + 7, 8005
(d) 9, 17, 25, 33, 41 Why are the ones in 4.d all

the same?
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5. Without finding their actual values, explain why, in Z8, we Saying “165 = 157 in Z8” is
the same as saying
“165 ≡ 157 (mod 8).”

have
165 = 157
519 = 503
415 = 15

6. Reduce the following mod 8 without a calculator: 8029, Hint: Find a nearby multiple
of 8.451, 323, and −406.

7. (a) Find (16 + 20) in Z15.
(b) Find 16 in Z15 and 20 in Z15. Add the two.
(c) Compare your answers to 7a and 7b. Any conjec-

tures?
(d) Repeat 7a and 7b with (29 + 36) and (9 + 23). Does

your conjecture hold?

8. (a) Find (16 · 20) in Z15.
(b) Find 16 in Z15 and 20 in Z15. Multiply the two.
(c) Compare your answers to 8a and 8b. Any conjec-

tures?
(d) Repeat 8a and 8b with (4 ·18) and (7 ·50). Does your

conjecture hold?

9. It is true that you can multiply, add, and reduce in any Prove it!

order you want, in any modulus. Use that fact to find the
following in Z13 without a calculator.
(a) (14 · 15 · 16)2 (b) 284 (c) 12 · 11 · 10
(d) (12 · 15)3 (e) 145,067,293 (f) 125,067,293

(g) (128(132 + 35))2 (h) (123 · 14 · 3 + 13(500)299)2

10. Suppose I was really tired and fell asleep at 8:00pm. If I
slept for 499 hours, what time of day would I wake up?

11. Suppose my birthday fell on a Saturday in 2001.
(a) What day will it fall on this year?
(b) What day did it fall on in 1997? (Note: 2000 was a

leap year.)

12. In this problem you will establsih one of the “famous”
divisibilty tests.
(a) Find 1, 10, 100, 1000, and 10000 in Z3.
(b) Explain why any power of 10 reduces to 1 in Z3.
(c) Use 12a and 12b to quickly find the following in Z3: Hint: 4631 =

4 · 1000 + 6 · 100 + 3 · 10 + 14631 5973 2217
(d) Explain why a number is divisible by 3 if the sum of

its digits is divisible by 3.
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(e) Show that a number is divisible by 4 if the sum of its Hint: Look at the numbers
from 12a in Z4.units digit and twice its ten’s digit is divisible by 4.

13. Carefully complete the following multiplication table for
Z10.

· 0 1 2 3 4 5 6 7 8 9
0
1
2
3 6
4
5
6
7 8
8
9

(a) Does Z10 (using 0, 1, 2, 3, 4, 5, 6, 7, 8, 9) have a largest
number? Explain.

(b) Can you find two nonzero numbers in Z10 whose pro-
duce is zero. If so, list all of the pairs that work.

14. Use your multiplication table for Z10 to find the following: Note: Some may have
multiple answers, and some
may not exist.

√
6 1

3
1
7

1
2√

5
√

3
√
−1 4

7

15. In Zn, a nonzero number a is called a zero divisor if there
exists a nonzero number b such that ab = 0. Use your For example, in Z4, 2 is a

zero divisor because
2 · 2 = 0.

multiplication table for Z10 to list all of the zero divisors.
Do they have anything in commeon with each other? With
the number 10?

16. In Zn, a number a is called a unit if there exists a number
b such that ab = 1. Use your multiplication table for Z10 For example, in Z3, 2 is a

unit because 2 · 2 = 1.to list all of the units. Conjectures?

17. Compare your lists from problems 15 and 16. Any conjec-
tures?

18. Make a multiplication table for Z9.
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· 0 1 2 3 4 5 6 7 8
0
1
2
3
4
5
6
7
8

19. Using your multiplication table for Z9:
(a) Find the following:

1
5

1
3

1
2

√
4

√
−2

(b) List all of the zero divisors
(c) List all of the units.

20. (a) Based on the results of problems 16 and 19, what do
you think the zero divisors in Z21 are? Why?

(b) Without doing the multiplication, explain why 14 · 3 Hint: 14 · 3 = (2 · 7) · 3.
must be zero in Z21.

(c) Without multiplying, how can we tell that 18 · 7 will
be zero in Z21?

(d) Explain why any nonzero number that has 3 or 7 as
a factor will be a zero divisor in Z21.

21. Based on the previous problems, how many zero divisors
would you expect to find in the following: Z3, Z7, and Zp
where p is a prime number?

22. Find all solutions to these equations in Z10:
(a) 3x = 2 (b) 2x− 3 = 0
(c) 9x− 2 = 4 (d) 3x2 + 5 = 3

23. Find all solutions to these equations in Z9: Hint: Cube each number in
Z9 to make sure you find all
cube roots of 8.

(a) 3x = 2 (b) 2x− 3 = 0
(c) 5(x2 − 3) = 3 (d) (x− 3)3 = 8

24. (a) Solve the quadratic equation x2 − x = 0 in ordinary
arithmetic. How did you solve it?

(b) Now solve it in Z10. How many solutions does it have
here?

(c) We now have a quadratic equation with four solu-
tions. Why is this happening? Why can’t this happen
in ordinary arithmetic?

25. Consider the equation 2x = 4 in Z10.
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• Al says that if you multiply both sides by 1
2
, you get

x = 2. So x = 2 is the solution.
• Betty says that if 2x = 4, then 2x−4 =, so 2(x−2) = 0.

This can only happen if x − 2 = 0, so she agrees that
x = 2 is the only solution.

• Chris says that in his table, 2 · 2 = 4 and 2 · 7 = 4, so
there are two solutions: x = 2 and x = 7.

Al and Betty somehow missed the solution x = 7. Find
the mistake in their logic.

26. Find all solutions to these equations:
(a) 5x = 5 in Z10

(b) 6x− 2 = 2 in Z10

(c) 3x = 6 in Z9

In Z[i], a ≡ b (mod z) if (and only if) a and b differ by a
multiple of z.

27. Use the definition of a ≡ b (mod z) to find four Gaussian
integers that are congruent to 2− i modulo 7 + 3i.

28. Use the definition of a ≡ b (mod z) to find four Gaussian
integers that are congruent to i modulo 1 + 2i.

29. Plot multiples of (1 + 2i) in the plane. Remember that
these “multiples” have the form (1 + 2i)z where z is in
Z[i].

30. Using your graph from Problem 29, explain why (1 + 3i)
is congruent to i modulo (1+2i). Name at least two other
Gaussian integers that are congruent to i modulo (1 + 2i).

31. Plot all the multiples of 2− i in the plane.

32. Show that each of the following numbers is congruent to 1
modulo (2− i).

(3− i), (5− 2i), (2 + 2i), −2i

Plot each of these numbers on your picture from prob-
lem 31. Plot 10 more numbers congruent to 1 mod (2− i).
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Take It Further

33. Consider the following “system of modular equations”:

x = 2 (mod 3)

x = 3 (mod 4)

A “solution” to this system is defined to be any integer
that reduces to 2 in Z3 and reduces to 3 in Z4.
(a) List the first 15 integers that reduce to 2 mod 3.
(b) List the first 15 integers that reduce to 3 mod 4.
(c) Find four solutions to the modular system.
(d) Without listing out any more terms, what do you

think the next solution will be? Check your answer by
reducing it mod 3 and mod 4.

(e) Explain why if n is a solution, n+12 must be another.

34. When a bag of candy is divided among 6 people, there is
one left over. When it is divided among 7 people, there
are 3 left over. If there are less than 150 pieces of candy
in the bag, what are the possible amounts?

35. When my age is divided by 5, there is a remainder of 4.
When divided by 3, there is a remainder of 2, when divided
by 7 there is a remainder of 5. How old am I?
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7 Day 7: Division

Algorithm

As you probably remember, there is a division algorithm in Z

(the integers). The division algorithm can be expressed in a few
ways. One way is this:

Division Algorithm, Version 1: Given two integers
a and b, b �= 0, there exist unique integers q and r such
that a = qb+ r, and 0 ≤ r < |b|

Here’s another version, maybe not the one you are familiar with:

Division Algorithm, Version 2: Given two integers
a and b, b �= 0, there exist unique integers q and r such
that a = qb+ r, and |r| ≤ | b

2
|

In both algorithms, there are two important conclusions. First,
q and r exist , so a solution to the division can always be found.
Second, q and r are unique, so there is exactly one solution to
the division.

1. For each of the following a and b pairs, find q and r for
(a) The version 1 algorithm
(b) The version 2 algorithm

(13, 3), (15, 24), (−17, 5),

(45,−8), (59,−8), (231,−8)

2. Plot all of the integral multiples of −8 on a number line
and explain how this picture can help justify the version 2
division algorithm for b = −8. How can it help justify the

version 1 algorithm?
3. For what kinds of pairs (a, b) do the version 1 and version 2

algorithms produce the same q and r?

12 c© Education Development Center, Inc. 2002 PCMI



Draft: Do Not Quote

Day 7: Division Algorithm

4. Give a quick justification of why you think either algorithm
works (pick your favorite). Try drawing a number line to
help.

5. Suppose we continued dividing, using the previous divisor
as the new dividend, and the previous remainder as the
new divisor. For example, let’s use 125 and 55 as a starting
point:
125 = 2× 55 + 15
Then 55 becomes the new dividend, and 15 becomes the
new divisor:
55 = 3× 15 + 10
What happens as this process is continued? Try this again,
starting with a new pair of numbers. What happens to the
remainder after each step? What happens to the remain-
der eventually?

Can the division algorithm we stated earlier be re-written
replacing Z with Z[i]? What should | | be translated to? The
next few problems should help you with those questions.

6. For each of the following pairs a and b, decide if a|b. Which ones are easy to
dismiss, and which ones
must be tested?

(a) (2 + i, 8− i) (b) (2− i, 8 + i) (c) (3− 2i, 8 + i)

(d) (2− i, i) (e) (i, 2− i) (f) (3, 6 + 9i)

(g) (3, 6 + 10i) (h) (4 + 3i, 5 + 12i) (i) (4 + 3i, 8− 6i)

(j) (2 + 3i, 2− 3i) (k) (2 + i, 5) (l) (5, 7)

7. See if you can find q and r for each of the (a, b) pairs in
problem 6.

8. Draw a lattice of multiples of (1 + 2i). Then, use the
lattice to find the multiple of (1 + 2i) that is “closest” to
(2+6i). Write a division algorithm-like equation using this
multiple.

9. Al and Betty are arguing over the answer to problem 8 in
Z[i]. Steve claims that

(2 + 6i) = (1 + 2i)(3) + (−1)
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Melanie claims that

(2 + 6i) = (1 + 2i)(2) + (2i)

Verify that in both cases, the norm of the remainder is less
than the norm of the divisor (1 + 2i). So who is correct?

10. Plot a lattice of multiples of (2− i) to find the multiple of
(2 − i) that is “closest” to (3 + 4i), then write a division
algorithm-like equation using this multiple. How many
multiples of (2− i) could qualify as multiples that produce
remainders whose norms are less than that of the divisor?

11. Use division of Gaussian integers to directly find the quo-
tient and the “smallest” possible remainder when (3 + 4i)
is divided by (2 − i). Is the remainder in fact “less than”
the divisor (2− i)?

12. Do you think it will always be possible to find a remainder
that is “less than” the divisor when performing the divi-
sion algorithm in Z[i]? Try to come up with a convincing
geometric argument that supports your claim (yes or no).

13. Find the quotient and remainder when (5− 3i) is divided
by (3 + 2i). You can do this either by creating a lattice of
multiples of (3+2i) or by directly dividing and finding the
nearest Gaussian integer for the quotient.

14. Suppose we try the algorithm described in problem 5 with
elements of Z[i]. What do you think will happen eventually
to the remainder? Try this out with a few examples. Be
careful to choose the “smallest” possible remainder at each
step of the division process.

It’s a Mod, Mod World? In any ring, a number is a unit if . . . groan . . .

it has a reciprocal. That is, if it divides evenly into 1. If a is an
element of a number system (like Z[i] or Zn), and you can find
an element b in the same system so that ab = 1,then a is a unit.
For example, 2 is a unit in Z3 since 2 · 2 ≡ 1 (mod 3).

15. What are all of the units in Z? in Z[i]? in Z10?

16. Find all of the units in Z15. Find all of the zero divisors
in Z15. How are these lists related to the number 15?

17. Consider the number 2. In which modular rings is 2 a
unit? In which modular rings is 2 a zero divisor?
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18. Suppose u is a unit. Then there exists v so that uv = 1.
Now consider (−u), the opposite of u. Can you find a We’re going to try and

prove Art’s conjecture. . .number in the system so that (−u) · = 1?

19. Find all possible numbers in Z10 which equal the following: One way to do these
problems is to translate each
into an equation. For
example, if x = 1

3
, then

3x = 1. Equations without
fractions or roots tend to be
much more solvable!

(a)
√

6 (b) 1
3

(c) 1
7

(d) 1
2

(e)
√

5 (f)
√

3 (g)
√
−1 (h) 4

7

20. In Z10, what numbers satisfy the following equations?
(a) 3x = 2 (b) 2x− 3 = 0

(c) 9x− 2 = 4 (d) 3x2 + 5 = 3

(e) 5x+ 5 = 0 (f) x4 = 7

Consider the equation 2x = 4 in Z10.

•Beavis says that if you multiply both sides by 1
2
, you get

x = 2. So x = 2 is the solution.

•Butthead says that if 2x = 4, then 2x− 4 = 0, so
2(x−2) = 0. This can only happen if x−2 = 0, so he agrees
that x = 2 is the only solution.

•Cato says that in her table, 2 · 2 = 4 and 2 · 7 = 4, so there
are two solutions: x = 2 and x = 7.

Beavis and Butthead somehow missed the solution x = 7 (go
figure). Find the mistake in their logic.

Prove or Disprove and Salvage if Possible...

21. u is a unit in Z[i] if and only if N(u) = 1.

22. u is a unit in Zn if and only if u does not divide n.
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8 Day 8: GCD and

Factorization

Sample test #1

1. List all divisors of 33 + 4i.

2. List all of the units in each of the following systems:
Z, Z[i], Z7, Z8

3. List all primes in Z[i] with norm less than 50.

4. How many ways can each of the following numbers be ex-
pressed as the sum of two squares? 595, 1885, 585, 80

5. Plot on a complex number plane 10 numbers congruent
to 1 modulo (3 + i). Stuck? Maybe try this first:

Plot on a number line 10
numbers congruent to 1
modulo 5GCD and Factorization

6. Find a valid quotient and remainder when each of the
following numbers are divided by (3 + i): (7 + 5i), 13, Use your lattice!

(−2 + 4i), (−3− 3i), (2 + i)

7. Find the GCD of each of the following pairs of numbers:
(a) 24 and 56
(b) (33 + 4i) and (38 + 44i)
(c) 483 and 391
(d) 11,413 and 11, 289
(e) (63 + 49i) and (39 + 3i)

8. Use Euclid’s algorithm to find the GCD of (63 + 49i) and
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(39 + 3i) A calculator will probably be
helpful. You will probably
also want to frequently
check you work with those
around you (How many
times do we say that to our
students?)

9. Al and Bowen each did the previous problem. Al’s algo-
rithm yielded the following result:

(63 + 49i) = (2 + i)× (39 + 3i) + (−12 + 4i)
(39 + 3i) = (−3− i)× (−12 + 4i) + (−1 + 3i)

(−12 + 4i) = (2 + 3i)× (−1 + 3i) + (−1 + i)
(−1 + 3i) = (2− i)× (−1 + i) + 0

Bowen’s algorithm went as follows:

(63 + 49i) = (1 + i)× (39 + 3i) + (27 + 7i)
(39 + 3i) = 1× (27 + 7i) + (12− 4i)
(27 + 7i) = (2 + i)× (12− 4i) + (−1 + 3i)
(12− 4i) = (−2− 3i)× (−1 + 3i) + (1− i)
(−1 + 3i) = (−2 + i)× (1− i) + 0

Al claims the GCD of (63 + 49i) and (39 + 3i) is (−1 + i),
but Bowen disagrees, and claims that his calculation shows
the GCD to be (1− i). Who is right? Did your calculation
look exactly like either of theirs?

10. If z is in Z[i], when is (z, z) = 1?

Some Challenges and Extensions

11. Find integers x and y which satisfy each of the following
equations:
(a) 24x+ 56y = 1
(b) 11, 413x+ 11, 289y = 1 . . . back substitution?

12. Find Gaussian Integers z and w which satisfy each of the
following equations:
(a) (2 + i)z + (3− 2i)w = 1
(b) (1 + 3i)z + (5 + i)w = 1

13. Betty has a supply of five-cent and eight-cent stamps.
What is the largest denomination of postage she can’t
make? Be thankful that Betty

doesn’t have current
postage denominations: 23
and 37 cents!

14. Jim has a supply of 8-cent and 12-cent stamps. What is
the largest denomination of postage he can’t make?

15. Prove, or Disprove and Salvage if Possible: If (a, b) = 1
and a|bc then a|c. This statement is equivalent

to the statement that each
number has a unique prime
factorization
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1. Turn to the person next to you and explain why the Also explain how you feel
about the Euclidean
Algorithm.

Euclidean Algorithm works.

2. Find a valid quotient and remainder when (16 + 11i) is
divided by (5 + i).

3. Al claims that the Gaussian Integers have unique prime
factorization, just like the integers. Betty claims Al is
wrong, and as evidence, shows him the following examples:

2 = (1 + i)(1− i) = i(1− i)2

5 = (2 + i)(2− i) = (1 + 2i)(1− 2i)

(4 + 7i) = (2 + i)(3 + 2i) = (2− 3i)(−1 + 2i)

What do you think?

4. Find the number of elements in each of the following:
Z7, Z51, Z[i](2+i), Z[i](5+i), Z[i]7 Any Conjectures?

5. What is Pick’s Theorem, and what does it have to do with
the last problem?

6. List all of the elements of Z7, Z[i](2+i).

7. Al and Betty agree (for once!) that there are five ele-
ments in Z[i](2+i). However, Al thinks the five elements
are {0, (−1 + i), i, 1 + i, 2i} while Betty says the elements
are {0, 1, 2, (1+i), (1−i)}. Help them resolve their dispute.

8. Fred names the elements of Z[i](2+i) {0, 1, 2, 3, 4}. Is he
correct? Can any five Gaussian Integers be chosen?

18 c© Education Development Center, Inc. 2002 PCMI
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In Problems 9–10: Prove, or Disprove and Salvage if Possible.

9. If an integer a is the sum of 2 squares, then a must be the
norm of some Gaussian Integer.

10. If an integer is congruent to 3 (mod 4), then it is prime
inZ[i].

11. Find a prime in Z[i] whose norm is not a prime in Z

12. In how many different ways can 1105 be expressed as the
sum of two squares? Hint: Day 8, Problem 1

13. In how many different ways can 225 be expressed as the
sum of two squares?

In Problems 14–16: p is an odd prime integer. Prove, or
Disprove and Salvage if Possible.

14. If p is the sum of two squares, then −1 is a square in Zp. I’ll prove it. . . I’ll prove it
like a theorem!

—-Ross from “Friends”15. If −1 is a square in Zp, then p is the sum of two squares.

16. −1 is a square in Zp if and only if p is congruent to
1 (mod 4).

17. Characterize all Gaussian Integers a and b such that di-
viding a by b will give you “the worst-case scenario.”

18. Generalize Pick’s Theorem to three dimensions.
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10 Day 10: Sums of Two

Squares

1. Define what it means for a number to be:
(a) prime in Z
(b) prime in Z[i]
(c) prime in the sums of squares

In Problems 7–9: Prove, or Disprove and Salvage if Possible.

2. If an integer is congruent to 3 (mod 4), then it cannot be
expressed as the sum of two squares.

3. If a prime integer is congruent to 3 (mod 4), then it is
prime in Z[i].

4. If a Gaussian Integer is prime in Z[i], then its norm is a
prime in Z.

5. If each of two integers is the sums of two squares, then so
is their product. One way to think about

problem 5: use norm.
6. If z is any Gaussian Integer, then N(z2) is a square in Z.

7. If a prime integer is congruent to 1 (mod 4) , then it is
the norm of a prime Gaussian Integer.

Remember the Geoboard Problem? To solve this problem, it
might be useful to know how many ways a given number can
be written as the sum of two squares. We will investigate this
today. In our investigation, we’ll need to decide what we mean Why might this be useful?
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by “different.” For instance, if n = 25,

25 = 32 + 42

25 = 42 + 32

25 = (−3)2 + 42

25 = 02 + 52

25 = (−5)2 + 02

25 = 52 + 02 et cetera

Are all of these different? How would you like us to count?
We will come to a consensus in class.

Define S(n) to be the number of ways an integer n can be
expressed as the sum of two squares.

8. Find the values of S(n) for all values of n from 1 to 100. Any Conjectures?

9. For which n is S(n) = 0?

10. For which n is S(n) > 1?

11. Find a value of n for which S(n) > 5

12. List all divisors of 5 in Z[i]. How may are there? Can you
find a prime factorization for 5?

13. List all divisors of (8+ i) in Z[i]. How may are there? Can
you find a prime factorization for (8 + i)?

14. List all divisors of 25 in Z[i]. How may are there? Can
you find a prime factorization for 25?

15. Prove that at least one number in every pythagorean triple
must be even.

16. Find a non-right triangle with vertices at lattice points,
all of whose sides have integer lengths.

17. Find all units and zero-divisors in each of the following
systems: Z7, Z12, Z[i](2+i), Z[i](5+i)
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11 Day 11: S(n), Lagrange,

and Nice Triangles

1. List at least three integers n for which:
(a) S(n) = 3
(b) S(n) = 4
(c) S(n) = 5
(d) S(n) = 8
(e) S(n) = 32

2. List all divisors of 5 in Z[i]. How may are there? Can you
find a prime factorization for 5?

3. List all divisors of (8+ i) in Z[i]. How may are there? Can
you find a prime factorization for (8 + i)?

4. List all divisors of 25 in Z[i]. How may are there? Can
you find a prime factorization for 25? What is S(625)?

5. Find a prime factorization in Z[i] for (88 + 154i)

6. Calculate S(31, 460).

In Problems 7–9: Prove, or Disprove and Salvage if Possible.
Problems 7–9: Are these
true in Z? In Z[i]?

7. If ab = c, and a and b are both perfect squares, then c is a
perfect square.

8. If ab = c, and a and b are not both perfect squares, then c
is not a perfect square.

9. If ab = c, and a and b are not both perfect cubes, then c
is not a perfect cube.

10. Find the length of each side of the triangle whose vertices
Picture for problem 7
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are at (−18, 49), (15,−7), and (30,−15) : Problem 7: Did the numbers
come out nicely? Why? Can
we easily make other
triangles that work out
nicely?
Problem 8: Hmm. A nice
distance. Why? What else
do we use | | to represent

11. If r = (3 + 2i), calculate q = r2, and the length of the
vector which represents q. We often denote this distance
by |q|.

12. State a formula which will produce Pythagorean triples.
Use this formula to generate a Pythagorean triple of inte-
gers which you have never seen before. Use this formula Day 5, Problem 22

to generate a Pythagorean triple of Gaussian Integers.

13. Now, let’s make one of these nice triangles. Let r = (3 +
2i), and s = (2 + i) Calculate a = r2 + s2, and b = r2− s2. Does this look familiar?

Calculate z = a2, and w = b2. Find |z|, |w|, and |z − w|.
Use z, w, and z − w to create a nice triangle! Why does this procedure

work?
14. Create another nice triangle using this procedure. Amaze your friends!

A taste of Z[
√
−2]:

15. List five elements of Z[
√
−2].

16. By analogy to Z[i], define conjugate and norm in Z[
√
−2].

What is the norm of a+b
√
−2? Is norm still multiplicative?

17. How many units can you find in Z[
√
−2]? List them.

18. We use the lattice point (a, b) to represent the Gaussian
Integer (a + bi), and all Gaussian Integers with the same
norm lie on a circle centered at the origin. If we use the
lattice point (a, b) to represent a+ b

√
−2 in Z[

√
−2], what

can you say about where points which share the same norm
lie?

19. Partition the natural numbers into two sets so that neither
set contains a Pythagorean triple.
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12 Day 12: “Teacher

Problems”

1. Calculate each of the following:
(a) S(2), S(4), S(8), ... Can you generalize?

(b) S(3), S(9), S(27), ...
(c) S(4), S(16), S(64), ...
(d) S(5), S(25), S(125), ...
(e) S(13), S(169), S(2197), ... Justify these using prime

factorizations.
2. Find a prime factorization in Z[i] for 221. What is S(221)?

List all ways that 221 can be written as the sum of two
squares.

3. Find a prime factorization in Z[i] for 1885. What is S(1885)?

4. Find a prime factorization in Z[i] for 83, 521. What is
S(83, 521)?

5. Find a prime factorization in Z[i] for 98, 260. What is
S(98, 260)? List all ways that 98, 260 can be written as
the sum of two squares. Once you have agreed on a

method, you might want to
divide the calculations
among your group.

6. Calculate S(1, 768, 680), S(177, 625), and S(7, 420, 530, 600)

And now. . .
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Day 12: “Teacher Problems”

Making Nice Triangles

7. Find the length of each side of the triangle whose vertices
are at (−18, 49), (15,−7), and (30,−15) : Problem 7: Did the numbers

come out nicely? Why? Can
we easily make other
triangles that work out
nicely?

Picture for problem 7

8. If r = (3 + 2i), calculate q = r2, and the length of the Problem 8: Hmm. A nice
distance. Why? What else
do we use | | to represent

vector which represents q. We often denote this distance
by |q|.

9. State a formula which will produce Pythagorean triples.
Use this formula to generate a Pythagorean triple of inte-
gers which you have never seen before. Use this formula

Day 5, Problem 22to generate a Pythagorean triple of Gaussian Integers.

10. Now, let’s make one of these nice triangles.
Let r = (3+2i), and s = (2+ i) Calculate a = r2 +s2, and
b = r2 − s2. Calculate z = a2, and w = b2. Find |z|, |w|,

Does this look familiar?and |z −w|. Use z, w, and z −w to create a nice triangle!
Why does this procedure
work?11. Create another nice triangle using this procedure.
Amaze your friends!

More “Teacher Problems”

12. If you want to create a lattice point in 3-space (x, y, z)
which is an integer distance away from the origin, what
criteria must x, y, and z meet? What kind of distances
are possible? This might lead to an

investigation.
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Day 12: “Teacher Problems”

13. A “congruent number” is an integer which is the area of a
right triangle with rational side lengths. Show that 6 is a
congruent number, but 1 is not. What other numbers are
congruent numbers?

8 c© Education Development Center, Inc. 2002 PCMI
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13 Day 13: The Geoboard

Strikes Back

1. For each of the following integers calculate the number of
divisors which are 1 (mod 4) and 3 (mod 4):

n 1 2 3 5 18 25 49 54 65 70 85 100

1 mod 4
3 mod 4

2. Explain why, if an integer n has an odd power of a 3
(mod 4) prime in its prime factorization, then it has the
same number of divisors which are 1 (mod 4) and 3 (mod 4).

3. Can an integer ever have more divisors which are 3 (mod 4)
than 1 (mod 4)? Explain.

Recall our question from Day 1: If you know the size of a
Geoboard, can you tell how many different peg-to-peg lengths
there are?

4. Let G(n) = the number of peg-to-peg lengths one can make
on an n× n Geoboard. Calculate G(n) for n = 1, . . . , 10

n 1 2 3 4 5 6 7 8 9 10

G(n)

5. How many integral peg-to-peg lengths are possible on an
n× n Geoboard? OK, problem 5 is a hard

problem. Maybe start with
n = 1, 2, 3, ...6. Find three integers n for which the “almost solution” to the

n×n Geoboard problem does not give the correct number
for G(n). In these cases, is the “almost solution” too big

c© Education Development Center, Inc. 2002 PCMI 9
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or too small?

7. Calculate the average value of S(n) for the sets {1–10}, The average value of S
between 1 and N is

1

N

N∑
k=1

S(k)

{1–20}, {1–30}, {1–40}, {1–50}, {1–60}, {1–70}, {1–80},
{1–90}, {1–100}. Does the average seem to get bigger,
smaller, converge on a value, or none of the above? What
do you think will happen to the average as our sets get
bigger and bigger?

N 10 20 30 40 50 60 70 80 90 100

1

N

N∑
k=1

S(k)

8. Calculate the number of lattice points contained in a circle
of radius 5, 10, 100, 1000, and 10,000. These last three might

require a computer program.
How close are these to πr29. Are there any integers which can be expressed as an inte-

gral power of a Gaussian Integer?

Extension: Another Route to Pythagorean Triples

10. What is the equation of the unit circle?

11. Find a point on the unit circle where:
(a) Both coordinates are rational and non-zero.
(b) One coordinate is rational and the other is irrational.

12. Consider the line with slope 5/2, passing through the point
(0,−1). Find the other intersection of this line with the
unit circle. Use the intersection point to create a Pythagorean
triple.

13. Given a rational point on the unit circle, show how to
derive a Pythagorean triple. A rational point is a point

where both coordinates are
rational numbers14. Consider the line with slope r/s, passing through the point

(0,−1). Find the other intersection of this line with the
unit circle. Can we always the intersection point to create
a Pythagorean triple? Did this circular route lead

us back to a place we’ve
already been?15. Can you create all possible Pythagorean Triples using the

“unit circle method?”

16. Prove that every integer is an element of at least one
Pythagorean triple.
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14 Day 14: So Long, and

Thanks for All the Fish

1. Use the “almost solution” to the Geoboard problem to
calculate G(5). What’s wrong with this solution?

2. Calculate the number of lattice points in a circle of radius
7 centered at the origin.

3. Calculate the average value of S(n) for the sets {1–10}, The average value of S
between 1 and N is

1

N

N∑
k=1

S(k)

{1–20}, {1–30}, {1–40}, {1–50}, {1–60}, {1–70}, {1–80},
{1–90}, {1–100}. Does the average seem to get bigger,
smaller, converge on a value, or none of the above? What
do you think will happen to the average as our sets get
bigger and bigger?

N 10 20 30 40 50 60 70 80 90 100

1

N

N∑
k=1

S(k)

4. Calculate the number of lattice points contained in a circle Problem 4: The last three
(100,1000,10000) might
require a computer program.
How close are these to πr2?

of radius 5, 10, 100, 1000, and 10,000, each centered at the
origin.

5. Are there any integers which can be expressed as an inte-
gral power of a Gaussian Integer?

6. Which ordinary integers can be expressed as the product
of two primes in the Gaussian Integers?

7. Which ordinary integers are prime in the Gaussian Inte-
gers?

8. Find a formula for the number of different peg-to-peg lengths
possible on an n× n Geoboard.

9. Please write down any that apply to you. We really appre-
ciate any feedback. If anything occurs to you after today,

c© Education Development Center, Inc. 2002 PCMI 11
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please email!
(a) Something you learned, or something which changed

your understanding of a concept.
(b) A question you don’t know the answer to but would

like to explore.
(c) A change or suggestion you might have if this class

were to be offered again.
(d) Anything else you wish to add.
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1 Day 1: The Basics (?)

Hey, welcome to “The Art and Craft of Adding and Sub-
tracting”. The intent of these sessions is ostensibly to learn It must be important if it’s

in bold.more math, but we really think it’s about a teaching philoso-
phy. We don’t expect you to get all these problems right; if you
can get every problem on every set, we haven’t done our job.
We are confident that you will learn more math by doing these
problems than by us standing at the board at 8:20 am every day
for two hours. Hopefully you will agree, and it may help you
in your teaching (or, better yet, in others’ teaching!). Most of
all, have a good time and don’t worry about being stuck on a
problem. Thanks and enjoy!

Keep on Adding A bored student in a math class started
fiddling with the calculator. Alice started with the number 3,
then kept on typing +5, +5, +5. Little did she know she was
performing iteration, or repeated operation, or that her work
starts a journey:

1. Make a table, starting with 0, for the number of times
Alice performed the +5 operation and the end result of
the calculation.

Iterations Result
0 3
1
2
3
4
5
6

PCMI-PROMYS c©EDC 1
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2. Suppose Alice’s result when the teacher finally noticed was
188. How many times did she perform the operation? How
did you solve this problem?

A “recursive” formula for Alice’s operation is An alternate version that is
equally good is:

f(n + 1) − f(n) = 5.f(0) = 3 f(n + 1) = f(n) + 5

This describes what she did to get from one step to the next.
The recursive formula isn’t that useful, though, if we wanted to
find out the value of f(210).

3. Use your work in problem 2 to write a “closed-form” ver-
sion of Alice’s formula. That is, make a formula that says
f(n) = · · · directly.

4. If Alice started with the number a and added b each time,
what would the recursive formula be? What would the
closed-form formula be?

Later, Alice wrote down the numbers

1 2 3 4 5

then decided to add them in pairs and write the sum underneath.
So under those numbers she wrote

3 5 7 9

... which is the sum of each pair of successive numbers.

5. What’s the last number generated this way? Make sure
you keep track of this table, you might see it again.

6. In terms of the numbers written in the first row, how is
the last number generated? Is there a formula? Take a few minutes on this.

7. Alice started over, this time with the numbers

1 10 100 1000 10000

What’s the last number generated this way? Does it give
any insight on a possible formula?

2 PCMI-PROMYS c©EDC
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8. Find the last number if Alice started with

1 2 3 4 5 6

Can you get it using a formula from the original numbers?
Can you get it using the information from problem 5?

Plenty of food for thought here, and all we did was add!

Keep on Subtracting Bob was presented with a table of in-
formation and asked to find the formula. He scoffed at the word
“the” and decided to do some other stuff. Here’s the table of
information:

Input Output
0 3
1 8
2 13
3 18
4 23
5 28
6 33

9. Find a formula that fits this table. Is this the only formula
that fits the table? If yes, explain why; if no, explain why
not, and see if you can find another.

Bob (bored or not) decided to take successive outputs and
subtract them from one another; this is sometimes referred to
as taking the common difference.

10. Calculate the common differences for this table.

As a matter of notation, the numbers you generated are the
common difference at zero through five.

11. Write the common difference at zero in terms of the func-
tion’s inputs. In other words, fill in the blanks on this:

d(0) = f( ) f( )

PCMI-PROMYS c©EDC 3
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12. Is there a formula for the common difference at n in terms And no, “5” is not the
answer here.of the function’s inputs? Is there a relationship to Alice’s

recursive formula?

13. Could Bob have calculated the second common differences
(differences of the differences)? How far could he go with
this?

Bob wondered if this worked the other way, too; if he had the
list of common differences, could he figure out what the original
numbers were?

14. Suppose Bob knew the common differences are 2, 5, 12,
and 28. Is this enough information to tell you what the
five outputs were? Suppose Bob also knew the first output
was 1. Would that help?

15. Suppose the common differences are 62, 13, 27, and 38
and Bob knows the first output is 10. Calculate the final
output as fast as you can.

16. Suppose the common differences are 27, 62, 38, and 13
and Bob knows the first output is 10. Calculate the final
output as fast as you can. What’s going on here? Can you
explain it? Prove it?

Later, Bob received another table:

Input Output
0 1
1 3
2 8
3 20
4 48

This was a little more interesting, since he could “keep going”
with the differences until there was only a single number left.

17. What’s the last number generated this way? Make sure
you keep track of this table, you might have seen it again.

18. In terms of the numbers written in the second column (i.e.,
the original outputs), how is the last number generated?
Is there a formula? Take a few minutes on this.
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19. Bob started over, this time with the numbers

1 10 100 1000 10000

What’s the last number generated this way? Does it give
any insight on a possible formula?

Keep on. . . Both! When Alice and Bob compared notes at
lunch, they were shocked and chagrined to find their boredom
had led to mathematical insight, and that their work had been
so close together. A teacher recommended they organize things
this way:

Input Output ∆ ∆2 ∆3 ∆4

0 1 2 3 4 5
1 3 5 7 9
2 8 12 16
3 20 28
4 48

Depending on which way you look, this table is either adding
or subtracting. If you only know the outputs, you can subtract
and determine the differences. The iteration is still going on,
but this time the thing being iterated is the operation of taking
common differences. So, the exponent 2 in ∆2 doesn’t mean
“squaring,” but repeating the ∆ operation twice.

On the other hand, if you only know the first row (the se-
quence of common differences) you can add your way down and
over to find more information. Alice and Bob have both had
opportunities to add, and this table includes all that informa-
tion.

20. On this table, circle the number 16, then shade the two
numbers that Alice added to get 16 in problem 5.

21. On this table, circle the number 48, then shade the five
numbers, including the “1”, that Bob added to get 48 in
problem 7.

These will be referred to as the “up and over” and “hockey
stick” properties of these tables:
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•Up and over: Any number in the table (other than inputs)
can be calculated as the sum of two numbers – the number
directly above it and the number directly to the right of the
one above it.

•Hockey stick: Any number in the table (other than inputs)
can be calculated as the sum of the top value in its column
and all the numbers above it in the column to its right.

22. Find a function that agrees with this table:

Input Output ∆
0 c d
1 d
2 d
3 d
4 d
5

23. Find a function that agrees with the table below. You might want to fill in the
table first. Is there only one
table that agrees with these
“‘boundary conditions?”

Input Output ∆ ∆2

0 3 4 2
1 2
2 2
3 2
4
5

24. Find a function that agrees with this table: This one is pretty tough, for
now.

Input Output ∆ ∆2

0 a b c
1 c
2 c
3 c
4
5

25. Suppose you knew that in the table you used in problems
20 and 21 on page 5, the ∆4 column was always “5”. Use
that information to find f(10) as quickly as possible.
Might there be a formula for this? Boy, wouldn’t that be nice.
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2 Morning Addition

In order to keep Alice and Bob a little more busy, the teacher
tells them to join Karl in calculating the sum of the first n
whole numbers. To make it “easier,” she tells them to refer to
this function as f(n).

1. What is f(1), the sum of the first 1 whole numbers? Hint: The answer is not 1.
(Whole!)

2. Find f(n) for integer n between 0 and 10. Think about
what you did while you were filling out the table. Yes,
f(0) is zero, since you didn’t add anything and zero is the
additive identity.

3. Alice figured out a “recursive” formula for this function:

f(n + 1) = f(n) + · · ·

Figure out the missing piece of the formula.

4. Draw a plot of f(n) for n between 0 and 6. What kind of
graph is it? What does that imply about the degree of the
function involved?

Looking up from their work, Bob and Alice saw their teacher
introduce the Factor Theorem.

Theorem 1 (Factor Theorem) If f(x) is a polynomial func- For example, if I know
f(3) = 0 and f(5) = 0, then
(x − 3) and (x − 5) must be
factors of the polynomial.
There might be others, of
course. If I know these are
the only factors, then the
polynomial must be
A(x − 3)(x − 5), and then I
just have to find A.

tion, and f(a) = 0, then (x−a) is a factor of f(x). Put another
way, the function can be written as

f(x) = A(x − r1)(x − r2) · · · (x − rm)

where r1 through rm are roots where f(rj) = 0.
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5. For the function Bob and Alice were working on, what are
the roots? How do you know? What are the factors, then?
Explain how problem 4 suggests that these are the only
two factors.

6. Use the information about the roots to find a “closed-form”
formula for f(n), then use it to find f(101).

Karl looks on, impressed. He asked about what Alice and
Bob were working on yesterday. Bob shows him some problems
that not everyone might have gotten to.

7. Suppose Bob knew the first differences are 8, 23, 64, and
-7. Is this enough information to tell you what the five
outputs were? Suppose Bob also knew the first output
was 1. Would that help?

8. Suppose the first differences are 62, 13, -27, and 38 and Bob
knows the first output is 10. Calculate the final output as
fast as you can.

9. Suppose the first differences are -27, 62, 38, and 13 and Bob
knows the first output is 10. Calculate the final output as
fast as you can. What’s going on here?

10. Build a table of differences, second differences, and third
differences for this function f(n). What do you notice
about the first differences? The second differences? The
third differences? Bob provided Karl with a template.

Input Output ∆ ∆2 ∆3

0 0
1 0
2 1
3 3
4 6
5 10
6 15

By the way, the letter ∆ stands for “difference” here, and the
exponent 2 in ∆2 doesn’t mean “squaring,” but repeating the
∆ operation twice.

Alice became interested in the rows, rather than the columns
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– especially the row with f(0) and its differences. This row was
all zeros, except for a 1 as the second difference. More food for
thought? A good thing, since lunch was a long way off.

11. Construct a new table where the row with f(0) is all zeros, By all zeros, we literally
mean forever. This means
you can keep the table going
as long as you want without
surprises. Oh, and even
though there is more than
one answer to the “Which
function?” questions, you’ll
give the right one.

except for a 5 as the first output. What function is this?

12. Construct a new table where the row with f(0) is all zeros,
except for a 1 as the first difference. What function is this?

13. Construct a new table where the row with f(0) is all zeros,
except for a 3 as the first difference. What function is this?
How is this related to your answer to problem 12?

14. Construct a table where the row with f(0) is all zeros,
except the first output is a and the first difference is b.
What function is this? How is this related to your answers
to problems 11 and 12?

15. Construct a new table where the row with f(0) is all zeros,
except for a 2 as the second difference. Use your answer
from problem 6 to answer as quickly as possible: What
function is this?

16. Imagine a new table where the row with f(0) is all zeros,
except for a 1 as the first difference and a 2 as the sec-
ond difference. Don’t construct it! Instead, predict the
function based on your answers to problems 12 and 15 be-
fore you construct it. Okay, now construct the table. Were
you right?

Alice was pretty impressed. She figured she could now predict Remember, ∆ refers to the
differences, and ∆2 refers to
the second differences.

any function that went all the way up to second differences. This
was going to make some of her homework much easier.

17. A function has f(0) = 3, ∆(f)(0) = 4, ∆2(f)(0) = 2, and So, ∆(f)(0) = 4 means the
first difference at zero is 4.
Get it?

all later differences are zero for all numbers. What is the
polynomial function that matches this table? Test your
answer by checking your prediction for f(5) against the
value you got from the table in yesterday’s problem 23.
(Didn’t do it? Don’t worry.) Easier now, ain’t it?

18. A function has f(0) = a, ∆(f)(0) = b, ∆2(f)(0) = c, and
all later differences are zero. What is the function? Don’t
worry about expanding or collecting terms.
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At this, Kurt came by and mentioned that the same idea
might be used to figure out the polynomial to use for third
differences. This would add to Alice’s list of polynomials for
everything up to second differences.

19. What happens to the degree of a polynomial each time
you perform the “difference” operation? Give some exam-
ples. Can you convince yourself it’s always true? Can you i.e., prove it?

convince someone else?

20. Suppose you knew the second differences were all the same
number. What kind of polynomial did you start with?

21. Suppose you knew the third differences were all the same
number. What kind of polynomial did you start with?
How many roots does this kind of polynomial have?

22. Construct a new table where the row with f(0) is all zeros,
except for a 1 as the third difference. If this is a polynomial
fuction, what is its degree? Calculate all the rows out to
f(8) and its differences.

23. What are the roots of the polynomial in problem 22? How A root is a place where the
function is zero.do you know? What are the factors? Use this information

to find the function that fits this table. Don’t worry about
expanding or collecting terms, just leave it factored.

24. A function has f(0) = a, ∆(f)(0) = b, ∆2(f)(0) = c,
∆3(f)(0) = d, and all later differences are zero. What is
the function? Don’t worry about expanding or collecting
terms, since we are looking for a pattern here.

25. Alice made up a table with f(0) = 3, f(1) = 10, f(2) = 23,
and f(3) = 48. She was able to find a cubic polynomial to
fit this table very quickly. Can you?

26. As a joke, Bob added on f(4) = −5. Can you find a
polynomial to fit this table? How quickly? You’ll have to
extend the reasoning used in the last few problems, but if
you’ve gotten here, you must be good at that.

Alice and Kurt felt pretty happy about this, and even Karl
agreed that this would be a powerful tool. Bob had other ideas,
looking at some of the other rows in the table from problem 22.
Bob could swear he’d seen some of these numbers before.
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Still going? Okay, here’s some more.

27. Suppose f(0) = 1 and all differences at zero are 1. Yes,
forever. What function is this?

28. Suppose f(n) = 10n for all n. What are its first differ-
ences? second differences? Use the definition of the ∆
function to explain why this is true.

29. Suppose f(0) = 1 and each difference is ten times larger
than the one before it. What function is this? Can you
prove why? What if each difference is n times larger than cough... binomial ... cough...

the one before it?

30. Use what you’ve learned to find the sum of the first 100
fourth powers without calculating them all.

31. Suppose f(0) = 1 and each difference is the opposite of
the one before it (so it’s 1,−1, 1,−1, ...). How many roots
does this function have?
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3 Blazing Through

It’s time to review! Hooray! Take some time and make sure
you’re able to do this kinda stuff.

1. Find a polynomial function with f(0) = 5, f(1) = −3, and
f(2) = −11. Use differences to help!

2. Find a polynomial function with f(0) = 21, ∆f(0) = −18,
and ∆2f(0) = 6.

Alice and Bob hear (but don’t particularly listen to) the
teacher talking about combinations and permutations. A com-
bination is a group in which the order does not matter, while in
a permutation, order matters. The “Pick-6” style of lottery is
a combination. Choosing what shirts to wear over the next five
days is usually a permutation problem, unless you really, really
like the same shirt.

3. How many ways are there to pick a group of three people
out of eight? By “group,” it means “you three” and not
“you first, you second, then you third.” How many ways
are there to pick a group of two out of eight? A group of
one out of eight? A group of zero out of eight? How about
a group of three people out of two?

4. Elbonia has a “Pick-1” lottery, where the player picks a
single number and hopes it matches the drawing. How
many different possible plays are there in this lottery if
there are 49 numbers in the drawing?

5. Freedonia has a “Pick-2” lottery, where the player picks
two numbers and hopes they match the drawing (in either
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order). How many different possible plays are there in this The distinction either order
makes this a combination
problem, rather than a
permutation problem.

lottery if there are 49 numbers in the drawing? if there are
n numbers in the drawing?

6. Coruscant has a “Pick-3” lottery. Same deal. How many
different plays in this lottery for 49 numbers? for n num-
bers?

The notation
(

n
k

)
is used to represent combinations. Alice So, the number of plays in a

“Pick-6” lottery with 49
numbers is(
49
6

)
= 13, 983, 816.

and Bob’s teacher starts talking about drawn-out formulas for
combinations, and as usual, they tune out and resume the stuff
they were working on yesterday.

7. If you didn’t do problem 22 from yesterday, do it now:

Construct a new table where the row with f(0) is all zeros,
except for a constant 1 as the third difference for all en-
tries. If this is a polynomial function, what is its degree?
Calculate all the rows out to f(8) and its differences.

8. Look at the rows of this table, starting with f(3). Do the
four numbers in this row look familiar at all? What about
the four numbers in the next row? How about the numbers
in the f(8) row?

9. Consider the four numbers in the row starting with f(3).
Explain how these numbers are used to generate the row
starting with f(4). Does this process seem familar at all?

10. What about the numbers for f(n), from n = 0 onward? They might not, of course!

Do these numbers look familar? How so?

Hey, it’s fine if you just said, “No, no, NO!!!” to problems 8,
9, and 10. Bob found some patterns, though, so hopefully you
did too. Now, for the flip side.

11. Do this problem by completing the table, even if
you know how to get the formula for f(x). A function The bold thing would’ve

been a side note, but Art
would ignore it.

has f(0) = 3, ∆(f)(0) = −4, ∆2(f)(0) = 5, and constant
∆3(f)(0) = 2. Complete the table to find f(8).

12. Now, explain how f(8) could be calculated from the two
numbers directly above it (remember, “up and over”). Write
f(8) in terms of these numbers.
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13. Now, explain how f(8) could be calculated from the three
numbers directly above that. Write f(8) in terms of these
numbers, and collect terms if you used the same one more
than once. You’ll get the most benefit by writing

f(8) = m · + n · + · · ·

even if some of those m and n are ones.

14. Now, explain how f(8) could be calculated from the four
numbers directly above that. Write f(8) in terms of these
numbers, and collect terms if you used the same ones more
than once. Follow the advice in problem 13; it will help to
see the overall pattern here.

15. Now, explain how f(8) could be calculated from the five What? You only see four?
Too bad, there are five – to
get the fifth one, you’re
going to need a bigger table,
to paraphrase Roy Scheider.

numbers directly above that. Write f(8) in terms of these
numbers, and collect terms if you use the same one more
than once (and you will).

16. Finally, explain how f(8) could be calculated from nine To get the fifth and higher
terms, you’ll need a bigger
table or a pattern from the
previous problems.

numbers calculated across the top (starting with f(0)).

Alice showed her work to her classmate Pasquale, who really
seemed to appreciate these numbers. Pasquale told Alice that
if she’d paid attention in class, she might’ve learned a more
convenient way to write the numbers in problem 16 – something
to do with a triangle. Whatever.

17. Write f(8) in terms of the combination numbers
(

8
k

)
and

the values across the top row: f(0), ∆(f)(0), and so forth.
What does this have to do with Pasquale’s triangle?

18. Find the value of f(10) as quickly as possible.

19. How would you find f(97)? Find it if you want to, but use
a calculator!

20. Find the value of f(5.5) as quickly as possible.

Problem 20 presented a problem (literally) to Alice, since
there weren’t gaps in the table and there wasn’t any way to
say how many ways to to pick two people out of a group of
5 and a half. Bob and Kurt felt fine with it, since they have
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polynomials that they could add to find the answer: These polynomials come
from yesterday’s work. The
first difference at zero is −4,
the second difference is 5,
and so on.

f(x) = 3 · 1 + (−4) · x + 5 · x(x − 1)

2
+ 2 · x(x − 1)(x − 2)

6

These polynomials (1, x, x(x−1)
2

, etc.) are called the Mahler

polynomials. x(x−1)
2

is referred to as the second Mahler polyno-
mial (since it is of degree 2). The Nth Mahler polynomial has
roots of 0, 1, 2, 3, . . . , n − 1, and f(n) = 1. This helps these
polynomials form a basis. They can be added to one another
very easily to form a polynomial matching a difference table.

21. What is the next (fourth) Mahler polynomial? What about
the fifth? What’s a formula for the Nth Mahler polyno-
mial?

22. Use Mahler polynomials to find a polynomial with this
table. You’ll have to take differences first.

Input Output
0 6
1 5
2 24
3 99
4 290
5 681

23. What is the sum of the first three square numbers? Oh, As before, the sum of the
first 0 square numbers is 0,
since you haven’t added
anything.

wait, it’s 14. Never mind. What is the sum of the first n
square numbers? If f(n) is the sum of the first n square
numbers, build a table for f(n) from zero to at least eight.

24. Use Mahler polynomials to find a formula for the sum of
the first n square numbers.

25. Use Mahler polynomials to find the sum of the first 100
cubic numbers. As a challenge, try to do this without a You can do it!

calculator. Factoring helps.

26. What is the sum of the numbers in the 7th row of Pasquale’s
triangle? The “1” at the top of the triangle is the zeroth
row, not the first.

Alice still wasn’t sure how to reconcile the Mahler polynomials
that Kurt introduced and her own work with Pasquale’s triangle.
But she found it. . .
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27. How would you teach someone to find the number corre-
sponding to

(
97
2

)
? Use this to find a formula for

(
n
2

)
as a

polynomial.

28. What’s the formula for
(

n
3

)
?

(
n
4

)
?

(
n
k

)
?

Alice felt much better about this – apparently she had the
same formula all along. She just had to “allow” n to be any
number, even though the meaning of

(
n
k

)
expected n to be an

integer.

And now, extra for experts...

29. Let f(x) = xp. What’s the degree of ∆(f)(x)? What’s the Think about how you would
expand on f(n + 1) − f(n)
where f is a power function.

degree of ∆2(f)(x)? Prove it!!

30. Suppose f(n) = 2n. Find and prove the formula for ∆(f)(n)
by using the definition of the ∆ operator. How about for
∆2(f)(n)? ∆k(f)(n)?

31. Alice really likes that first row, and now wants to bring
in her work with the combination numbers. Write f(5)
in terms of the combination numbers

(
5
k

)
and the values

across the top row: f(0), ∆(f)(0), and so forth.

32. Find the value of f(7) using the method from problem 31.

33. Write f(n) in terms of combination numbers. Quite a for-
mula, this.
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4 Choose Wisely

Hey. So we’ve now found these things called Mahler polynomi-
als. x(x−1)

2
is referred to as the second Mahler polynomial (since

it is of degree 2). The nth Mahler polynomial has roots of 0,
1, 2, 3, . . . , n − 1, and f(n) = 1. This helps these polynomials
form a basis. They can be added to one another very easily to
form a polynomial matching a difference table.

1. What is the fourth Mahler polynomial? What about the
fifth? Make sure you know how to build the nth Mahler
polynomial if you had to.

2. Use Mahler polynomials to find a polynomial with this
table. You’ll have to take differences first. Skip this problem if you’ve

already done it...

Input Output
0 0
1 1
2 5
3 14
4 30
5 55
6 91

3. What is the sum of the numbers in the 7th row of Pasquale’s What? A non sequitir?
Surely no...triangle? The “1” at the top of the triangle is the zeroth

row, not the first.

4. How would you teach someone to find the number corre-
sponding to

(
97
2

)
?

(
1001

2

)
? Use this to find a formula for(

n
2

)
as a polynomial. Note that this polynomial can take

5.5 as an input, while
(

5.5
2

)
is not defined.
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5. What’s the polynomial formula for
(

n
3

)
?

(
n
4

)
?

So Alice just had to “allow” n to be any number in her
“choose” formula, even though the meaning of

(
n
k

)
expects n

to be an integer.

6. A suggestion from the crowd gave this one. What happens
when you don’t start at zero? You can still build the dif-
ference table, but it won’t be quite the same formula. Say,
this table for a quadratic:

Input Output
3 3
4 -1
5 -1
6 3
7 11
8 23
9 39

What do you do about this? There is more than one good
answer here. What could you do if you were just trying to
find f(13) and you had this table?

7. What happens when the values don’t come in increments
of 1? Say, this table for a quadratic:

Input Output
0 3
5 -1
10 -1
15 3
20 11
25 23
30 39

Now what do you do, hot shot? Try seeing what happens
if you replace 5 by k, 10 by 2k, et cetera. Why 2k? Why not?

Alice and Bob are outside at recess when they see their friend
Isaac under a tree. Isaac was saying something about deriving
the function x3 + 3x, which Alice and Bob assumed must be
very easy – they derived this table:
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x f(x) = x3 + 3x ∆f(x)
0 0 4
1 4 10
2 14 22
3 36 40
4 76 64
5 140

8. Using any method, find a formula that fits the ∆ column.

9. Expand and collect terms for (x + 1)3 + 3(x + 1). Why
would we ask this question here?

10. Use the definition of ∆ to find the formula for the ∆ of The definition of ∆ is
∆f(x) = f(x + 1) − f(x).f(x) = x3 + 3x.

11. Find a formula for the ∆ of each function.

(a) f(x) = 3x + 5 (b) f(x) = 2x − 7 (c) f(x) = ax + b

Any conjectures?

12. Find a formula for the ∆ of each function.

(a) f(x) = x2 + 2 (b) f(x) = 3x2 + 5x − 7 (c) f(x) = ax2 + bx + c

13. Suppose g is a polynomial function of degree m. What can
you say about the degree of ∆(g)? What can you say about
the degree of ∆2(g)? At what point will the differences of
g become constant? become zero? Do you believe it is Hear me now and believe me

later...true? Good. Prove it if you must.

Meanwhile, Bob was reaping the benefits of this new “differ-
encing” technique. He no longer has to rely on the repetitive
(tedious?) use of the “up and over” method to construct a com-
plete table.

14. Let f(x) = x3 + 3x. Find the formulas for ∆(f)(x),
∆2(f)(x), ∆3(f)(x), and ∆4(f)(x) using the definition of
∆, rather than creating a table.
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15. Complete the following table. Notice how the columns go
all the way down to the
bottom. We have formulas
now. If the original function
is known, so are all its ∆s.

x f(x) ∆(f)(x) ∆2(f)(x) ∆3(f)(x) ∆4(f)(x)
0
1
2
3
4
5

16. Find f(7) in terms of the combination numbers
(

7
k

)
and

the values across the top row: f(0), ∆(f)(0), and so forth.
Notice how the ∆ columns become 0 before the

(
7
k

)
“run

out.”

17. Find f(2) in terms of the combination numbers
(

2
k

)
and

the values across the top row. Notice how the
(

2
k

)
become

0 before the ∆s run out.

18. Use Mahler polynomials and the values across the top row
of this table to recover the formula that defines f .

Now in her math class, Alice looks up to see her teacher talk-
ing about exponential functions. Boy, this class moves from
topic to topic way too quickly. A curiosity strikes her. . .

19. Complete the table for f(n) = 2n.

n f(n) ∆ ∆2 ∆3 · · ·
0 1
1 2
2 4
3 8
4 16
5 32
6
7

20. Find f(7) in terms of the combination numbers
(

7
k

)
and

the values across the top row: f(0), ∆(f)(0), and so forth.
Is there a connection to problem 3?
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There are a lot of formulas out there like the one that can be
found using problem 20. See what you can find!

We now know that if f(n) = 2n, then ∆(f)(n) = 2n as well.
What happens when an exponential function has a base other
than 2? Let’s try and see. . .

21. Suppose f(n) = 3n.
(a) Describe the difference table for f . In particular, what

is a formula for ∆k(f)(0)?
(b) Express f(n) in terms of the ∆k(f)(0).

22. Suppose f(n) = an.
(a) Describe the difference table for f . In particular, what

is a formula for ∆k(f)(0)?
(b) Express f(n) in terms of the ∆k(f)(0).

23. Suppose f(n) = (1 + a)n.
(a) Describe the difference table for f . In particular, what

is a formula for ∆k(f)(0)?
(b) Express f(n) in terms of the ∆k(f)(0).

24. Alice was curious about f(n) = 0n, a function that behaves
badly at n = 0. Alice heard of a function called the delta
function, with the formula

δ(n) =




1 if n = 0

0 if n �= 0

Build a table for this function up to δ(7) and calculate its
differences (yes, there are some). Then, write δ(7) in terms Does the delta function’s

differences still agree with
the results from the
problems about f(n) = an?

of combination numbers as you did in problem 32.

25. Use the delta function to prove this fact about Pasquale’s
Triangle: In any row of Pascal’s triangle beginning with
the first, the sum of even coefficients

(
n
j

)
(where j is even)

is equal to the sum of odd coefficients
(

n
k

)
(where k is odd).

26. Use Mahler polynomials to find the sum of the first 100
cubic numbers. As a challenge, try to do this without a You can do it!

calculator. Factoring helps.

As Alice, Bob, Pasquale, Karl, Kurt, and Isaac go home for
the holiday, we leave you with some more food for thought (and
some fireworks?).
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27. Suppose f(n) = the nth Fibonacci number. So, the table
of f looks like this: Any output (after the first

two) is the sum of the
previous two outputs.n f(n)

0 0
1 1
2 1
3 2
4 3
5 5
6 8
7 13

(a) Describe the difference table for f . In particular, find A closed form for this table
is difficult to find – it took
mathematicians quite a
while. We’ll find it in Week
3, though, among other
things.

a formula for ∆k(f)(0) in terms of the f column.
(b) Express f(n) in terms of the ∆k(f)(0).

28. What if the Fibonacci numbers were across as the list of
differences at f(0) instead of being the outputs? Can you
relate this to the - gasp - numbers in Pascal’s triangle using
Kurt’s notation?

29. Suppose f(0) = 3, f(1) = 6, f(3) = 12, and f(10) = −2.
Find a cubic polynomial going through these four points.
Difference tables won’t help you now...

30. Prove or Disprove and Salvage if Possible: To salvage means to fix it,
then prove it.

f is a constant function if and only if ∆(f) = 0.

31. Time to get ridiculous.

(a) What fraction has decimal expansion 0.020202020202...?
(b) ... decimal expansion 0.466666666666...?
(c) ... decimal expansion 0.538461538461...?
(d) ... 0.461538461538...?
(e) ... 0.010203040506...?
(f) ... 0.020508111417...? (1 less than multiples of 3)
(g) ... 0.010102030508132134...? (Fibonacci)
(h) ... 0.01030927...? (Powers of 3)
(i) ... 0.01082856...? (8th row of Pasquale)
(j) ... 0.0104091625...? (Square numbers)
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1 Day 1: The Basics (?)

Hey, welcome to “The Art and Craft of Adding and Sub-
tracting”. The intent of these sessions is ostensibly to learn It must be important if it’s

in bold.more math, but we really think it’s about a teaching philoso-
phy. We don’t expect you to get all these problems right; if you
can get every problem on every set, we haven’t done our job.
We are confident that you will learn more math by doing these
problems than by us standing at the board at 8:20 am every day
for two hours. Hopefully you will agree, and it may help you
in your teaching (or, better yet, in others’ teaching!). Most of
all, have a good time and don’t worry about being stuck on a
problem. Thanks and enjoy!

Keep on Adding A bored student in a math class started
fiddling with the calculator. Alice started with the number 3,
then kept on typing +5, +5, +5. Little did she know she was
performing iteration, or repeated operation, or that her work
starts a journey:

1. Make a table, starting with 0, for the number of times
Alice performed the +5 operation and the end result of
the calculation.

Iterations Result
0 3
1
2
3
4
5
6
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2. Suppose Alice’s result when the teacher finally noticed was
188. How many times did she perform the operation? How
did you solve this problem?

A “recursive” formula for Alice’s operation is An alternate version that is
equally good is:

f(n + 1) − f(n) = 5.f(0) = 3 f(n + 1) = f(n) + 5

This describes what she did to get from one step to the next.
The recursive formula isn’t that useful, though, if we wanted to
find out the value of f(210).

3. Use your work in problem 2 to write a “closed-form” ver-
sion of Alice’s formula. That is, make a formula that says
f(n) = · · · directly.

4. If Alice started with the number a and added b each time,
what would the recursive formula be? What would the
closed-form formula be?

Later, Alice wrote down the numbers

1 2 3 4 5

then decided to add them in pairs and write the sum underneath.
So under those numbers she wrote

3 5 7 9

... which is the sum of each pair of successive numbers.

5. What’s the last number generated this way? Make sure
you keep track of this table, you might see it again.

6. In terms of the numbers written in the first row, how is
the last number generated? Is there a formula? Take a few minutes on this.

7. Alice started over, this time with the numbers

1 10 100 1000 10000

What’s the last number generated this way? Does it give
any insight on a possible formula?
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8. Find the last number if Alice started with

1 2 3 4 5 6

Can you get it using a formula from the original numbers?
Can you get it using the information from problem 5?

Plenty of food for thought here, and all we did was add!

Keep on Subtracting Bob was presented with a table of in-
formation and asked to find the formula. He scoffed at the word
“the” and decided to do some other stuff. Here’s the table of
information:

Input Output
0 3
1 8
2 13
3 18
4 23
5 28
6 33

9. Find a formula that fits this table. Is this the only formula
that fits the table? If yes, explain why; if no, explain why
not, and see if you can find another.

Bob (bored or not) decided to take successive outputs and
subtract them from one another; this is sometimes referred to
as taking the common difference.

10. Calculate the common differences for this table.

As a matter of notation, the numbers you generated are the
common difference at zero through five.

11. Write the common difference at zero in terms of the func-
tion’s inputs. In other words, fill in the blanks on this:

d(0) = f( ) f( )

PCMI-PROMYS c©EDC 3



PCMI-PROMYS

Day 1: The Basics (?)

12. Is there a formula for the common difference at n in terms And no, “5” is not the
answer here.of the function’s inputs? Is there a relationship to Alice’s

recursive formula?

13. Could Bob have calculated the second common differences
(differences of the differences)? How far could he go with
this?

Bob wondered if this worked the other way, too; if he had the
list of common differences, could he figure out what the original
numbers were?

14. Suppose Bob knew the common differences are 2, 5, 12,
and 28. Is this enough information to tell you what the
five outputs were? Suppose Bob also knew the first output
was 1. Would that help?

15. Suppose the common differences are 62, 13, 27, and 38
and Bob knows the first output is 10. Calculate the final
output as fast as you can.

16. Suppose the common differences are 27, 62, 38, and 13
and Bob knows the first output is 10. Calculate the final
output as fast as you can. What’s going on here? Can you
explain it? Prove it?

Later, Bob received another table:

Input Output
0 1
1 3
2 8
3 20
4 48

This was a little more interesting, since he could “keep going”
with the differences until there was only a single number left.

17. What’s the last number generated this way? Make sure
you keep track of this table, you might have seen it again.

18. In terms of the numbers written in the second column (i.e.,
the original outputs), how is the last number generated?
Is there a formula? Take a few minutes on this.
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19. Bob started over, this time with the numbers

1 10 100 1000 10000

What’s the last number generated this way? Does it give
any insight on a possible formula?

Keep on. . . Both! When Alice and Bob compared notes at
lunch, they were shocked and chagrined to find their boredom
had led to mathematical insight, and that their work had been
so close together. A teacher recommended they organize things
this way:

Input Output ∆ ∆2 ∆3 ∆4

0 1 2 3 4 5
1 3 5 7 9
2 8 12 16
3 20 28
4 48

Depending on which way you look, this table is either adding
or subtracting. If you only know the outputs, you can subtract
and determine the differences. The iteration is still going on,
but this time the thing being iterated is the operation of taking
common differences. So, the exponent 2 in ∆2 doesn’t mean
“squaring,” but repeating the ∆ operation twice.

On the other hand, if you only know the first row (the se-
quence of common differences) you can add your way down and
over to find more information. Alice and Bob have both had
opportunities to add, and this table includes all that informa-
tion.

20. On this table, circle the number 16, then shade the two
numbers that Alice added to get 16 in problem 5.

21. On this table, circle the number 48, then shade the five
numbers, including the “1”, that Bob added to get 48 in
problem 7.

These will be referred to as the “up and over” and “hockey
stick” properties of these tables:
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•Up and over: Any number in the table (other than inputs)
can be calculated as the sum of two numbers – the number
directly above it and the number directly to the right of the
one above it.

•Hockey stick: Any number in the table (other than inputs)
can be calculated as the sum of the top value in its column
and all the numbers above it in the column to its right.

22. Find a function that agrees with this table:

Input Output ∆
0 c d
1 d
2 d
3 d
4 d
5

23. Find a function that agrees with the table below. You might want to fill in the
table first. Is there only one
table that agrees with these
“‘boundary conditions?”

Input Output ∆ ∆2

0 3 4 2
1 2
2 2
3 2
4
5

24. Find a function that agrees with this table: This one is pretty tough, for
now.

Input Output ∆ ∆2

0 a b c
1 c
2 c
3 c
4
5

25. Suppose you knew that in the table you used in problems
20 and 21 on page 5, the ∆4 column was always “5”. Use
that information to find f(10) as quickly as possible.
Might there be a formula for this? Boy, wouldn’t that be nice.
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2 Morning Addition

In order to keep Alice and Bob a little more busy, the teacher
tells them to join Karl in calculating the sum of the first n
whole numbers. To make it “easier,” she tells them to refer to
this function as f(n).

1. What is f(1), the sum of the first 1 whole numbers? Hint: The answer is not 1.
(Whole!)

2. Find f(n) for integer n between 0 and 10. Think about
what you did while you were filling out the table. Yes,
f(0) is zero, since you didn’t add anything and zero is the
additive identity.

3. Alice figured out a “recursive” formula for this function:

f(n + 1) = f(n) + · · ·

Figure out the missing piece of the formula.

4. Draw a plot of f(n) for n between 0 and 6. What kind of
graph is it? What does that imply about the degree of the
function involved?

Looking up from their work, Bob and Alice saw their teacher
introduce the Factor Theorem.

Theorem 1 (Factor Theorem) If f(x) is a polynomial func- For example, if I know
f(3) = 0 and f(5) = 0, then
(x − 3) and (x − 5) must be
factors of the polynomial.
There might be others, of
course. If I know these are
the only factors, then the
polynomial must be
A(x − 3)(x − 5), and then I
just have to find A.

tion, and f(a) = 0, then (x−a) is a factor of f(x). Put another
way, the function can be written as

f(x) = A(x − r1)(x − r2) · · · (x − rm)

where r1 through rm are roots where f(rj) = 0.
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5. For the function Bob and Alice were working on, what are
the roots? How do you know? What are the factors, then?
Explain how problem 4 suggests that these are the only
two factors.

6. Use the information about the roots to find a “closed-form”
formula for f(n), then use it to find f(101).

Karl looks on, impressed. He asked about what Alice and
Bob were working on yesterday. Bob shows him some problems
that not everyone might have gotten to.

7. Suppose Bob knew the first differences are 8, 23, 64, and
-7. Is this enough information to tell you what the five
outputs were? Suppose Bob also knew the first output
was 1. Would that help?

8. Suppose the first differences are 62, 13, -27, and 38 and Bob
knows the first output is 10. Calculate the final output as
fast as you can.

9. Suppose the first differences are -27, 62, 38, and 13 and Bob
knows the first output is 10. Calculate the final output as
fast as you can. What’s going on here?

10. Build a table of differences, second differences, and third
differences for this function f(n). What do you notice
about the first differences? The second differences? The
third differences? Bob provided Karl with a template.

Input Output ∆ ∆2 ∆3

0 0
1 0
2 1
3 3
4 6
5 10
6 15

By the way, the letter ∆ stands for “difference” here, and the
exponent 2 in ∆2 doesn’t mean “squaring,” but repeating the
∆ operation twice.

Alice became interested in the rows, rather than the columns
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– especially the row with f(0) and its differences. This row was
all zeros, except for a 1 as the second difference. More food for
thought? A good thing, since lunch was a long way off.

11. Construct a new table where the row with f(0) is all zeros, By all zeros, we literally
mean forever. This means
you can keep the table going
as long as you want without
surprises. Oh, and even
though there is more than
one answer to the “Which
function?” questions, you’ll
give the right one.

except for a 5 as the first output. What function is this?

12. Construct a new table where the row with f(0) is all zeros,
except for a 1 as the first difference. What function is this?

13. Construct a new table where the row with f(0) is all zeros,
except for a 3 as the first difference. What function is this?
How is this related to your answer to problem 12?

14. Construct a table where the row with f(0) is all zeros,
except the first output is a and the first difference is b.
What function is this? How is this related to your answers
to problems 11 and 12?

15. Construct a new table where the row with f(0) is all zeros,
except for a 2 as the second difference. Use your answer
from problem 6 to answer as quickly as possible: What
function is this?

16. Imagine a new table where the row with f(0) is all zeros,
except for a 1 as the first difference and a 2 as the sec-
ond difference. Don’t construct it! Instead, predict the
function based on your answers to problems 12 and 15 be-
fore you construct it. Okay, now construct the table. Were
you right?

Alice was pretty impressed. She figured she could now predict Remember, ∆ refers to the
differences, and ∆2 refers to
the second differences.

any function that went all the way up to second differences. This
was going to make some of her homework much easier.

17. A function has f(0) = 3, ∆(f)(0) = 4, ∆2(f)(0) = 2, and So, ∆(f)(0) = 4 means the
first difference at zero is 4.
Get it?

all later differences are zero for all numbers. What is the
polynomial function that matches this table? Test your
answer by checking your prediction for f(5) against the
value you got from the table in yesterday’s problem 23.
(Didn’t do it? Don’t worry.) Easier now, ain’t it?

18. A function has f(0) = a, ∆(f)(0) = b, ∆2(f)(0) = c, and
all later differences are zero. What is the function? Don’t
worry about expanding or collecting terms.
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At this, Kurt came by and mentioned that the same idea
might be used to figure out the polynomial to use for third
differences. This would add to Alice’s list of polynomials for
everything up to second differences.

19. What happens to the degree of a polynomial each time
you perform the “difference” operation? Give some exam-
ples. Can you convince yourself it’s always true? Can you i.e., prove it?

convince someone else?

20. Suppose you knew the second differences were all the same
number. What kind of polynomial did you start with?

21. Suppose you knew the third differences were all the same
number. What kind of polynomial did you start with?
How many roots does this kind of polynomial have?

22. Construct a new table where the row with f(0) is all zeros,
except for a 1 as the third difference. If this is a polynomial
fuction, what is its degree? Calculate all the rows out to
f(8) and its differences.

23. What are the roots of the polynomial in problem 22? How A root is a place where the
function is zero.do you know? What are the factors? Use this information

to find the function that fits this table. Don’t worry about
expanding or collecting terms, just leave it factored.

24. A function has f(0) = a, ∆(f)(0) = b, ∆2(f)(0) = c,
∆3(f)(0) = d, and all later differences are zero. What is
the function? Don’t worry about expanding or collecting
terms, since we are looking for a pattern here.

25. Alice made up a table with f(0) = 3, f(1) = 10, f(2) = 23,
and f(3) = 48. She was able to find a cubic polynomial to
fit this table very quickly. Can you?

26. As a joke, Bob added on f(4) = −5. Can you find a
polynomial to fit this table? How quickly? You’ll have to
extend the reasoning used in the last few problems, but if
you’ve gotten here, you must be good at that.

Alice and Kurt felt pretty happy about this, and even Karl
agreed that this would be a powerful tool. Bob had other ideas,
looking at some of the other rows in the table from problem 22.
Bob could swear he’d seen some of these numbers before.
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Still going? Okay, here’s some more.

27. Suppose f(0) = 1 and all differences at zero are 1. Yes,
forever. What function is this?

28. Suppose f(n) = 10n for all n. What are its first differ-
ences? second differences? Use the definition of the ∆
function to explain why this is true.

29. Suppose f(0) = 1 and each difference is ten times larger
than the one before it. What function is this? Can you
prove why? What if each difference is n times larger than cough... binomial ... cough...

the one before it?

30. Use what you’ve learned to find the sum of the first 100
fourth powers without calculating them all.

31. Suppose f(0) = 1 and each difference is the opposite of
the one before it (so it’s 1,−1, 1,−1, ...). How many roots
does this function have?
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3 Blazing Through

It’s time to review! Hooray! Take some time and make sure
you’re able to do this kinda stuff.

1. Find a polynomial function with f(0) = 5, f(1) = −3, and
f(2) = −11. Use differences to help!

2. Find a polynomial function with f(0) = 21, ∆f(0) = −18,
and ∆2f(0) = 6.

Alice and Bob hear (but don’t particularly listen to) the
teacher talking about combinations and permutations. A com-
bination is a group in which the order does not matter, while in
a permutation, order matters. The “Pick-6” style of lottery is
a combination. Choosing what shirts to wear over the next five
days is usually a permutation problem, unless you really, really
like the same shirt.

3. How many ways are there to pick a group of three people
out of eight? By “group,” it means “you three” and not
“you first, you second, then you third.” How many ways
are there to pick a group of two out of eight? A group of
one out of eight? A group of zero out of eight? How about
a group of three people out of two?

4. Elbonia has a “Pick-1” lottery, where the player picks a
single number and hopes it matches the drawing. How
many different possible plays are there in this lottery if
there are 49 numbers in the drawing?

5. Freedonia has a “Pick-2” lottery, where the player picks
two numbers and hopes they match the drawing (in either
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order). How many different possible plays are there in this The distinction either order
makes this a combination
problem, rather than a
permutation problem.

lottery if there are 49 numbers in the drawing? if there are
n numbers in the drawing?

6. Coruscant has a “Pick-3” lottery. Same deal. How many
different plays in this lottery for 49 numbers? for n num-
bers?

The notation
(

n
k

)
is used to represent combinations. Alice So, the number of plays in a

“Pick-6” lottery with 49
numbers is(
49
6

)
= 13, 983, 816.

and Bob’s teacher starts talking about drawn-out formulas for
combinations, and as usual, they tune out and resume the stuff
they were working on yesterday.

7. If you didn’t do problem 22 from yesterday, do it now:

Construct a new table where the row with f(0) is all zeros,
except for a constant 1 as the third difference for all en-
tries. If this is a polynomial function, what is its degree?
Calculate all the rows out to f(8) and its differences.

8. Look at the rows of this table, starting with f(3). Do the
four numbers in this row look familiar at all? What about
the four numbers in the next row? How about the numbers
in the f(8) row?

9. Consider the four numbers in the row starting with f(3).
Explain how these numbers are used to generate the row
starting with f(4). Does this process seem familar at all?

10. What about the numbers for f(n), from n = 0 onward? They might not, of course!

Do these numbers look familar? How so?

Hey, it’s fine if you just said, “No, no, NO!!!” to problems 8,
9, and 10. Bob found some patterns, though, so hopefully you
did too. Now, for the flip side.

11. Do this problem by completing the table, even if
you know how to get the formula for f(x). A function The bold thing would’ve

been a side note, but Art
would ignore it.

has f(0) = 3, ∆(f)(0) = −4, ∆2(f)(0) = 5, and constant
∆3(f)(0) = 2. Complete the table to find f(8).

12. Now, explain how f(8) could be calculated from the two
numbers directly above it (remember, “up and over”). Write
f(8) in terms of these numbers.
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13. Now, explain how f(8) could be calculated from the three
numbers directly above that. Write f(8) in terms of these
numbers, and collect terms if you used the same one more
than once. You’ll get the most benefit by writing

f(8) = m · + n · + · · ·

even if some of those m and n are ones.

14. Now, explain how f(8) could be calculated from the four
numbers directly above that. Write f(8) in terms of these
numbers, and collect terms if you used the same ones more
than once. Follow the advice in problem 13; it will help to
see the overall pattern here.

15. Now, explain how f(8) could be calculated from the five What? You only see four?
Too bad, there are five – to
get the fifth one, you’re
going to need a bigger table,
to paraphrase Roy Scheider.

numbers directly above that. Write f(8) in terms of these
numbers, and collect terms if you use the same one more
than once (and you will).

16. Finally, explain how f(8) could be calculated from nine To get the fifth and higher
terms, you’ll need a bigger
table or a pattern from the
previous problems.

numbers calculated across the top (starting with f(0)).

Alice showed her work to her classmate Pasquale, who really
seemed to appreciate these numbers. Pasquale told Alice that
if she’d paid attention in class, she might’ve learned a more
convenient way to write the numbers in problem 16 – something
to do with a triangle. Whatever.

17. Write f(8) in terms of the combination numbers
(

8
k

)
and

the values across the top row: f(0), ∆(f)(0), and so forth.
What does this have to do with Pasquale’s triangle?

18. Find the value of f(10) as quickly as possible.

19. How would you find f(97)? Find it if you want to, but use
a calculator!

20. Find the value of f(5.5) as quickly as possible.

Problem 20 presented a problem (literally) to Alice, since
there weren’t gaps in the table and there wasn’t any way to
say how many ways to to pick two people out of a group of
5 and a half. Bob and Kurt felt fine with it, since they have

14 PCMI-PROMYS c©EDC



PCMI-PROMYS

Blazing Through

polynomials that they could add to find the answer: These polynomials come
from yesterday’s work. The
first difference at zero is −4,
the second difference is 5,
and so on.

f(x) = 3 · 1 + (−4) · x + 5 · x(x − 1)

2
+ 2 · x(x − 1)(x − 2)

6

These polynomials (1, x, x(x−1)
2

, etc.) are called the Mahler

polynomials. x(x−1)
2

is referred to as the second Mahler polyno-
mial (since it is of degree 2). The Nth Mahler polynomial has
roots of 0, 1, 2, 3, . . . , n − 1, and f(n) = 1. This helps these
polynomials form a basis. They can be added to one another
very easily to form a polynomial matching a difference table.

21. What is the next (fourth) Mahler polynomial? What about
the fifth? What’s a formula for the Nth Mahler polyno-
mial?

22. Use Mahler polynomials to find a polynomial with this
table. You’ll have to take differences first.

Input Output
0 6
1 5
2 24
3 99
4 290
5 681

23. What is the sum of the first three square numbers? Oh, As before, the sum of the
first 0 square numbers is 0,
since you haven’t added
anything.

wait, it’s 14. Never mind. What is the sum of the first n
square numbers? If f(n) is the sum of the first n square
numbers, build a table for f(n) from zero to at least eight.

24. Use Mahler polynomials to find a formula for the sum of
the first n square numbers.

25. Use Mahler polynomials to find the sum of the first 100
cubic numbers. As a challenge, try to do this without a You can do it!

calculator. Factoring helps.

26. What is the sum of the numbers in the 7th row of Pasquale’s
triangle? The “1” at the top of the triangle is the zeroth
row, not the first.

Alice still wasn’t sure how to reconcile the Mahler polynomials
that Kurt introduced and her own work with Pasquale’s triangle.
But she found it. . .
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27. How would you teach someone to find the number corre-
sponding to

(
97
2

)
? Use this to find a formula for

(
n
2

)
as a

polynomial.

28. What’s the formula for
(

n
3

)
?

(
n
4

)
?

(
n
k

)
?

Alice felt much better about this – apparently she had the
same formula all along. She just had to “allow” n to be any
number, even though the meaning of

(
n
k

)
expected n to be an

integer.

And now, extra for experts...

29. Let f(x) = xp. What’s the degree of ∆(f)(x)? What’s the Think about how you would
expand on f(n + 1) − f(n)
where f is a power function.

degree of ∆2(f)(x)? Prove it!!

30. Suppose f(n) = 2n. Find and prove the formula for ∆(f)(n)
by using the definition of the ∆ operator. How about for
∆2(f)(n)? ∆k(f)(n)?

31. Alice really likes that first row, and now wants to bring
in her work with the combination numbers. Write f(5)
in terms of the combination numbers

(
5
k

)
and the values

across the top row: f(0), ∆(f)(0), and so forth.

32. Find the value of f(7) using the method from problem 31.

33. Write f(n) in terms of combination numbers. Quite a for-
mula, this.
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4 Choose Wisely

Hey. So we’ve now found these things called Mahler polynomi-
als. x(x−1)

2
is referred to as the second Mahler polynomial (since

it is of degree 2). The nth Mahler polynomial has roots of 0,
1, 2, 3, . . . , n − 1, and f(n) = 1. This helps these polynomials
form a basis. They can be added to one another very easily to
form a polynomial matching a difference table.

1. What is the fourth Mahler polynomial? What about the
fifth? Make sure you know how to build the nth Mahler
polynomial if you had to.

2. Use Mahler polynomials to find a polynomial with this
table. You’ll have to take differences first. Skip this problem if you’ve

already done it...

Input Output
0 0
1 1
2 5
3 14
4 30
5 55
6 91

3. What is the sum of the numbers in the 7th row of Pasquale’s What? A non sequitir?
Surely no...triangle? The “1” at the top of the triangle is the zeroth

row, not the first.

4. How would you teach someone to find the number corre-
sponding to

(
97
2

)
?

(
1001

2

)
? Use this to find a formula for(

n
2

)
as a polynomial. Note that this polynomial can take

5.5 as an input, while
(

5.5
2

)
is not defined.
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5. What’s the polynomial formula for
(

n
3

)
?

(
n
4

)
?

So Alice just had to “allow” n to be any number in her
“choose” formula, even though the meaning of

(
n
k

)
expects n

to be an integer.

6. A suggestion from the crowd gave this one. What happens
when you don’t start at zero? You can still build the dif-
ference table, but it won’t be quite the same formula. Say,
this table for a quadratic:

Input Output
3 3
4 -1
5 -1
6 3
7 11
8 23
9 39

What do you do about this? There is more than one good
answer here. What could you do if you were just trying to
find f(13) and you had this table?

7. What happens when the values don’t come in increments
of 1? Say, this table for a quadratic:

Input Output
0 3
5 -1
10 -1
15 3
20 11
25 23
30 39

Now what do you do, hot shot? Try seeing what happens
if you replace 5 by k, 10 by 2k, et cetera. Why 2k? Why not?

Alice and Bob are outside at recess when they see their friend
Isaac under a tree. Isaac was saying something about deriving
the function x3 + 3x, which Alice and Bob assumed must be
very easy – they derived this table:
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x f(x) = x3 + 3x ∆f(x)
0 0 4
1 4 10
2 14 22
3 36 40
4 76 64
5 140

8. Using any method, find a formula that fits the ∆ column.

9. Expand and collect terms for (x + 1)3 + 3(x + 1). Why
would we ask this question here?

10. Use the definition of ∆ to find the formula for the ∆ of The definition of ∆ is
∆f(x) = f(x + 1) − f(x).f(x) = x3 + 3x.

11. Find a formula for the ∆ of each function.

(a) f(x) = 3x + 5 (b) f(x) = 2x − 7 (c) f(x) = ax + b

Any conjectures?

12. Find a formula for the ∆ of each function.

(a) f(x) = x2 + 2 (b) f(x) = 3x2 + 5x − 7 (c) f(x) = ax2 + bx + c

13. Suppose g is a polynomial function of degree m. What can
you say about the degree of ∆(g)? What can you say about
the degree of ∆2(g)? At what point will the differences of
g become constant? become zero? Do you believe it is Hear me now and believe me

later...true? Good. Prove it if you must.

Meanwhile, Bob was reaping the benefits of this new “differ-
encing” technique. He no longer has to rely on the repetitive
(tedious?) use of the “up and over” method to construct a com-
plete table.

14. Let f(x) = x3 + 3x. Find the formulas for ∆(f)(x),
∆2(f)(x), ∆3(f)(x), and ∆4(f)(x) using the definition of
∆, rather than creating a table.
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15. Complete the following table. Notice how the columns go
all the way down to the
bottom. We have formulas
now. If the original function
is known, so are all its ∆s.

x f(x) ∆(f)(x) ∆2(f)(x) ∆3(f)(x) ∆4(f)(x)
0
1
2
3
4
5

16. Find f(7) in terms of the combination numbers
(

7
k

)
and

the values across the top row: f(0), ∆(f)(0), and so forth.
Notice how the ∆ columns become 0 before the

(
7
k

)
“run

out.”

17. Find f(2) in terms of the combination numbers
(

2
k

)
and

the values across the top row. Notice how the
(

2
k

)
become

0 before the ∆s run out.

18. Use Mahler polynomials and the values across the top row
of this table to recover the formula that defines f .

Now in her math class, Alice looks up to see her teacher talk-
ing about exponential functions. Boy, this class moves from
topic to topic way too quickly. A curiosity strikes her. . .

19. Complete the table for f(n) = 2n.

n f(n) ∆ ∆2 ∆3 · · ·
0 1
1 2
2 4
3 8
4 16
5 32
6
7

20. Find f(7) in terms of the combination numbers
(

7
k

)
and

the values across the top row: f(0), ∆(f)(0), and so forth.
Is there a connection to problem 3?
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There are a lot of formulas out there like the one that can be
found using problem 20. See what you can find!

We now know that if f(n) = 2n, then ∆(f)(n) = 2n as well.
What happens when an exponential function has a base other
than 2? Let’s try and see. . .

21. Suppose f(n) = 3n.
(a) Describe the difference table for f . In particular, what

is a formula for ∆k(f)(0)?
(b) Express f(n) in terms of the ∆k(f)(0).

22. Suppose f(n) = an.
(a) Describe the difference table for f . In particular, what

is a formula for ∆k(f)(0)?
(b) Express f(n) in terms of the ∆k(f)(0).

23. Suppose f(n) = (1 + a)n.
(a) Describe the difference table for f . In particular, what

is a formula for ∆k(f)(0)?
(b) Express f(n) in terms of the ∆k(f)(0).

24. Alice was curious about f(n) = 0n, a function that behaves
badly at n = 0. Alice heard of a function called the delta
function, with the formula

δ(n) =


1 if n = 0

0 if n �= 0

Build a table for this function up to δ(7) and calculate its
differences (yes, there are some). Then, write δ(7) in terms Does the delta function’s

differences still agree with
the results from the
problems about f(n) = an?

of combination numbers as you did in problem 32.

25. Use the delta function to prove this fact about Pasquale’s
Triangle: In any row of Pascal’s triangle beginning with
the first, the sum of even coefficients

(
n
j

)
(where j is even)

is equal to the sum of odd coefficients
(

n
k

)
(where k is odd).

26. Use Mahler polynomials to find the sum of the first 100
cubic numbers. As a challenge, try to do this without a You can do it!

calculator. Factoring helps.

As Alice, Bob, Pasquale, Karl, Kurt, and Isaac go home for
the holiday, we leave you with some more food for thought (and
some fireworks?).
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27. Suppose f(n) = the nth Fibonacci number. So, the table
of f looks like this: Any output (after the first

two) is the sum of the
previous two outputs.n f(n)

0 0
1 1
2 1
3 2
4 3
5 5
6 8
7 13

(a) Describe the difference table for f . In particular, find A closed form for this table
is difficult to find – it took
mathematicians quite a
while. We’ll find it in Week
3, though, among other
things.

a formula for ∆k(f)(0) in terms of the f column.
(b) Express f(n) in terms of the ∆k(f)(0).

28. What if the Fibonacci numbers were across as the list of
differences at f(0) instead of being the outputs? Can you
relate this to the - gasp - numbers in Pascal’s triangle using
Kurt’s notation?

29. Suppose f(0) = 3, f(1) = 6, f(3) = 12, and f(10) = −2.
Find a cubic polynomial going through these four points.
Difference tables won’t help you now...

30. Prove or Disprove and Salvage if Possible: To salvage means to fix it,
then prove it.

f is a constant function if and only if ∆(f) = 0.

31. Time to get ridiculous.

(a) What fraction has decimal expansion 0.020202020202...?
(b) ... decimal expansion 0.466666666666...?
(c) ... decimal expansion 0.538461538461...?
(d) ... 0.461538461538...?
(e) ... 0.010203040506...?
(f) ... 0.020508111417...? (1 less than multiples of 3)
(g) ... 0.010102030508132134...? (Fibonacci)
(h) ... 0.01030927...? (Powers of 3)
(i) ... 0.01082856...? (8th row of Pasquale)
(j) ... 0.0104091625...? (Square numbers)
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Solutions. 2/99. 7/15. 7/13. 6/13. 100/9801. 201/9801 (=
67/3267). 100/9899. 1/97. Terminating. 10100/970299. Yes,
we had fun with this. Yes, we used generating functions! Yes,
the TI-89 got these answers faster than us.
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5 Delta, delta, delta...

Hey, hope you had a good weekend. Here are some problems to
get you going again.

1. A cubic function has f(0) = 3, f(1) = 10, f(2) = 33, f(3) =
20. Calculate f(8) without finding the equation for the cu-
bic.

2. Use the technique of cancellation to find a fraction that
equals the infinite sum 1 + 2x + 4x2 + 8x3 + 16x4 + · · ·.
Then, use the formula to find the sum 1 + .02 + .0004 +
.000008 + · · ·.

3. If f(x) = x3 − 3x2, calculate ∆f(x) and ∆2f(x). The definition of ∆ is
∆f(x) = f(x + 1) − f(x).

Isaac tells Alice and Bob that his ideas are stronger than
theirs – something about the principal Mathematico, was it –
anyway, Alice and Bob decide to take what they’ve done a little
further. They may not be proving much, but a lot of what they
do can be proven.

4. Calculate the following differences, smartly. In other words,
do it and then think about what it means in general.
(a) ∆(3x2) (b) ∆(3x) (c) ∆(3x2 + 3x) (d) ∆(3x2 + 3x + 3)

5. Find formulas for the ∆ of each function by using the def-
inition of ∆.

(a) P (x) = 1 (b) Q(x) = x (c) R(x) = x2

(d) S(x) = x3 (e) T (x) = 5x3 − 2x2 + 3x − 1

6. Consider f(x) = 2x2−x and g(x) = 2x2−x+5. Compare

24 PCMI-PROMYS c©EDC



PCMI-PROMYS

Delta, delta, delta...

∆f and ∆g. What’s the deal? Explain it.

7. Consider b(x) = 3x4 − 2x3 + 4x2 − 5x + 3. Find ∆5b(x).
Think before you act... Don’t drink and derive. Thanks to John for this.

8. Suppose that ∆f(x) = 4x − 5 = ∆g(x). Are f and g
automatically the same function? If so, explain why. If
not, are they related in any way?

9. Take M(x) = x(x−1)
2

. Use the definition of ∆ to find
∆M(x). Is that interesting at all?

10. Take N(x) = x(x−1)(x−2)
6

. Find ∆N(x). Gee, these functions seem
familiar somehow...

11. Alice generated an amazing general formula for This function
(

x
k

)
is the kth

Mahler polynomial.

∆

(
x

k

)
(k ≥ 0)

Can you find it? What about

∆m

(
x

k

)
(m ≥ 1, k ≥ 0)

12. Suppose you have a mystery function g with the property
that ∆g(x) = 5x − 2. What is...

(a) ∆(2 · g(x))
(b) ∆g(x) + x
(c) ∆2g(x)
(d) ∆3g(x)

What would you need to know to find a formula for g(x)?
How close can you get to such a formula?

13. Prove or Disprove and Salvage if Possible: To salvage means to fix it,
then prove it.

If f is a quadratic, then ∆nf(x) is zero for n ≥ 2.

14. Using the ideas from this section, write a convincing ar-
gument to show that, if f is a polynomial and ∆3(f) is
constant and non-zero, f is a polynomial of degree 3.

15. Use the definition of ∆ to prove that ∆2x = 2x.

16. Find all functions f(x) which satisfy:
(a) ∆f(x) = f(x)
(b) ∆f(x) = 2f(x)
(c) ∆2f(x) − 3∆f(x) + 2f(x) = 0 Would factoring help? This

is a tough one, but see what
you can do.
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17. Suppose f(x) = 3x2 + 7 and g(x) = 5x − 11. Calculate
∆f(x), ∆g(x), and ∆[f(x) · g(x)]. See if you can use this
example to get a general formula for the Product Rule for
the ∆ operator:

∆[f(x) · g(x)] = · · ·
There is also a Product Rule in calculus – it may or may
not help!

18. For g(x) = 5x − 11, calculate ∆g(x), ∆([g(x)]2), and This is not the same as
taking successive ∆’s!∆([g(x)]3). Can you generalize this for powers of func-

tions?

19. Some extensions. Try only if you are interested!
(a) Prove the Product Rule using the definition of ∆; that

is, ∆f(x) = f(x + 1) − f(x).
(b) Find the Quotient Rule for the ∆ operator:

∆f(x)
g(x)

= · · ·

Bob and Alice decide to drop this and head in a completely
new direction. They heard about an article in a recent issue of
Mathematics Teacher magazine, and choose to ignore it com-
pletely.

20. What’s 2 + i multiplied by 4 − 3i?

21. What is the product of the complex numbers a + bi and
c + di? Put your answer in ( ) + ( )i form.

22. Generate the formulas for cos(x + y) and sin(x + y) by
taking the result of problem 21, replacing a with cos x, b
with sin x, c with cos y, and d with sin y.

23. Generate the formula for cos(nx) for each n from 1 to 4.
This can be done in several ways, but one way is to keep
taking powers of a + bi and looking only at the real part.

24. If f(x) = sin x, find ∆f(x). Alice and Bob groan to learn
that this wasn’t something
completely new after all.25. If f(x) = cos x, find ∆f(x) and ∆2f(x).

26. Try

27. Hey, while you’re at it, find ∆f(x) for f(x) = sin πx, for
f(x) = ex, and for f(x) = ln x.
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And now, some extra problems... are you reading this? Good
for you. Alice and Bob were wondering if anyone cared what
they were doing.

28. No matter what function f we have, we know that Here, x can be any input to
f . If you replace x by 3, you
get ∆(f)(3) = f(4) − f(3).
If you replace x by x + 1,
you get ∆(f)(x + 1) =
f(x + 2) − f(x + 1).

∆f(x) = f(x + 1) − f(x)

Well, ∆2f = ∆(∆f), so, we can apply the above formula
to ∆f and obtain a formula for ∆2f : This is subtle. It might help

to replace ∆f in the first
two lines by some temporary
symbol like g.

∆2f(x) = ∆(∆f)(x)
= ∆f(x + 1) − ∆f(x)
= (f(x + 2) − f(x + 1)) − (f(x + 1) − f(x))
= f(x + 2) − 2f(x + 1) + f(x)

(a) Supply a reason for each step in this calculation.
(b) Use this result to find a formula for ∆2f where f(x) =

5x2 − 3x + 2.
(c) Find a formula for ∆3f where f(x) = 5x2 − 3x + 2.

29. Show that, for any function f ,

∆3(f)(x) = f(x + 3) − 3f(x + 2) + 3f(x + 1) − f(x)

Check that this produces the same result as problem 28c
for that particular function.

30. Derive a formula for ∆4f . Generalize to ∆mf for any in-
teger m ≥ 0.

31. Based on what you’ve done, explain why if f is a polyno-
mial function, f can be written as Is this really an “infinite”

sum?

f(x) =
∞∑

k=0

∆kf(0)

(
x

k

)

32. Write each polynomial function as a linear combination of The mapping syntax is
another way, instead of
constantly calling things
f(x). Read as “x maps to
1” (the equivalent of
f(x) = 1).

the
(

x
k

)
:

(a) x �→ 1 (b) x �→ x (c) x �→ x2

(d) x �→ x3 (e) x �→ x4 (f) x �→ x5

33. Make a table from the results in problem 32 and see what
patterns you can find. Specifically, can you find a way to
get the next result from the one (or ones) before it?

PCMI-PROMYS c©EDC 27



PCMI-PROMYS

6-Up: The Un-∆

6 6-Up: The Un-∆

It’s a fun numerical, then some of the problems from yesterday
that Bob and Alice think are especially relevant. Skip any if
you already feel comfortable.

1. A six-sided die, uh, number cube has the numbers 1, 1,
1, 1, 2, and 3. Find the probability of rolling a sum total
of 4 on two dice. As an extension (if you have time!) try
finding the probability of rolling a 4 on three dice, on four
dice, on five dice.

2. Find formulas for the ∆ of each function by using the def- The definition of ∆ is
∆f(x) = f(x + 1) − f(x).inition of ∆.

(a) P (x) = 1 (b) Q(x) = x (c) R(x) = x2

(d) S(x) = x3 (e) T (x) = 2x3 − 4x2 + x − 18

3. Make up your own cubic polynomial, then build its full
difference table out to n = 5. At what point do the differ-
ences become constant? At what point do the differences
become zero?

4. If T (x) = 2x3 − 4x2 + x − 18, what is ∆4T (x)?

5. Suppose that ∆f(x) = 2x − 7 = ∆g(x). Are f and g
automatically the same function? If so, explain why. If
not, are they related in any way?

6. Show that

∆

(
x

3

)
=

(
x

2

)

This statement is true for all the Mahler polynomials.

7. For g(x) = 3x − 7, calculate ∆g(x), ∆([g(x)]2), and
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∆([g(x)]3). Can you generalize this for powers of func-
tions?

For the next few problems, you will need these formulas
for sine and cosine:

For all values of α and β,

cos(α + β) = cos α cos β − sin α sin β and,

sin(α + β) = cos α sin β + sin α cos β

8. If f(x) = sin x, find ∆f(x).

9. If f(x) = cos x, find ∆f(x) and ∆2f(x).

10. Hey, while you’re at it, find ∆f(x) for f(x) = sin πx, for
f(x) = sin 2πx, for f(x) = ex.

Karl tried to take what Alice and Bob have done and connect
it to the sums of powers. You might try building a

difference table for each
one, then using Mahler to
get the formula. There is
more than one good method
here, though.

11. Suppose f(0) = 0 and ∆f(x) = 1 for all integer x. Find a
formula for f(x).

12. Suppose f(0) = 0 and ∆f(x) = x for all integer x. Find a
formula for f(x).

13. Suppose f(0) = 0 and ∆f(x) = x2 for all integer x. Find
a formula for f(x).

14. Suppose f(0) = 0 and ∆f(x) = x3 for all integer x. Find
a formula for f(x).

15. Suppose f(0) = 3 and ∆f(x) = 3x2 +2x− 5 for all integer Can you do this directly,
using your work from the
last few problems?

x. Find a formula for f(x).

Bob and Alice are just about ∆’d out. They notice that
the last few problems all talked about knowing the ∆ of some
function and finding the original. Isaac tells them that deriving
things is pretty easy, but doing the opposite is a little harder.
He yells at them, “Don’t forget the +C...”, as he starts moving
away and continues in that direction.
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Bob invents the notation ∇ (pronounced “un-delta”, or, if
you prefer, “alted”) to stand for this operation:

g(x) = ∇f(x) if and only if ∆g(x) = f(x).

For example, if f(x) = 2, then ∇f(x) = 2x + C. Here, C can
be any constant number, and the value of C is determined by
initial conditions.

16. For each function below, find its ∇. Do it, then decide
what the consequences are.

(a) ∇(3x) (b) ∇(3) (c) ∇(3x + 3)
(d) ∇(3x2 + 3x + 1) (e) ∇(3x2 + 3x + 4)

17. Find formulas for the ∇ of each function. You might con- The mapping syntax is
another way, instead of
constantly calling things
f(x). Read as “x maps to
1” (the equivalent of
f(x) = 1).

sider using the results from the last page. Really, you
might!

(a) x �→ 1 (b) x �→ x (c) x �→ x2

(d) x �→ x3 (e) x �→ 4x3 + 6x2 + 4x + 1

18. Find a formula for the ∇ of each function as quickly as
possible.

(a) f(x) = 4x2 + 1 (b) g(x) = 8x2 + 2
(c) h(x) = 12x2 + 3 (d) j(x) = 15x2 + 3x + 5

19. Suppose that f(x) = 2x2 − x and g(x) = 2x2 − x + 5.
Compare ∇f and ∇g.

20. Suppose that ∇f = 4x− 5 = ∇g. What can you conclude
about f and g? What of the general case?

30 PCMI-PROMYS c©EDC



PCMI-PROMYS

6-Up: The Un-∆

Bob and Alice work together with Jake, who seems to be an
expert on this business about sums of powers. Jake notes that
the sum of the first n squares is the same as ∇(x2), where the
value of C is zero (initial condition). So, the ∇ operation be-
comes a remarkable way to find formulas for the sums of powers.

21. Write each polynomial function as a linear combination of
the

(
x
k

)
(the “Mahler basis”):

(a) x �→ 1 (b) x �→ x (c) x �→ x2

(d) x �→ x3 (e) x �→ x4 (f) x �→ x5

This table should benefit you:

f(x) 1
(

x
1

)
= x

(
x
2

)
= x(x−1)

2!

(
x
3

)
= x(x−1)(x−2)

3!

(
x
4

) (
x
5

)
1
x
x2

x3

x4

x5

22. What patterns can you find in the table from problem
21? Chances are you used these patterns to help finish the
table; see if you can use patterns only to find the next row.

23. What is the ∇ of the first Mahler polynomial, x? What
is the ∇ of the second Mahler polynomial, x(x−1)

2!
? What

is the...? Can you explain why this all is true, in terms of
the tables we’ve been making? How does it help find the
sums of powers?

24. Combine the work in problems 21 and 23 to write an ex-
pression (in terms of Mahler polynomials) for the sum of
the first n squares, the first n cubes, the first n fourth
powers, the first n fifth powers.

25. Find the sum of the first 100 fifth powers as quickly as
possible.

26. Find the sum of the first 100 tenth powers using this method Jake actually did this
without a calculator, seeing
as how they weren’t
invented in the early 18th
century.

(you will need to correctly extend the table in problem 21).
Jake bragged that he was able to find this answer in 71

2

minutes; can you?
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Carryovers for experts who finish the first 4 pages too quickly.

Note: This problem isn’t right! Its original form seemed
very strange. This form is closer to the rule for Integration by
Parts but still seems wrong (and we don’t know how to fix it
right now).

27. Show that if f and g are functions, then

∇(f(x)∆g(x)) = f(x)g(x) −∇(g(x)∆f(x + 1))

28. Find an equation whose roots are the squares of the roots
of the roots of

x2 − 4x + 1 = 0

29. Find an equation whose roots are the 7th powers of the
roots of the roots of

x2 − 4x + 1 = 0

30. Without multiplying it out, what is the coefficient of x18

in
(x + x2 + x3 + x4 + x5 + x6)3

... of x17? of x16? Think about how you found these
answers.

31. Alice, Bob, and Jake each roll a six-sided die, uh, number
cube. What is the probability that the sum of the three
dice is 18? is 17? is 16? Think about how you found these
answers.

You have dealt with recursively defined functions and se-
quences of numbers before. For example,

f(n) =


1 if n = 0

f(n − 1) + n2 + n + 1 if n > 1

How about recursively defined sequences of polynomials?

For each of the sequences below, write out 6 terms (or more, if
you have a CAS) and describe (and establish) some conjectures
you see.

32.

f(n) =


1 if n = 0

f(n − 1) + x if n > 0
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33.

g(n) =


1 if n = 0

x g(n − 1) + x if n > 0

34.

h(n) =


1 if n = 0

h(n − 1) + xn if n > 0

35.

r(n) =




1 if n = 0

x if n = 0

r(n − 1) + r(n − 2) if n > 1

36.

t(n) =




1 if n = 0

x if n = 1

2x t(n − 1) − t(n − 2) if n > 1
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7 Circular Reasoning

Alice and Bob’s class has moved full-on into trigonometry. Since
all of them are tired of working with the ∆ (and maybe you
agree), they’re relatively happy to be working with θ and α and
ψ instead.

In trigonometry, angles start from 0 on the horizontal x-axis
and increase in the counter-clockwise direction. It’s better to
use radian measure for angles (why?), so π

2
radians is vertical.

Most problems here will use radians, although the discussion
usually starts in degrees.

Where the ray from the origin (0, 0) crosses the unit circle
determines cosine and sine. The cosine value is the x-coordinate
of the intersection, and the sine value is the y-coordinate. These
can also be thought of as a single number in the complex plane,
using the vertical as imaginary: x + yi, or cos θ + i sin θ.

1. Draw a large unit circle, and mark in Quadrant I (the
upper right) a random point on the circle. Suppose you
knew its coordinates and angle 36.9o : (4

5
, 3

5
). Mark seven

other points on the circle whose coordinates and angles are
related. For example, one is (36.9 + 180)o : (−4

5
,−3

5
).

2. What about negative angles? How do the cosine and sine
of (−θ) relate to the cosine and sine of θ? You might draw
a circle to help.

3. Suppose z = x + yi is a point on the unit circle. The
conjugate of a complex number is defined as z = x − yi.
How are the angles corresponding to these two related?
Multiply z and z to show that zz = 1.
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4. Suppose z = 4
5
+ 3

5
i. Calculate z, z2, z3, z4, and z5 and then

plot each of these powers on a unit circle. What happens
to the angle each time (it’s okay to use degrees here)? Does
this give any insight into why angles in trigonometry are
measured counterclockwise, starting from the horizontal
x-axis?

5. Suppose z = 4
5

+ 3
5
i and w = 12

13
+ 5

13
i. Calculate zw and

plot z, w, and zw on a unit circle. What happens to the
angles involved?

6. Suppose z = 2 + i and w = 3 + 4i. Calculate zw and plot
z, w, and zw in the complex plane (they won’t fit on the
unit circle). What happens to the length of zw? What
happens to the angles involved if they are measured in the
standard trig way?

7. Suppose z = cos θ+i sin θ and w = cos φ+i sin φ are points
on the unit circle. Calculate zw by using complex number
arithmetic.

8. Use the results of problem 7 to extract the formulas for
cos(θ + φ) and sin(θ + φ). If you need to see the formulas,
they are on yesterday’s set.

9. Use one of the formulas from problem 8 to prove the
Pythagorean identity:

For any value of θ, Your work in problem 3
might come in handy.

sin2 θ + cos2 θ = 1

10. An extension for interested parties: Use the methods de-
veloped here to find the formula for cos(θ + φ + α), and to
establish the cofunction identity cos(θ) = sin(π

2
− θ).

Alice and Bob really like the angle-sum formula (well, maybe),
and hope to see it again Real Soon Now. Seriously, though,
having it connect to other branches of mathematics make Alice
and Bob appreciate it more than if it had been proved using the
distance formula on the unit circle.

But wait, there’s more!

11. Draw a unit circle. Mark in one color all the places on
the unit circle that have cos θ equal to zero, and mark in
a second color all the places that have sin θ equal to zero.

PCMI-PROMYS c©EDC 35



PCMI-PROMYS

Circular Reasoning

12. For what angles θ is cos 2θ equal to zero? What about
sin 2θ = 0? Extend to 3θ.

13. Draw a unit circle, and mark in one color all the places
where cos 2θ equals zero. What angles are these? Use
those angles and happy special triangle formulas to find
the value of cos θ at each of the points you marked.

14. How many different values of cos θ did you find in prob- So, 3x2 − 2x + 3 is “nice”
but −3x2 + 2x − 3 and
x2 − 2

3
x + 1 would not be.

lem 13? Suppose these values are the only two roots of
a polynomial. Find a “nice” polynomial with these roots.
By “nice” we mean positive leading coefficient, all integer
coefficients, and no common factors between them.

Help! One way to do this is to determine the sum and
product of the roots first; then, the polynomial has the
form p(x) = A(x2 − bx + c), where b is the sum of the
roots and c is the product. Another way is to write the
polynomial as p(x) = A(x − r1)(x − r2). Either one will
work here.

15. Draw a unit circle, and mark in one color all the places
where cos 3θ equals zero. What angles are these? Use
those angles and different happy special triangle formulas
to find the value of cos θ at each of the points you marked.

16. How many different values of cos θ did you find in problem
15? Suppose these values are the only roots of a poly-
nomial. Find a “nice” polynomial with these roots. The
calculator might help you with the multiplying out of all
them free radicals.

17. Another extension for interested parties only. Try repeat-
ing this problem for cos 4θ if you like. You will need ex-

perience with the half-angle formula cos x
2

= ±
√

1+cos x
2

to
find the values of cosine. Skip this problem if you like; we
will find a better way to get these polynomials...
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Alice and Bob show the complex number multiplication for-
mula to Abraham, and he says that it might be interesting to
look at multiplying the same complex number again and again,
as in problem 4. Looks like there might some interesting stuff
here.

18. Take the complex number x + yi and calculate its square
in the form

( ) + ( )i

19. If z = 2 + i, calculate z2 and plot both z and z2. What
happens to the angle when you square a complex number?

20. Replace x with cos θ and y with sin θ in problem 18 to get
the formulas for cos 2θ and sin 2θ.

21. Use the rule sin2 θ = 1−cos2 θ to rewrite the rule for cos 2θ
using only cosines. Seen this around anywhere?

22. Take the complex number x + yi and cube it to find the
formula for cos 3θ. Then, use the rule sin2 θ = 1 − cos2 θ
to rewrite the rule using only cosines. Seen this around?

23. Find a formula for cos 4θ that has only cosines. Can you
find the roots of this polynomial?

By the way, in general we have DeMoivre’s Theorem:

(cos θ + i sin θ)n = cos nθ + i sin nθ

This can be proven for positive integer n using the proof of
complex multiplication involving similar triangles. It works for
any real number n, too, but the proof requires Taylor series
and an important connection between the Taylor series for sine,
cosine, and ex:

ex = 1 + x + x2

2!
+ x3

3!
+ x4

4!
+ x5

5!
+ · · ·

sin x = x − x3

3!
+ x5

5!
− · · · (only when x is in radians!)

cos x = 1 − x2

2!
+ x4

4!
− · · · (only when x is in radians!)

This leads to the remarkable result that

eiθ = cos θ + i sin θ

and in particular, if you let θ = π, eiπ = −1. Amazing but true,
and it’s the exponential that can be used to prove DeMoivre’s
theorem in general.
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8 Multiple Ang-xiety

Alice and Bob are introduced to a new exchange student, Pafnuty.
He says that his teacher still can’t spell his last name correctly.
No one seems to agree how to spell it.

Still, he has some valuable contributions to Alice and Bob’s
work.

1. Review what you did yesterday on problems 18 through
22 from yesterday. (If the class or groups didn’t get there,
consider it Problem Set 7 1

2
.)

2. Write the formula for cos 2θ in terms of cosines only. Do
the same for the formula for cos 3θ.

3. Write the formula for cos 1θ in terms of cosines only. Yes,
this is a relatively simple problem!

4. Write the formula for cos 0θ as simply as possible. Test
some values of θ if you’re not sure. This should be a very,
very simple formula.

5. Write the formulas for cos nθ for n = 0, 1, 2, 3 in order. Do
you see any patterns to the formulas? See if you could
have predicted the formula for cos 3θ from the others.

Help! The pattern might be easier to find if you replace
all the “cos θ” terms with a variable (say, t). There’s a
recursive formula here that involves the previous two poly-
nomials.
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6. (a) Try predicting the formula for cos 4θ from the previous
formulas.

(b) Calculate (x + yi)4 as a number in the form

( ) + ( )i

(c) Take the real part of (x + yi)4 to write a formula for
cos 4θ in terms of both sines and cosines.

(d) Use the substitution sin2 θ = 1 − cos2 θ to write a for-
mula for cos 4θ in terms of cosines only.

7. Find the formula for cos 5θ any way you like. If you’ve
found the recursion, that is probably the simplest way to
do it. Test your formula by plugging the value 1

2
in for

cos θ (or t if you prefer) and evaluating. If you have the
right formula, the result should be 1

2
. In other words, if

cos θ is 1
2
, then cos 5θ is also 1

2
. (It’s a 60o angle.)

8. For what angles is cos 5θ equal to zero? For what angles
is sin 5θ equal to zero?

9. Find the formula for cos 6θ any way you like. Test your
formula by plugging in the value 1

2
in for cos θ and evalu-

ating. If you have the right formula, the result should be
1.

10. Use the recursion to find the seventh and eighth polyno-
mials. If you haven’t found the recursion yet, look at the
polynomials you’ve built and see if you can track it down.

One interesting sidelight here is to try and find a way to write
exact (the technical term is algebraic) forms for sines and cosines
of angles. The normal angles students learn are multiples of 30o

and 45o. Once the angle-sum formulas are known, the ratios
for multiples of 15o can be found. The point, though, is that
all these answers can be written in exact form: for example,
sin 15o =

√
6−

√
2

4
. Some angles cannot be written in this way:

for example, there is no exact answer for sin 20o.

A geometric consequence is that only some algebraic numbers
(those involving square roots) can be constructed with straight
edge and compass. So, for example, a regular polygon with 150o

angles can be created using only standard geometric construc-
tion tools, but a regular polygon with 160o angles cannot, and
this is for the same reason that we can get an exact value for
sin 30o but no exact value for sin 20o exists.
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So, the next problems focus on angles that are multiples of
18o. Alice found that if she took a regular pentagon and con-
nected the diagonals, an interesting triangle shows up inside.

11. There’s only one isosceles triangle (up to similarity) whose
base angle is twice the vertex angle. It is the “72-72-36
triangle.” For geometry teachers:

One consequence of this
problem is that the side of a
regular decagon inscribed in
a circle can be constructed
with straight-edge and
compass. So the regular
decagon, 20-gon, and
10n-gon are all constructible
with these tools. So is the
pentagon (connect every
other vertex of the
decagon). How long is the
side of the pentagon if the
circle’s radius is taken to
be 1?Suppose the equal sides of the triangle have length 1, and

let q stand for the length of the base.
(a) Bisect one of the base angles of the triangle.
(b) Show that the small triangle is similar to the whole

triangle.
(c) Use question 11b to show that

1

q
=

q

1 − q

(d) Show that q
2

= cos 72o.
(e) Solve for q and for cos 72◦. Did you get an exact an-

swer?

12. An extension for those who like radicals: Use the results
of problem 11 to find the exact value (in terms of radicals)
of cos 18o. You won’t need to build another triangle; use
the two relationships between sine and cosine:

sin2 θ + cos2 θ = 1

and

sin θ = cos(90o − θ)

13. Non sequitir time... suppose function g has this formula:

g(n) =
1√
5

((
1 +

√
5

2

)n

−
(

1 −
√

5

2

)n)

Calculate g(8), g(9), and g(10). Interesting?
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Interesting to see the connection between the numbers used
in the formula in problem 13 and the values of sine and cosine.
(We hope.)

So, you should now have all these polynomials representing
cos nθ for n = 0, 1, 2, 3, . . .. We’re going to look at these as poly-
nomials in the variable x (instead of cos θ), so the polynomial
for cos 2θ is 2x2 − 1. And so on. This polynomial (2x2 − 1) is
referred to as the second Chebyshev polynomial and the notation
for it is t2(x).

14. Plot the fourth Chebyshev polynomial on the domain −10 ≤
x ≤ 10. What part(s) of this domain are “interesting”?
Can you explain why, knowing what x really represents
here?

15. Plot each Chebyshev polynomial, separately, on the inter-
esting domain, starting with the zeroth (t0(x) = 1), then
the first (t1(x) = x), then the second (t2(x) = 2x2−1), and
out to the eighth. Do you notice any patterns of behavior
among these plots?

16. (a) What is the definition of an even function?
(b) What is the definition of an odd function?
(c) What kind of function do you get when you add two

even functions? when you add two odd functions? Be
careful!

(d) What kind of function do you get when you multiply an
even function and an odd function? two odd functions?

(e) Which Chebyshev polynomials are even? Which are
odd? Which are neither?

(f) An extension: Look back on the recursive pattern you
found. Can you use it to prove which Chebyshev poly-
nomials will be even or odd?

17. Do the Chebyshev polynomials ever share roots? Give as
many examples as you can find (it may help to plot the
polynomials on the same graph).

18. Factor each Chebyshev polynomial (our brand new TI-89’s
may be of good use here). How do the factorings relate to
the results in problem 17?

19. What patterns do you see in the coefficients of these poly-
nomials?
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Leftovers.

20. Suppose f is a function on the complex numbers that adds
3 − 2i to everything:

f(w) = w + (3 − 2i)

Find:
(a) f(1 + 5i) (b) f(−4 + 6i) (c) f(1) (d) f(i)

21. Consider (again) the function f(w) = w+z with z = 3−2i.
(a) Plot w and f(w) for 3 values of w. You choose the values of w.

Not the ones used in
problem 20!

(b) Describe how to get f(w) from w, geometrically.

22. Show that if z and w are complex numbers, the distance
between z and w on the complex plane is |z − w|.

23. Write each complex number as a product of a positive real
number and a complex number of length 1: Note: A complex number of

length 1 is just a complex
number whose absolute
value is 1. (So, the length of
its vector is 1.)

(a) 4 + 3i (b) 5 + 12i (c) 1 + i

(d) 1 − i (e) 2 + 3i (f) −1 + i
√

3

24. Show that any non-zero complex number can be written
as the product of a positive real number and a complex
number of length 1.

25. Use the complex numbers z = 2 + 2i and w = −1 − 2i to
do the following.

(a) Plot z and w
(b) Find z + w and |z + w|
(c) Plot z + w
(d) Find |z|, |w|, |z| + |w|
(e) Which is bigger, |z| + |w| or |z + w|?

26. Use the picture below to explain the following theorem: This theorem is sometimes
called the “triangle
inequality.”

Theorem 2

If z and w are complex numbers, Use geometry, not algebra,
to explain what the theorem
says.|z + w| ≤ |z| + |w|
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27. (a) Find 3 pairs of complex numbers such that |z + w| =
|z| + |w|.

(b) Generalize to describe all pairs of complex numbers in
which:

|z + w| = |z| + |w|

28. Let ζ =
1 + i

√
3

2
. Show that the powers of ζ lie on the

vertices of a regular polygon in the complex plane.
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Refer to the above example for these problems. You’ll get much more out of
the above figure if you
create it yourself. Start with
the five points on the small
circle, multiply each by√

2 −
√

2i, and plot the
points you get.

29. (a) Why does multiplying by
√

2 −
√

2i move the points
to the circle of radius 10, too?

(b) If you multiplied every point on the circle of radius
5 by

√
2 −

√
2i, would the results lie on the circle of

radius 10? Why or why not?
(c) Find four more complex numbers that would also move

the points to circle of radius 10, under multiplication.

30. As you would expect, multiplying by 2 is not the same as
multiplying by

√
2−

√
2i. What differences do you notice?

31. (a) Choose five points on the circle of radius 1 and graph
them.

(b) Multiply the points by 2 and graph the results. De-
scribe how multiplying by 2 affects the location of the
points.

(c) Multiply the points by
√

2 −
√

2i and graph the re-
sults. Describe how multiplying by

√
2 −

√
2i affects

the location of the points.

32. Choose five points on the circle of radius 3, and repeat
steps (b) and (c) of problem 31. Make a general conjecture
about how multiplying by 2 and multiplying by

√
2−

√
2i

affect the locations of points in the complex plane.
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33. Describe (as completely as you can) how multiplying by z You may want to choose
some points on the circle of
radius 1, as you did in
problem 31, to form
conjectures.

affects the locations of points in the complex plane.
(a) z = 1

4
(b) z = −1

(c) z = 3 (d) z = −5
(e) z = i (f) z = −i
(g) z = −3i (h) z = 1 + i

(i) z = −
√

2
2

+
√

2
2

i (j) z =
√

3 − i

34. What complex number (in a + bi form) do you get if you
rotate 2 + 3i through an angle of

(a) 90◦ (b) 60◦ (c) 180◦ (d) 215◦

(e) 150◦ (f) −45◦ (g) 390◦

35. Find two “nice” complex numbers whose product is
(a) i (b) cos 75◦ + i sin 75◦ (c) −1

(d) cos 165◦ + i sin 165◦ (e) cos 105◦ + i sin 105◦ (f) 1
2

+
√

3
2

i

36. Plot the first 10 powers of each complex number, starting
with z0 = 1 (the zeroth power)
(a) z = i (b) z = 2i

(c) z = 1
2

+
√

3
2

i (d) z = −
√

2
2

+
√

2
2

i
(e) z = 1 + i (f) z = 3

10
− 3

10
i

(g) z = −3
5
− 4

5
i (h) z = 3 + 4i

(i) z = cos 20◦ + i sin 20◦ (j) z = −1
4
− 1

3
i

(k) z = cos 72◦ + i sin 72◦

(l) z = cos(−36◦) + i sin(−36◦)

37. Describe the picture you get when you plot the powers of
a complex number z (1, z, z2, z3, z4, . . .) if:

(a) |z| = 1 (b) |z| > 1 (c) |z| < 1

38. For z = cos 72◦ + i sin 72◦, find
(a) arg (z2) (b) arg (z3) (c) arg (z5) (d) arg (z10) (e) arg (zn)

39. The powers of cos 30◦ + i sin 30◦ lie on a regular polygon
in the complex plane. How many sides does this polygon
have?

40. Find a complex number whose powers (starting with the
zeroth power) form the vertices of a regular polygon with
n sides.
(a) n = 3 (b) n = 5 (c) n = 7 (d) n = 4 (e) n = 6

41. Here’s a picture of a regular octagon inscribed in the unit Can you write your answers
without using sines and
cosines?

circle on the complex plane. The eight vertices are complex
numbers. One of these vertices is 1 + 0i. Find the others.
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Show that all the vertices are powers of one vertex.

42. The graph below shows the plot of the powers (from 0 to
21) of
z = cos 17◦ + i sin 17◦.

z21 doesn’t make it. z22

would be back in the first
quadrant.

(a) Why aren’t these powers of z vertices of a regular poly-
gon?
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(b) Will the powers of z ever come back to 1? If so, how
many times around will it take? If not, why?

(c) Describe all θs for which the powers of
z = cos θ + i sin θ are vertices of a regular polygon.

43. Show that if z = cos 72◦ + i sin 72◦:

(a) ζ4 = ζ =
1

ζ
(b) ζ3 = ζ2 =

1

ζ2
(c) ζ + ζ4 = 2 cos 72◦

44. Consider our equation x5 − 1 = 0
(a) Factor x5 − 1.
(b) Show ζ4 + ζ3 + ζ2 + ζ = −1.

45. Let a = ζ + ζ4 and b = ζ2 + ζ3.
(a) Show a + b = −1. (b) Show that ab = −1.

46. Problem 45 says that a and b are two numbers whose sum
is −1 and whose product is −1.

(a) Show that they are therefore roots of the equation

x2 + x − 1 = 0

(b) Use this equation to find a and b.

47. (a) Show that:

cos 72◦ =
−1 +

√
5

4

(b) What is sin 72◦ (exactly)?

48. Write algebraic expressions for each of the roots of
x5 − 1 = 0 that do not involve cosine and sine.
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Rest of problems from original list.

49. Show that the degree of the Chebyshev polynomial tk is k.
Find a formula for the coefficient for xk in tk.

50. Find a formula for the coefficient of some term in tk other
than the highest degree one, xk.

51. State and prove a fact about Chebyshev polynomials.

52. Express cos
(

θ
2

)
in terms of cos θ

53. Find a expression for cos 18◦ and cos 54◦ that involves only
the four operations of arithmetic and square roots.

54. Find a expression for cos 72◦ + i sin 72◦ that involves only
the four operations of arithmetic and square roots. Use
this to express the roots of x5 − 1 = 0 without any sines
and cosines.

55. Use a CAS or graphing utility to graph the first 6 or You can also use the CAS to
find the zeros of these
polynomials.

7 Chebyshev polynomials. Write down any observations
about patterns that you see.

56. Use factoring to solve for the zeros of tn(x), up to n = 5.
Do you notice anything about these zeros?

57. Using trig and algebraic techiques, now find the zeros of
tn(cos θ), also up to n = 5. Does finding the zeros of these
polynomials help you to find the zeros of the polynomials
from problem 56?

58. It’s rumored that there’s an explicit formula for tk:

tk(x)
??
=

∞∑
j=0

(−1)j

(
k

2j

)
xk−2j(1 − x2)j

Write out (or use a CAS to calculate) the first few tk (ac-
cording to this formula) to see if they really are the Cheby-
shev polynomials. Is the rumor true? If so, prove it. If
not, find an example where it fails.

59. Develop a sequence of polynomials uk so that When is sin kθ simply a
polynomial in sin θ?

sin kθ = sin θ · uk(cos θ)

60. It’s rumored that there’s another explicit formula for tk:

tk(x) =
(x +

√
x2 − 1)n + (x −

√
x2 − 1)n

2

How could such a rumor have gotten started? Is it true?
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Week 3

Problems for Day 1.

61. What is the distribution of sums on 2 dice? What is (are)
the most common sum(s)?

62. How about three dice? What is (are) the most common
sum(s)?
• This would get increasingly difficult for four dice, but

check this out: we can use polynomials to get the same
distributions:
– For 2 dice:

(x + x2 + x3 + x4 + x5 + x6)2

– For 3 dice: Just use your CAS.

(x + x2 + x3 + x4 + x5 + x6)3

63. What is the distribution of sums on 4 dice, 5 dice?

64. If one die is fair and the other is weighted (1, 1, 3, 4, 5, 6),
what is the new distribution?

65. If two dice are fair and another is weighted (1, 1, 3, 4, 5, 6),
what is the new distribution? What sums do we not get
here that we got with 3 fair dice.

66. What is the distribution on three dies: (0, 2, 3, 4, 5, 5),(0, 1, 1, 2, 2, 2),
and (1, 2, 3, 6, 6, 6)?

67. In general, what do the coefficients in the polynomials rep-
resent? What do the exponents in the polynomials repre-
sent?

68. Extra: On 2 dice, labeled with any combination of 0-6,
how would the dice have to be labeled so that the sums
1-12 are equally likely to come up?
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Problems for Day 1/Day 2.

69. How many ways can you make 30 cents with 5 and 8 cent Can’t you use the
polynomials like in the dice
problem?

stamps?

70. How many ways can you make 40,52, 60 cents with 5 and
8 cent stamps?

71. What is the largest number you can’t make with 5 and 8
cent stamps?

72. What numbers can you make if you had six 5 cent stamps
and ten 8 cent stamps?

73. What can you make with 5, 8, and 11 cent stamps?

74. What can you make if you had unlimited 5 and 8 cent
stamps, but only one 11 cent stamp? What if you had two
11 cent stamps?

75. What can you make if you only have twenty 5 cent stamps
and thirty 8 cent stamps?

76. How many ways can you make change for a dollar with
pennies and nickels?

77. How many ways can you make change for a dollar with
pennies, nickels, dimes, quarters and half dollars?

Problems for Day 2 /Day 3

78. Write 0.142857 as a fraction.

79. Write 0.351 as a fraction.

80. Can you write 0.39024 as a fraction without a calculator.

EXAMPLE

To write 0.384615 as a fraction, think of it as an infinite series:

S = 3 · 10−1 + 8 · 10−2 + 4 · 10−3 + 6 · 10−4 + 1 · 10−5 + 5 · 10−6

+3 · 10−1 + 8 · 10−2 + 4 · 10−3 + 6 · 10−4 + 1 · 10−5 + 5 · 10−6 + . . .
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Multiply by 10 to the power of the period (in this case six). Thus:

1000000S = 3 · 105 + 8 · 104 + 4 · 103 + 6 · 102 + 1 · 101 + 5 · 100

+3 · 10−1 + 8 · 10−2 + 4 · 10−3 + 6 · 10−4 + 1 · 10−5 + 5 · 10−6 + . . .

which is

1000000S = 384615+3·10−1+8·10−2+4·10−3+6·10−4+1·10−5+5·10−6+. . .

Now subtract:

1000000S = 384615 + 3 · 10−1 + 8 · 10−2 + 4 · 10−3 + 6 · 10−4 + 1 · 10−5 + 5 · 10−6 + . . .
−S = 3 · 10−1 + 8 · 10−2 + 4 · 10−3 + 6 · 10−4 + 1 · 10−5 + 5 · 10−6 + . . .

999999S = 384615

So

S =
384615

999999
=

5

13

By doing operations on the infinite series, we are able to gain a frac-
tional representation for any repeating decimal.

81. Here are some more to write as fractions:
(a) 0.63
(b) 1.54
(c) 0.35714275
(d) 0.270

82. Try summing:
0.1+
0.02+
0.003+
0.0004+

...

Can you write it as a fraction? When you get to two digit The infinite sum in
problem 82 can be written
in summation notation:

∞∑
n=1

n · 10−n

numbers, just make sure the last digit is one to the right
of the previous last digit. For example:

...
0.000000009+
0.0000000010+
0.00000000011+

...
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83. Write out some of these infinite sums and then write them
as a fractions:

(a)
∞∑

n=1

(2n − 1) · 10−n

(b)
∞∑

n=1

2n · 10−n

(c)
∞∑

n=1

9n · 10−n

(d)
∞∑

n=1

6n · 10−n

84. Compare the fraction for problem 82 to those in prob-
lem 83. Compare83a to 83c and 83d. Compare 83b to 83d.
What do you see?

85. The geometric series S is given by:

S = 1 + x + x2 + x3 + x4 + . . .

Play with the geometric series by multiplying or dividing
the whole polynomial and the subtracting parts of it as you
did in the previous exercises until you obtain the familiar

S =
1

1 − x

Thus, the generating function of the geometric series is

F (x) =
1

1 − x

86. Find F (x) for the geometric series when x = 1
2
, whenx = 2

3
,

or x = π
4
.
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Problems for Day 3/4. The Fibonacci sequence is the se-
quence of integers that starts of 0, 1 and has the property that
any number after the first two is the sum of the two before it.
Here are some terms:

F0 F1 F2 F3 F4 F5 F6 F7 F8 F9 . . .
0 1 1 2 3 5 8 13 21 34 . . .

It turns out that, as n approaches infinity, the ratio

Fn+1

Fn

approaches the golden ratio

1 +
√

5

2

The exercises below may help us see why that is.

Much as we did for the geometric series, we can find a gen-
erating function for the Fibonacci numbers (we use G(x) as the
instead of the F (x) we used in the geometric series to avoid
unnecessary confusion):

G(x) =
∑

n = 0∞Fnx
n

Because
Fn+1 = Fn + Fn−1

we have

F2x+F3x
2+F4x

3+. . . =
{
F1x + F2x

2 + F3x
3 + . . .

}
+

{
F0x + F1x

2 + F2x
3 + . . .

}
(∗)

87. Show that (∗) becomes:

G(x)

x
− 1 = G(x) + xG(x) (∗∗)

88. Solve (∗∗) for G(x), showing that

G(x) =
x

1 − x − x2

3) Factor the denominator of G(x) (use the quadratic for-
mula if you need to).
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The golden ration has now slipped into our generating func-
tion. We can then write:

G(x) =
x(

x − 1+
√

5
2

) (
x − 1−

√
5

2

)

as a partial fraction. To simplify the notation, let φ+ = 1+
√

5
2

and φ− = 1−
√

5
2

.

89. Show that

G(x) =
1

φ+ − φ−

(
1

1 − φ+x
− 1

1 − φ−x

)

90. Use problem 89 and the formula for the geometric series This is known as the
Euler-Binet formula.to show that

Fn =
1√
5

(
φn

+ + φn
−

)
=

1√
5

((
1 +

√
5

2

)n

+

(
1 −

√
5

2

)n)

91. Program your graphing calculator or CAS to display the
Fibonacci sequence.

92. Show that
Fn+1

Fn

approaches the golden ratio Your CAS may make the
calculations less tedious.

1 +
√

5

2

For any three-term recurrence, an explicit formula can be
written using this method.

93. (a) Show that An+1 = 2An + An−1 has a generating func-
tion −x

x2 + 2x − 1

(b) Following steps similar to those in the Fibonacci recur-
rence to get an explicit formula for An if A0 = 0 and
A1 = 1.

94. (a) Show that An+1 = 3An + An−1 has a generating func-
tion −x

x2 + 3x − 1
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(b) Following steps similar to those in the Fibonacci recur-
rence to get an explicit formula for An if A0 = 0 and
A1 = 1.

95. Find the generating function and an explicit formula for
the recurrence

An+1 = 2An + 3An−1

96. Find the generating function and an explicit formula for
the recurrence

An+1 = πAn + An−1

97. Find the generating function and an explicit formula for
the recurrence

An+1 = 2πAn − An−1

98. Find the Fibonacci sequence in Pascal’s triangle. Explain.

99. Calculate and conjecture
(

0 1
1 1

)n

for n = 1 . . . 4

100. Calculate and conjecture
(a) (

0 1
1 1

) (
0
1

)

(b) (
0 1
1 1

) (
1
2

)

(c) (
0 1
1 1

) (
5
8

)
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Problems for Day 5

101. Recall the sequence of Chebyshev polynomials defined by

tn(x) :=




1 if n = 0

x if n = 1

2xtn−1(x) − tn−2(x) if n > 1

We have:

n tn(x)
0 1
1 x
2 −1 + 2 x2

3 −3 x + 4 x3

4 1 − 8 x2 + 8 x4

5 5 x − 20 x3 + 16 x5

6 −1 + 18 x2 − 48 x4 + 32 x6

7 −7 x + 56 x3 − 112 x5 + 64 x7

8 1 − 32 x2 + 160 x4 − 256 x6 + 128 x8

9 9 x − 120 x3 + 432 x5 − 576 x7 + 256 x9

10 −1 + 50 x2 − 400 x4 + 1120 x6 − 1280 x8 + 512 x10

Make them into coefficients of a power series in z: Think of x as a constant.

F (z) = 1+xz+(−1+2x2)z2+(−3 x+4 x3)z3+(1−8 x2+8 x4)z4+. . . =
∞∑

n=0

tn(x) zn

So this is a power series in z whose coefficients are poly-
nomials in x. Show that

2xF (z) − zF (z) = 2x +
F (z) − 1 − xz

z

102. So, in the notation of problem 101,

F (z) =
1 − xz

z2 − 2xz + 1

103. Keeping the same notation, show that

F (z) =
A

x − α
+

B

x − β

where
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A =
−

(
−1 + x2 + x

√
−1 + x2

)
2
√
−1 + x2

B =
−

(
1 − x2 + x

√
−1 + x2

)
2
√
−1 + x2

α = x +
√

x2 − 1

β = x +
√

x2 − 1

104. Continuing, show that

F (z) = −A

α

∞∑
n=0

1

αn
zn + −B

β

∞∑
n=0

1

βn
zn

so that

tn(x) = −A

α

1

αn
+−B

β

1

βn
= An(x) =

1

2
(x+

√
x2 − 1)n+

1

2
(x−

√
x2 − 1)n
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9 Do the Twist

Alice and Bob have been checking their formulas for the Cheby-
shev polynomials to make sure that their recursion is correct.
They have found that it works twice, so they know it always
works.

1. If you have not done so already, do problems 14 to 17 from
yesterday.

2. (a) What does the following recursion produce:

f(0) = 0
f(1) = 1
f(n) = f(n− 1) + f(n− 2)

(b) Write a recursion in a similar format for the Cheby-
shev polynomials, where the zeroth Chebyshev poly-
nomials is t0(x) and the first is t1(x).

3. (a) What are the zeroes for the first few Chebyshev poly-
nomials? You may use the graphs or what you know
about the unit circle. Can you find a general formula
for the zeroes of the nth Chebyshev polynomial?

(b) Based on your work from number 15 of problem set
8, what types of symmetry do you see in the graphs of
each function? Explain why the symmetry exists.

Alice and Bob’s teacher telephoned Pafnuty’s father, Lev, to
get an accurate spelling of family’s last name for her records.
Lev was not available as he was helping to fight off a French
invasion.
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4. (a) What happens to the signs of the coefficients in a
given Chebyshev polynomial?

(b) Write a general formula for the powers of ”x” in each
term of the nth Chebyshev polynomial.

5. The nth Chebyshev polynomial is written as tn(x). If we
want to talk about the kth coefficient of the nth Chebyshev
polynomial, we can write it as tn,k. For example, the t4,2 is
−8. Write the coefficients of the Chebyshev polynomials
in the following table (you may add more rows and/or
columns if you need to):

n tn,0 tn,1 tn,2 tn,3 tn,4 tn,5 tn,6 tn,7 tn,8 tn,9 tn,10

1
2
3
4
5
6
7
8
9
10

6. Can you find a function that can produce the numbers in The answer to all these
questions is “Sure.”the first column? The second column? The third column?

Are your functions related to each other? Can you write
the functions in terms of n and k?

7. Describe patterns you see in the table.

8. Experiment with this function: Tabulate it between 1 and
20, for example.

Hint: If α = 1+
√

5
2

,
α2 = α+ 1.

g(n) =
1√
5

((
1 +
√

5

2

)n

−
(

1−
√

5

2

)n)

9. Suppose that:
• z = 2 + i,
• w = −1+i

√
3

2

Plot each of the following on the complex plane. Use sep-
arate graphs for each.
(a) 1, ω, and ω2 (b) 1, ω, and ω (c) 1, ω, and 1 + ω (d) z and iz
(e) z and ω z (f) 1 + ω + ω2 (g) ω + ω2

10. Suppose f is a function on the complex numbers that adds
3− 2i to everything:

f(w) = w + (3− 2i)
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Find:
(a) f(1 + 5i) (b) f(−4 + 6i) (c) f(1) (d) f(i)

11. Consider (again) the function f(w) = w+z with z = 3−2i.
(a) Plot w and f(w) for 3 values of w.

You choose the values of w.
Not the ones used in
problem 10!

(b) Describe how to get f(w) from w, geometrically.

12. Show that if z and w are complex numbers, the distance
between z and w on the complex plane is |z − w|.

13. Let ω =
−1 + i

√
3

2
. Show that the triangle whose vertices

are 1, ω, and ω2 is equilateral.

14. Plot the set of all complex numbers that satisfy each con-
dition (one graph for each problem):
(a) |z| = 3 (b) |z| = 1 (c) |z| < 1 (d) |z| > 1

(e) |z| =
∣∣∣1
z

∣∣∣ (f) z2 = z (g) z = z (h) |z2| = |z|
15. Write each complex number as a product of a positive real

number and a complex number of length 1:
Note: A complex number of
length 1 is just a complex
number whose absolute
value is 1. (So, the length of
its vector is 1.)

(a) 4 + 3i (b) 5 + 12i (c) 1 + i

(d) 1− i (e) 2 + 3i (f) −1 + i
√

3

16. Show that any non-zero complex number can be written
as the product of a positive real number and a complex
number of length 1.

17. Use the complex numbers z = 2 + 2i and w = −1− 2i to
do the following.
(a) Plot z and w
(b) Find z + w and |z + w|
(c) Plot z + w
(d) Find |z|, |w|, |z|+ |w|
(e) Which is bigger, |z|+ |w| or |z + w|?

18. Use the picture below to explain the following theorem:
This theorem is sometimes
called the “triangle
inequality.”

Theorem 1

If z and w are complex numbers,
Use geometry, not algebra,
to explain what the theorem
says.

|z + w| ≤ |z|+ |w|
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19. (a) Find 3 pairs of complex numbers such that |z+w| =
|z|+ |w|.

(b) Generalize to describe all pairs of complex numbers
in which:

|z + w| = |z|+ |w|

20. Let ζ =
1 + i

√
3

2
. Show that the powers of ζ lie on the

vertices of a regular polygon in the complex plane.
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d’=−5
√

2 i− 5
√

2 b ’= 5
√

2 i+ 5
√

2

b w

a

d

c

w’= 7
√

2 i+ 
√

2

a’= 5
√

2 i− 5
√

2c ’=−5
√

2 i+ 5
√

2
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Refer to the above example for these problems. You’ll get much more out of
the above figure if you
create it yourself. Start with
the five points on the small
circle, multiply each by√

2−
√

2i, and plot the
points you get.

21. (a) Why does multiplying by
√

2−
√

2i move the points
to the circle of radius 10, too?

(b) If you multiplied every point on the circle of radius
5 by

√
2 −
√

2i, would the results lie on the circle of
radius 10? Why or why not?

(c) Find four more complex numbers that would also
move the points to circle of radius 10, under multi-
plication.

22. As you would expect, multiplying by 2 is not the same as
multiplying by

√
2−
√

2i. What differences do you notice?

23. (a) Choose five points on the circle of radius 1 and graph
them.

(b) Multiply the points by 2 and graph the results. De-
scribe how multiplying by 2 affects the location of the
points.

(c) Multiply the points by
√

2 −
√

2i and graph the re-
sults. Describe how multiplying by

√
2 −
√

2i affects
the location of the points.

24. Choose five points on the circle of radius 3, and repeat
steps (b) and (c) of problem 23. Make a general conjecture
about how multiplying by 2 and multiplying by

√
2−
√

2i
affect the locations of points in the complex plane.
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25. Describe (as completely as you can) how multiplying by z You may want to choose
some points on the circle of
radius 1, as you did in
problem 23, to form
conjectures.

affects the locations of points in the complex plane.
(a) z = 1

4
(b) z = −1

(c) z = 3 (d) z = −5
(e) z = i (f) z = −i
(g) z = −3i (h) z = 1 + i

(i) z = −
√

2
2

+
√

2
2
i (j) z =

√
3− i

26. What complex number (in a + bi form) do you get if you
rotate 2 + 3i through an angle of

(a) 90◦ (b) 60◦ (c) 180◦ (d) 215◦

(e) 150◦ (f) −45◦ (g) 390◦

27. Find two “nice” complex numbers whose product is
(a) i (b) cos 75◦ + i sin 75◦ (c) −1

(d) cos 165◦ + i sin 165◦ (e) cos 105◦ + i sin 105◦ (f) 1
2

+
√

3
2
i

28. Plot the first 10 powers of each complex number, starting
with z0 = 1 (the zeroth power)
(a) z = i (b) z = 2i

(c) z = 1
2

+
√

3
2
i (d) z = −

√
2

2
+
√

2
2
i

(e) z = 1 + i (f) z = 3
10
− 3

10
i

(g) z = −3
5
− 4

5
i (h) z = 3 + 4i

(i) z = cos 20◦ + i sin 20◦ (j) z = −1
4
− 1

3
i

(k) z = cos 72◦ + i sin 72◦

(l) z = cos(−36◦) + i sin(−36◦)

29. Describe the picture you get when you plot the powers of
a complex number z (1, z, z2, z3, z4, . . .) if:

(a) |z| = 1 (b) |z| > 1 (c) |z| < 1

30. For z = cos 72◦ + i sin 72◦, find
(a) arg (z2) (b) arg (z3) (c) arg (z5) (d) arg (z10) (e) arg (zn)

31. The powers of cos 30◦ + i sin 30◦ lie on a regular polygon
in the complex plane. How many sides does this polygon
have?

32. Find a complex number whose powers (starting with the
zeroth power) form the vertices of a regular polygon with
n sides.
(a) n = 3 (b) n = 5 (c) n = 7 (d) n = 4 (e) n = 6

33. Here’s a picture of a regular octagon inscribed in the unit Can you write your answers
without using sines and
cosines?

circle on the complex plane. The eight vertices are complex
numbers. One of these vertices is 1 + 0i. Find the others.
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Show that all the vertices are powers of one vertex.

34. The graph below shows the plot of the powers (from 0 to
21) of
z = cos 17◦ + i sin 17◦.

z21 doesn’t make it. z22

would be back in the first
quadrant.

(a) Why aren’t these powers of z vertices of a regular
polygon?
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(b) Will the powers of z ever come back to 1? If so, how
many times around will it take? If not, why?

(c) Describe all θs for which the powers of
z = cos θ + i sin θ are vertices of a regular polygon.

35. Show that if z = cos 72◦ + i sin 72◦:

(a) ζ4 = ζ =
1

ζ
(b) ζ3 = ζ2 =

1

ζ2
(c) ζ + ζ4 = 2 cos 72◦

36. Consider our equation x5 − 1 = 0
(a) Factor x5 − 1.
(b) Show ζ4 + ζ3 + ζ2 + ζ = −1.

37. Let a = ζ + ζ4 and b = ζ2 + ζ3.
(a) Show a+ b = −1. (b) Show that ab = −1.

38. Problem 37 says that a and b are two numbers whose sum
is −1 and whose product is −1.
(a) Show that they are therefore roots of the equation

x2 + x− 1 = 0

(b) Use this equation to find a and b.

39. (a) Show that:

cos 72◦ =
−1 +

√
5

4

(b) What is sin 72◦ (exactly)?

40. Write algebraic expressions for each of the roots of
x5 − 1 = 0 that do not involve cosine and sine.
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10
Alice and Bob, each armed with a CAS, set out to do battle

against the loaded dice.  I suggest that you take the same
precautions.

1.    What is the distribution of sums on two regular six-sided
dice?  Three dice? Four dice?  What is the most common
sum(s)?  What is the probability of rolling the most common
sum?   Explore this using your CAS (TI-89/92) and the
following polynomial, (x+x2+x3+x4+x5+x6)n.  If you need to,
verify by any means you know.

2.     If one die is fair and the other is weighted (1,1,3,4,5,6), what
is the new distribution?

3.     If two dice are fair and another is weighted (1,1,3,4,5,6), what
is the new distribution? What sums do we not get here that we
got with 3 fair dice.

4.     What is the distribution on three dice labelled:
  (0,2,3,4,5,5), (0,1,1,2,2,2), and (1,2,3,6,6,6)?

5.     In general, what do the coefficients in the polynomials
        represent?  What do the exponents in the polynomials
        represent?

The polynomial you used to get the answers to #1,
(x+x2+x3+x4+x5+x6)n, is also known as the generating function for
the distribution of sums on regular six-sided dice.  The other
functions you used in numbers 2, 3 and 4 are also generating
functions.

Loaded Dice
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      1
  1-(1/5)

      1
    1-x

      1
    1-x

      1
    1-x

Alice and Bob take a break from the dice and ask their
teacher if there are any other activities that involve exponents.
Their teacher gives them the following.

6.           For each of the following infinite sums, write it’s fractional
 equivalent:
 (a)    2*(1/100)+2*(1/100)2+2*(1/100)3+…

         (b)   1*(1/100)+1*(1/100)2+2*(1/100)3+3*(1/100)4…
 (c)    3*(1/10)+6*(1/10)2+9*(1/10)3+…
 (d)    2*(1/11)+8*(1/11)2+32*(1/11)3+…

7. (a)   Show that 1+x1+x2+x3+x4+…=          .  Is this true  for
all x?

             (b)  Express 1+(1/5)+(1/5)2+(1/5)3+(1/5)4+… as a fraction.
             (c)  Express 1+(2/7)+(2/7)2+(2/7)3+(2/7)4+… as a fraction.

             (d)  Did you see that part (b) is equal to            .

             (e)  Express 1+(5/4)+(5/4)2+(5/4)3+(5/4)4+… as a fraction.

8.         In number 7,          is known as the generating function for a

geometric series.  Dividing 1 by (1-x) gives us back  the

1+x1+x2+x3+x4+… that we started with.  Do the long

division to show that the above is true.  Are there any

restrictions on the generating function           ?

Alice and Bob are not too big on long division, they like the
adding better.  In fact, they are inspired by the wonders of adding
exponents and can’t resist doing more.

9.        What is the distribution of the different combinations (order
does not matter) you get when you flip two coins? Three
coins?  Four coins? Are you seeing a pattern here?  How
about when you flip n coins?

10.      Create a polynomial, which, when raised to different
powers, will produce the distribution you obtained in
number 9 (use “h” for heads and “t” for tails).  This
polynomial is a generating function for the distribution you
get when you flip two coins.

#9.  “Heads, Heads,
Tails” is the same as
“Tails, Heads, Heads.”

#6(b).  The
coefficients are the
Fibonacci numbers.



          PCMI-PROMYS

Loaded Dice

11.       How many combinations of nickels and dimes can you use
to make 25 cents?  Do this problem any way you feel
comfortable.

12.       (a)  Explain how you get the x25 coefficient in the following
product: (1+x5+x10+x15+x20+x25)(1+x10+x20)
(b)  What is the significance of the 1’s in the above
polynomial?

13.      Use a generating function to show how many different ways
can you make change for 25 cents using nickels, dimes and
quarters.

14.      Use the generating function idea to show how many ways
there are to make 50 cents using nickels, dimes and
quarters?

15.       Explain how you would go about finding out how many
ways to make change for a dollar using pennies, nickels,
dimes and quarters (half dollars too, if you must).

16.       (a) Find the generating function for
2x+4x2+8x3+16x4+32x5+…

            (b)Write the following as a fraction:
2(1/100)+4(1/100)2+8(1/100)3+16(1/100)4+32(1/100)5+…

            (c)Write the following as a fraction:
2(1/16)+4(1/16)2+8(1/16)3+16(1/16)4+32(1/16)5+…

            (d)Find the generating function for
8x+16x2+32x3+64x4+128x5+…

17.       Write a recursive formula for each of 16(a),(b),(c) and (d).
How are the formulas related?

Pafnuty was not partial to all this business of adding
exponents.  He was partial toward both adding and subtracting.

18.  (a) Write 1/6 as the difference of two fractions whose
denominators are less than six.  Try it for 2/15, 1/15, and
7/15 (the denominators need to be less than 15).

#14.  You do not
actually need to find
the answer.
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   x2-3x-10(b) Write                    as the sum or difference of two

fractions with denominators of degree 1.

19.  (a) Write each of 16(a),(b),(c) and (d) in summation notation.
(b)  Do the same for each of 7(a)-(e).

These problems on loaded dice are extra problems.

20. What distribution of sums do you get when you roll 2 dice,
each labeled (2, 3, 3, 4, 4, 5)?  Look familiar?  Can you label
another set of dice that follow a similar pattern (binomial
coefficients)?

21. On 2 six-sided dice, labeled with any combination of 0-6,
how would the dice have to be labeled so that the sums 1-
12 are equally likely to come appear?

George ordered Alice and Bob to label a pair of six-sided
dice whose distribution of sums would be the same as regular six-
sided dice.

22.  How would those dice be labeled?  You may use any
natural numbers you like to label the sides.  Repeats and
numbers greater than six are allowed.  The dice don’t have
to be labeled the same.

23.  What is/are the most common sum(s) on n regular six-sided
dice are rolled?  What is the frequency of the sum(s)?  What
is the probability of the most frequently occuring sum(s)?

24. I know I said not to do it earlier.  But, how many ways are
there to make change for a dollar?  

25. Factor (in at least two ways) the expansion of
(x+x2+x3+x4+x5+x6)n.  How does this relate (or help you
solve) number 22.

26. Explore what happens when you label the face of dice with
negative numbers.   Do the same rules hold here that held
for positive numbers?  Can you label  another set of dice
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Loaded Dice
(using the integers) which, when rolled, will give the same
distribution as regular dice?
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1. One die labeled (1,3,4,5,6,8) and another die labeled

(1,2,2,3,3,4) are thrown.  What is the distribution of the sums
on the two dice?  What if two of each dice are thrown?  Look
familiar?

2. Use polynomials to show how many ways are there to make
change for a dollar using nickels, dimes and quarters.  Look
back at number 11 and 12 from yesterday if you need to.

3. Explain how you’d get the coefficients of x3 4 and x1 4 in the
product:
(1+x5+x1 0+x1 5+x2 0+x2 5+º+x5 0)(1+x8+x1 6+x2 4+x3 2+x4 0).

4. The post office only has 5 and 8 cent stamps this morning.
Which amounts less than 50 cents can you make in at least
one way (it might take less time to write which ones you
can’t make)? What is the largest amount you cannot make
with 5 and 8 cent stamps?

5. The post office only has 6 and 11 cent stamps today.  What
is the largest amount (it is less than 100 cents) you cannot
make with 6 and 11 cent stamps?

6. Write the generating function for each of the following:
(a)  2 + 4x + 8x2 + 16x3 + 32x4 + 64x5 + 128x6 + º
(b)  4x + 8x2 + 16x3 + 32x4 + 64x5 + 128x6 +  º
(c)  8x + 16x2 + 32x3 + 64x4 + 128x5 + 256x6 +º
(d)  3x + 9x2 + 27x3 + 81x4 +  243x5 + 729x6 + º
(e)  27 + 81x + 243x2 + 729x3 + 2187x4 + 6561x5 + º
Write down the recursion for the nth term of each sequence.
Write down your observations about the generating functions
and the recursion for these 5 examples.  What changes?
What stays the same?  Write down a function, for each of the
above, that will generate its nth coefficient.

7.  Using the generating functions you obtained in number 6 to
express the following as fractions.
(a)  2 + 4(1/3) + 8(1/3)2 + 16(1/3)3 + 32(1/3)4 + 64(1/3)5 +º
(b)  4(2/10) + 8(2/10)2 + 16(2/10)3 + 32(2/10)4 + 64(2/10)5 +º
(c)  8(1/8) + 16(1/8)2 + 32(1/8)3 + 64(1/8)4 + 128(1/8)5 +º
(d)  3(1/5) + 9(1/5)2 + 27(1/5)3 + 81(1/5)4 + 243(1/5)5 +º
(e) 27 + 81(1/1000) + 243(1/1000)2 + 729(1/1000)3  +º

Adding and Subtracting
Infinite Series

#1.  If you desire
further exploration,
look back at #25 from
yesterday, but not right
now.

#4.  Attempt this using
polynomials similar to
those in number 3.

#6.  The generating
function for:
1+x1+x2+x3+x4+…
is       1    .
        1-x
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      1
   1-3x

      2
   1-3x

      1
   1-5y

      1
   1-(1/2)x

      1
   1-ax

      b
   1-ax

      1
   1-5x

      1
  1-(2/3)x

      1
  1-(1/7)x

      2x
    1-5x

      2a
    1-ax

and if you are still curious, try:
(f)  2+4(17/36)+8(17/36)2+16(17/36)3+32(17/36)4+64(17/36)5+º

Alice, Bob, and Pafnuty teamed up to do long division.  They
quickly grew tired of long division as the remainders seemed to go
on forever.

8. Practice your long division on the following (4 terms of the
remainder should suffice):

(a) (b)           (c) (d )

*(e)  *(f)

Pafnuty explained to Alice and Bob that numbers 8(e) and
8(f) are the general forms for the generating functions of an infinite
geometric series.

9.  Using the general forms write the infinite series (at least the first
4 terms) that is represented by each of the following generating
functions (do not use long division to do this):

(a) (b) (c)

(d)        (e)

For each of the above, write a closed formula that will produce the nth

coefficient in the infinite series.

10. Use the general forms to more quickly create generating
functions for the following:
(a)   1 + 6x + 36x2 + 216x4 3+ 1296x4 + 7776x5 + º
(b)   1 + (1/2)x + (1/4)x2 + (1/8)x3 + (1/16)x4 + º
(c)   2 + 2(1/2)x + 2(1/4)x2 + 2(1/8)x3 + 2(1/16)x4 + º
(d)  1 + (1/3)x + (1/9)x2 + (1/27)x3 + (1/81)x4 + º
(e)  1 + (2/3)x + (4/9)x2 + (8/27)x3 + (16/81)x4 + º
(f)   6x + 36x2 + 216x3+ 1296x4+ 7776x6 5+ º
(g)  6x2 + 36x3 + 216x4 + 1296x5 + 7776x6 + º

11.  Given Fibonacci numbers (0,1,1,2,3,5, º) and Lucas numbers
(2,1,3,4,7,11, º).  What do you get when you subtract the nth
Finonacci number from the nth Lucas number?

#11.  Lucas numbers
are formed by the
same recursion as
Fibonacci numbers,
but start with 2 and
1.
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      6-13x
 15x2-8x+1

     7x+45
   x2+5x-24

     a
    xy

     A
     x

     B
     y

PARTIAL FRACTIONS
In general,            can be written as         +       .  Solve a system
of equations for A and B to get the answer(s).

12.  Here are a few to try.
(a) Write 1/14 as the difference of two fractions whose
denominators are less than 14.  Try it for 5/14 and 9/14 (the
denominators need to be less than 14).

(b)  Write                    as the sum or difference of two fractions

with denominators of degree 1.

(c)  Write                    as the sum or difference of two fractions

with denominators of degree 1.

*Two more examples are in #18 from yesterday.

13.  From your work in number 6(a), you know the generating
function for 2+4x+8x2+16x3+32x4+64x5+128x6+º
Use your knowledge of the generating function to show what you
need to substitute for x to make the sum 5/3.  What do you
substitute for x to make the sum 5/2?  How about to make the sum
10? 20? 40? 5/4? 5/5? 5/6?

These are problems on stamps and loaded dice are extra.

14. What amounts can you make if you only had 6, 5 cent stamps
and only 10, 8 cent stamps?

15.  Using only 5 and 8 cent stamps.  How many ways are the to
make 40 cents? 52 cents? 60 cents?  Are you able to do it with
generating functions?

16.  Today, the post office has stamps with values “a” and “b.”
The stamps do not share any factors other than 1 (a and b are
relatively prime).   What is the biggest value you can’t make?

17. What distribution of sums do you get when you roll 2 dice,
each labeled (2, 3, 3, 4, 4, 5)?  Look familiar?  Can you label
another set of dice that follow a similar pattern (binomial
coefficients)?
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18. On 2 six-sided dice, labeled with any combination of 0-6,
how would the dice have to be labeled so that the sums 1-12 are
equally likely to come appear?

George ordered Alice and Bob to label a pair of six-sided
dice whose distribution of sums would be the same as regular six-
sided dice.

19.  How would those dice be labeled?  You may use any
natural numbers you like to label the sides.  Repeats and numbers
greater than six are allowed.  The dice don’t have to be labeled the
same.
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1.  For each of the following, write an expression that produces the
nth coefficient of the polynomial produced by each generating
function.  Go in alphabetical order by function.

A(x) = 

† 

1
1- 7x

E(x) = 

† 

3
4 - 20x

B(x) = 

† 

4
1- 7x

F(x) = 

† 

1
3-1x

C(x) = 

† 

2
3

Ê 

Ë 
Á 

ˆ 

¯ 
˜ ⋅

1
1- 7x

G(x) = 

† 

2
3- 5x

D(x) = 

† 

1
2 -14x

H(x) = 

† 

1
1- 2x

2.  Predict the nth coefficient of the polynomial produced by the
following generating function.  You can test your prediction by
doing long division.

J(x) = 

† 

1
1+ 5x

K(x) = 

† 

1

1+
1
3

x

If we have 
  

† 

1
1- 3x

=1+ 3x + 9x2 + 27x3 +L  and

  

† 

1
1- 2x

=1+ 2x + 4 x2 + 8x3 +L , then we can add the two sequences

to obtain 
  

† 

1
1- 3x

+
1

1- 2x
= 2 + 5x +13x2 + 35x 3 +L .  Verify that the

formula for the nth coefficient is 3n + 2n.

3.  For each of the following, write an expression that produces the
nth coefficient of the polynomial produced by each generating
function.

a(x) = 

† 

1
1- 4x

+
7

1- 5x
c(x) = 

† 

1
1- 3x

+
1

1+ 2x
b(x) = 

† 

1

1-
2
3

x
+

1

1-
1
3

x
d(x) = 

† 

2
3- 6x

+
5

1- 7x

4.  For each of the following recursions, write out the first 6 terms of
the sequence that it produces.

Curses,
Recursion!
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(a) 

† 

A0 = 2
A1 = 7
An = 7An-1 -10An-2

Ï 

Ì 
Ô 

Ó 
Ô 

(d) 

† 

D0 = 0
D1 = 3
Dn = 7Cn-1 -10Cn- 2

Ï 

Ì 
Ô 

Ó 
Ô 

(b) 

† 

B0 = 0
B1 =1
Bn = 5Bn-1 -6Bn-2

Ï 

Ì 
Ô 

Ó 
Ô 

(e) 

† 

E0 = 2
E1 = 8
En = 8En-1 -15En- 2

Ï 

Ì 
Ô 

Ó 
Ô 

(c) 

† 

C0 = 2
C1 = 5
Cn = 5Cn-1 -6Cn- 2

Ï 

Ì 
Ô 

Ó 
Ô 

(f) 

† 

F0 = 8
F1 = 26
Fn = 8Fn-1 -15Fn- 2

Ï 

Ì 
Ô 

Ó 
Ô 

Alice and Bob’s generating function method (a.k.a. The
Method):

(a)  For a two-term recursion, 

† 

Fn = AFn-1 + BFn- 2 , write out
the sequence and attach the coefficients to the geometric series.
We’ll call this infinite polynomial S. For example, the Fibonacci
numbers (0,1,1,2,3,5,8,º) become:
S=  

† 

0 +1x +1x2 + 2x3 + 3x4 + 5x 5 + 8x 8 +L .
(b) Multiply both sides by “Ax” and subtract this from

what you started with, S.
(c) Make what is left look like what you started with, S.  If

that does not work, multiply what you started with, S, by
Bx2 and subtract that from (or add that to) what you
obtained in (b).

(d) Solve for S.  This is your generating function.

5.  Write a generating function that will produce the sequence in 4(a)
as the coefficients of the terms of a geometric series.  Write another
generating function that will produce the sequence in 4(b).  For each
of 4(c), 4(d), 4(e), and 4(f), find a generating function.  If these
directions are confusing, what I want you to do is to use The
Method to find a generating function for each of 4(a)-(f).

6.  What do you notice about the generating function and the
recursion?  How does the generating function for 4(a) compare to
4(d)?  4(b) to 4(c)? 4(e) to 4(f)?  What changes or stays the same?

7.  Compare the denominators of your generating function to the
recursion.  What do you notice?  Do they have any numbers is
common?

8.
(a)  Predict the denominator of the generating function whose
coefficients will be the sequence produce by the following recursion:

† 

P0 = 2
P1 =1
Pn = Pn-1 + 6Pn- 2

Ï 

Ì 
Ô 

Ó 
Ô 

Alice and Bob’s classmate,
Herbert, refers to the
process of attaching
coefficients to the
geometric series as
hanging the sequence out
on a  clothesline of x’s.

Alice asks Bob, “what
are you doing today?”
Bob responds,
“ASIS.”
Alice responds, “me
too.”  Pafnuty, with
an annoyed look on
his face, says “I think
you guys should
really be concentrating
on adding and
subtracting infinite
series.”

You can use your CAS to
check your generating
function.  taylor(1/(1-
x ) ,x ,5 )
will give the first 6 terms
of the geometric series.
“taylor” is under the “F3-
Calc” menu, the ninth
entry.  Your CAS does the
long division for you.  See
Brian’s sheet for more.
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     a
    xy

     A
     x

     B
     y

(b)  Test you prediction by writing out the sequence produced by the
recursion and using The Method to find the generating function.
(c)  Write the generating function as the sum or difference of two
fractions with denominators of degree 1.

PARTIAL FRACTIONS (Yes, you have to do these today)

In general,            can be written as         +       .  Solve a system
of equations for A and B to get the answer(s).

The generating function for problem 

† 

P0 = 2
P1 =1
Pn = Pn-1 + 6Pn- 2

Ï 

Ì 
Ô 

Ó 
Ô 

 is

† 

2 - x
1- x -6x2 .  When it is decomposed into partial fractions, it gives

† 

1
1- 3x

+
1

1+ 2x
.  If we look back at problem 2(c), we see that the nth

coefficient of these two generating functions is 3n + (-2)n.         3n +
(-2)n is the “closed” formula that produces the nth coefficient of the

generating function 

† 

2 - x
1- x -6x2  and the nth term in the recursion

† 

P0 = 2
P1 =1
Pn = Pn-1 + 6Pn- 2

Ï 

Ì 
Ô 

Ó 
Ô 

.

9. Check to see that 3n + (-2)n actually produces the sequence from
problem 8.

10.  Find a “closed formula” for each recursion in problem 4.  You
wrote the generating functions for the recursions in problem 6.  You
will need a different closed formula for each recursion.  Break
these into partial fractions and all should be made clear.

11.  Compare each “closed formula”  with the roots of its
generating function.  Write down what you see.  If you know the
denominator of the generating function, do you know what is in the
“closed formula”?

12.  Experiment with the following function using your CAS (for
instance try n = 0,1,2,3,4):

† 

1
2

t + t2 -1( )
n

+
1
2

t - t2 -1( )
n
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These following problems are extras.

13.  Experiment with the following matrices.  Notice anything
interesting?

(a) ˙
˚

˘
Í
Î

È

01

11
* ˙

˚

˘
Í
Î

È

0

1

(b)  ˙
˚

˘
Í
Î

È

01

11
* ˙

˚

˘
Í
Î

È

5

8

(c) 
n

˙
˚

˘
Í
Î

È

01

11

14.  Using matrices, can you say anything or prove anything about
the nth Fibonacci number?

15. Write out some of these continuous sums and then write each
one of them as a fraction:

(a)Â
•

=

-⋅-
1

10)12(
n

xx

(b) Â
•

=

-⋅
1

10)2(
n

xx

(c)  Â
•

=

-⋅
1

10)9(
n

xx

(d) Â
•

=

-⋅
1

10)6(
n

xx
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    xy

     A
     x

     B
     y

13
1.  Experiment with the following function using your CAS (for
instance try n = 0,1,2,3):

† 

1
2

t + t2 -1( )
n

+
1
2

t - t2 -1( )
n

The generating function for the recursion 

† 

P0 = 2
P1 =1
Pn = Pn-1 + 6Pn- 2

Ï 

Ì 
Ô 

Ó 
Ô 

is 

† 

2 - x
1- x -6x2 .  The power series produced by the generating

function is   

† 

2 + x +13x 2 +19x 3 + 97x 4 + 211x5 +L .  When it is

decomposed into partial fractions, it gives 

† 

1
1- 3x

+
1

1+ 2x
.  From

this, we can see that the nth coefficient of these two generating
functions is 3n + (-2)n.

 3n + (-2)n is the “closed” formula that produces the nth

coefficient of the power series produced by the generating function

† 

2 - x
1- x -6x2  and is the nth term in the recursion 

† 

P0 = 2
P1 =1
Pn = Pn-1 + 6Pn- 2

Ï 

Ì 
Ô 

Ó 
Ô 

.

2. Check to see that 3n + (-2)n actually produces the power series
above.

PARTIAL FRACTIONS (one last time)
In general,            can be written as         +       .  Solve a system
of equations for A and B to get the answer(s).

3.  The generating function of the recursion is listed below the
recursion.  The power series produced by the generating function is
below that.  Break the generating function into partial fractions and

Generation X and Y
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find the “closed” formula the nth coefficient of the power series
produced by the generating function.

 

† 

B0 = 2
B1 =10
Bn =10Bn-1 -21Bn-2

Ï 

Ì 
Ô 

Ó 
Ô 

  

† 

2 -10x
1-10x + 21x 2

  

† 

2 +10x + 58x2 + 370x 3 + 2482x 4 +L

4.  Repeat the directions from problem 3.

 

† 

C0 = 0
C1 = 4
Cn =10Cn-1 -21Cn- 2

Ï 

Ì 
Ô 

Ó 
Ô 

 

† 

4x
1-10x + 21x 2

  

† 

0 + 4x + 40x 2 + 316x3 + 2320x4 +L

5.  Repeat the directions from problem 3.

† 

F0 = 4
F1 = 26
Fn =12Fn-1 - 35Fn-2

Ï 

Ì 
Ô 

Ó 
Ô 

† 

4 -22x
1-12x + 35x2

  

† 

4 + 26x +172x2 +1154x 3 +L

6.  Find the roots of the denominator in problem 3 (you can just use
the quadratic formula).  Compare these roots to the “closed”
formula you obtained for the nth coefficient of the power series
produced by the generating function?  If you know the denominator
of the generating function, do you know something that is in the
“closed formula”?
Answer these same questions for problem 4 and for problem 5.

For any quadratic (ax2+bx+c), we will refer to one of its roots
as r1 and to its other root as r2.

Most generating functions with a quadratic in the
denominator will have a “closed” formula for the nth coefficient of
the power series produced by the said generating function.  It will be
of the form 

† 

c j( )n
± d k( )n , where c and d are constants.

Again, your CAS
will do this for you.
Go to “zeros” under
the “F2-Algebra”
menu, number four.
zeros(1-x-6x2,x)
will give you the
roots for the
denominator    1-x-
6x2.

For any quadratic
we will refer to one
of its roots as r1 and
to its other root as
r2.
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7.  For problem 3, show that j = 

† 

1
r1

 and k = 

† 

1
r2

.  Do the same for

problem 5.  You’ve now shown it to be true twice, now you can
consider it to be true for all cases.

Thus, the “closed” formula for the nth coefficient of the
power series produced by a generating function with a quadratic in

its denominator is 

† 

c 1
r1

Ê 

Ë 
Á Á 

ˆ 

¯ 
˜ ˜ 

n

± d 1
r2

Ê 

Ë 
Á Á 

ˆ 

¯ 
˜ ˜ 

n

Alice and Bob’s method for generating a “closed” formula
from the roots of the denominator (a.k.a. The Root Theorem):

1. Get the generating function for your recursion.
2. Find the roots of the denominator of the generating

function.

3. Set 

† 

c 1
r1

Ê 

Ë 
Á Á 

ˆ 

¯ 
˜ ˜ 

0

+ d 1
r2

Ê 

Ë 
Á Á 

ˆ 

¯ 
˜ ˜ 

0

equal to F0.  (You know F0 from the

original recursion.

4. Set 

† 

c 1
r1

Ê 

Ë 
Á Á 

ˆ 

¯ 
˜ ˜ 

1

+ d 1
r2

Ê 

Ë 
Á Á 

ˆ 

¯ 
˜ ˜ 

1

equal to F1.  (You know F1 from the

original recursion.
5.  Solve two equations for two unknowns (you now have c
and d).

8.  Apply The Root Theorem to problem 4 to show yourself that it
works.  Did it work?  If so, it always works.  (Do problem 5 if you
must do something twice to consider it proved).

Maybe The Root Theorem should have been called the:
“Now I don’t need to use partial fractions ever again theorem.”***

***This view is not necessarily reflective of the view of all of PCMI
and should be treated as such.

Fibonacci Numbers (0,1,1,2,3,5,8,…)
9.  Use The Root Theorem to find the function that generates the
nth Fibonacci number.

† 

F0 = 0
F1 =1
Fn = Fn-1 + Fn-2

Ï 

Ì 
Ô 

Ó 
Ô 

† 

x
1- x - x 2

0+  

† 

1x +1x2 + 2x3 + 3x4 + 5x 5 +L

Remember that you
can always check
your “closed
formula with the
values given by the
recursion or by
applying the CAS’s
“taylor” function to
the generating
function.

Herbert explains to
Alice and Bob that
their theorem works
“thanks to the magic
of the geometric
series.”
Ask Jo Ann if she can
do a magical song and
dance to describe the
geometric series.
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Lucas Numbers (2,1,3,4,7,11,18,…)
10. Use The Root Theorem to find the function that generates the
nth Lucas number.
You have to figure out the generating function (or at least the
denominator).

† 

L0 = 2
L1 =1
Ln = Ln-1 + Ln-2

Ï 

Ì 
Ô 

Ó 
Ô 

  

† 

2 +1x + 3x2 + 4 x3 + 7x 4 +L

11.  Suppose the post office has 1 cent stamps and two kinds of 2
cent stamps.  How many ways are there to get n cents?  This time,
which one of the 2 cent stamps you choose matters and so does the
order, so we want permutations.  Do this up for n=1,2,3,4.  Can you
find a recursive formula that fits your data? Think first, then look at
the hint.

12.  Use The Root Theorem to find a “closed” formula for the nth

term of your recursion.

Chebyshev Polynomials
C0 = 1
C1 = t
C2 = 2t2-1
C3 = 4t3-3t
C4 = 8t4-8t2+1

12. Use The Root Theorem to find the function that generates the
nth Chebyshev polynomial.  Find the denominator of the generating
function (or the whole generating function if you are glutton for
punishment).

† 

C0 =1
C1 = t
Cn = 2tCn-1 -Cn- 2

Ï 

Ì 
Ô 

Ó 
Ô 

  

† 

1+ tx + (2t2 -1)x 2 + (4t3 - 3t)x 3 + (8t4 -8t2 +1)x4 +L

Lucas numbers
are formed by the
same recursion as
Fibonacci
numbers, but
start with 2 and
1.

The post office has
many kinds of 37 cent
stamps.  There is the
“love” stamp and the
“American flag”
stamp.
Maybe there should be
a “fractal” stamp???

Hint: 5 cents can be made 21 ways.  6 cents can be made in 43 ways.  7 cents can be made in 85 ways.
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13.  Experiment with the following matrices.  Notice anything
interesting?

(a) ˙
˚

˘
Í
Î

È

01

11
* ˙

˚

˘
Í
Î

È

0

1

(b)  ˙
˚

˘
Í
Î

È

01

11
* ˙

˚

˘
Í
Î

È

5

8

(c) 
n

˙
˚

˘
Í
Î

È

01

11

14.  Using matrices, can you say anything or prove anything about
the nth Fibonacci number?

15.  Make a matrix or matrices that produce the Lucas numbers.

16.  Experiment with the following matrices (determinants are the
way to go here):

(a) 

† 

x 1
1 2x

È 

Î 
Í 
Í 

˘ 

˚ 
˙ 
˙ 

     (b) 

† 

x 1 0
1 2x 1
0 1 2x

È 

Î 

Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 

     (c) 

† 

x 1 0 0
1 2x 1 0
0 1 2x 1
0 0 1 2x

È 

Î 

Í 
Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 
˙ 

17.  Find a set of matrices that will produce the solutions to
yesterday’s stamp problem.

17.  Find the recursion and the “closed” formula for the nth

coefficient of the power series produced by: 

† 

2 - 6x
1- 6x + 9x 2
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14
1.  Produce the power series for the generating function 

† 

1
1- x

 (you
may use “talyor” or long division).  Let’s call the coefficient of x0,
f(0).  Let’s call the coefficient of x1, f(1). Let’s call the coefficient of
x2, f(2).  So, the coefficient of xn can be called f(n).  For this example
all the coefficients are 1.  Find a polynomial of lowest degree that
agrees with this function.

2.  Produce the power series for the generating function

† 

x
(1- x)2 (you may use “talyor” or long division).  Let’s call the

coefficient of x0, f(0).  Let’s call the coefficient of x1, f(1). Let’s call
the coefficient of x2, f(2).  So, the coefficient of xn can be called f(n).
Build a table and use the “delta” to find a polynomial of lowest
degree that agrees with this function.

3.  Produce the power series for the generating function

† 

x 2

(1- x) 3 (you may use “talyor” or long division).  Using the same

method from problem 1 and 2 to find a polynomial of lowest degree
that agrees with this function.

4.  Produce the power series for the generating function

† 

x 3

(1- x) 4 (you may use “talyor” or long division).  Using the same

method from problem 1 and 2 to find a polynomial of lowest degree
that agrees with this function.

5.  Have you seen these polynomials before? If so, do you remember
what they are called?

6.  What polynomial will produce the coefficients produced by the

generating function

† 

xn

(1- x) n+1  ?

7.  What recursion will produce the coefficients of power series
produced by the following generating functions (each of the
generating functions below has its own recursion):

A(x) = 

† 

3- x
1- 2x - x2

And now we’ve
come full triangle.
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And now we’ve come full triangle
Here is the power series it produces.
  

† 

3+ 5x +13x 2 + 31x3 + 75x 4 +L

B(x) = 

† 

6 - x
1- 2x + x 2

Here is the power series it produces.
  

† 

6 +11x +16x2 + 21x3 + 26x4 +L

C(x) =  

† 

x
1+ 2x -29x 2 + 42x3

Here is the power series it produces.
  

† 

0 +1x -2x 2 + 33x 3 -166x4 +1373x5 +L

8.  Did the pattern for finding the recursion of the power series
produced by a generating function with a quadratic denominator hold
for generating function with a cubic denominator?

9.  Find a recursion that will produce the coefficients of the power

series produced by 

† 

x
(1- x)2 .  Do the same for 

† 

x 2

(1- x) 3 .  Then again

for 

† 

x 3

(1- x) 4 .  What recursion will produce the coefficients of the

power series produced by 

† 

xn

(1- x) n+1 .

If you are up for some rewarding algebra go to number 10 (or skip it
if you prefer and go to problem 11):

10.
Chebyshev Polynomials
C0 = 1
C1 = t
C2 = 2t2-1
C3 = 4t3-3t
C4 = 8t4-8t2+1
Use The Root Theorem to find the function that generates the nth

Chebyshev polynomial.  Find the denominator of the generating
function (or the whole generating function if you are glutton for
punishment).
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† 

C0 =1
C1 = t
Cn = 2tCn-1 -Cn- 2

Ï 

Ì 
Ô 

Ó 
Ô 

  

† 

1+ tx + (2t2 -1)x 2 + (4t3 - 3t)x 3 + (8t4 -8t2 +1)x4 +L

11. The “closed” formula for the nth Chebyshev polynomial can be

written as 

† 

Cn (t) =
1
2

t + t2 -1( )
n

+
1
2

t - t2 -1( )
n
.

      The “closed” formula for the nth Fibonacci number can be

written as 

† 

Fn =
1
5

1+ 5
2

Ê 

Ë 
Á Á 

ˆ 

¯ 
˜ ˜ 

n

-
1
5

1- 5
2

Ê 

Ë 
Á Á 

ˆ 

¯ 
˜ ˜ 

n

.

Show that when t=

† 

i
2

, 

† 

Cn (t) =
in

2
(Fn + 2Fn-1)  is true for n=1,2,3.

Why is this the case?

13.  Experiment with the following matrices.  Notice anything
interesting?

(a) ˙
˚

˘
Í
Î

È

01

11
* ˙

˚

˘
Í
Î

È

0

1

(b)  ˙
˚

˘
Í
Î

È

01

11
* ˙

˚

˘
Í
Î

È

5

8

(c) 
n

˙
˚

˘
Í
Î

È

01

11

14.  Using matrices, can you say anything or prove anything about
the nth Fibonacci number?

15.  Make a matrix or matrices that produce the Lucas numbers.

16.  Experiment with the following matrices (determinants are the
way to go here):

(a) 

† 

x 1
1 2x

È 

Î 
Í 
Í 

˘ 

˚ 
˙ 
˙ 

     (b) 

† 

x 1 0
1 2x 1
0 1 2x

È 

Î 

Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 

     (c) 

† 

x 1 0 0
1 2x 1 0
0 1 2x 1
0 0 1 2x

È 

Î 

Í 
Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 
˙ 

17.  Find a set of matrices that will produce the solutions to
yesterday’s stamp problem.

18.  Can you find a set of matrices that will produce the results of
any two-term recursion.
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The Simplex Lock

The

Simplex Lock
Here’s a problem that will weave its way in and out of many
of the topics we discuss this summer. We’ll start working on it
right now, but don’t feel that you have to get the “right answer”
right away. We’ll keep coming back to it, even after you might
be satisfied that you know what’s going on. There’s a lot to
discover in this problem.

The Simplex company makes a combination lock that is used
in many public buildings. It comes in several versions. Here are
two:

These 5-button devices are purely mechanical (no electronics).
You can set the combination using the following rules:

1. A combination is a sequence of 0 or more pushes, each push There’s one possible
no-push combination: the
door’s just already unlocked.
Not a great combination,
but it counts.

involving at least one button.

2. Each button may be used at most once (once you press it,
it stays in).
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1

2

34

5

The Simplex Lock

3. Each push may include any of the buttons that haven’t been
pushed yet, up to and including all remaining buttons.

4. The combination does not need to include all buttons.

5. When two or more buttons are pushed at the same time,
order doesn’t matter.

Artist’s
rendition of a
Simplex Lock

Here are some possible combinations: Notation: {{1, 2}, {3}}
means “press 1 and 2
together, then press 3.”• {{1, 3}, {4}} • {{1, 2, 4}, {3, 5}} • {{3}, {1, 2}}

• {{1, 2}, {3}} • {{1, 2, 3, 4, 5}} • { }
• {{2}, {1}, {3}} • {{1, 2}, {4}, {3, 5}} • {2}

The company advertises thousands of combinations, and (as we
say to our students), the question is, “Is the company telling
the truth?”

PROBLEM

How many combinations are there on a 5-button Simplex lock?
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Trains

1 Trains

Hey, welcome to the class. We know you’ll learn a lot of math
here—maybe some new tricks, maybe some new perspectives
on things you’re already familiar with. A few things you should
know about how the class is organized:

•Don’t worry about answering all the questions, ever. If
you’re answering every question, we haven’t written the
problem sets correctly.

•Don’t worry about getting to a certain problem number.
Some participants have been known to spend the entire ses-
sion working on one problem (and perhaps a few of its ex-
tensions or consequences).

•Have fun! Make sure you’re spending time working on prob-
lems you’re interested in. Feel free to skip problems that
you’re already sure of. Relax and enjoy!

•Each day starts with problems like the ones below, intended
to be picked up on regardless of how much or little work
you’ve done on prior sets. Try them as a starting point.

Okay, so let’s get started. The first set of problems revolve
around “trains” of rods. You can use rods of integer sizes to Think of the rods as

Cuisenaire Rods if you know
what these are. Unless you
are told otherwise, you have
an unlimited supply of all
the rod types.

build “trains” that all share a common length.

A “train of length 5” is a row of rods whose combined length
is 5. Here are some examples:
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1 2 2

1 22

1 3 1

1 4

5

Trains

Notice that the 1-2-2 train and the 2-1-2 train contain the
same rods but are listed separately. If you use identical rods in
a different order, this is a separate train.

1. How many trains of length 5 are there?

2. Find a formula for the number of trains of length n. Come (Assume you have rods of
every possible integer length
available.)

up with a convincing reason that your rule is correct.

3. Create an algorithm that will generate all the trains of
length n.

4. How many trains of length n are there that use only cars
of length 1 and 2? Find a general rule, and explain why
your rule works.

5. How many trains of length 11 are there that use only cars
of length 1, 2, and 3?

Neat Stuff.

This section includes a variety of problems each day, which
range from practice to extension. Pick and choose problems to
work on, depending on your background and focus. Don’t be
surprised to see problems here repeated in later sets; that’s our
way of suggesting you check it out sometime.

6. Suppose there are three flavors of ice cream: pistachio,
strawberry, and chocolate. How many different three-scoop
cones can you make using each of these flavors exactly
once?

Note that in a cone, it is
important which scoop is on
top. Thus, a pistachio-
strawberry-chocolate cone is
different from a strawberry-
chocolate-pistachio
cone.

2 PCMI HSTP c©EDC



Trains

7. Suppose you want a four-scoop cone with one scoop each of
pistachio, strawberry, chocolate, and butter pecan. After
your release from the mental hospital, how many different
cones could you make with these flavors? Explain your
reasoning carefully.

8. (a) How many different cones can you make from 5 scoops
of different flavors?

(b) How many different cones can you make from n scoops
of different flavors?

9. Cows (which is a must-visit in PC) serves 24 different fla- Gosh, if only you’d get to go
there sometime soon, like
maybe later today.

vors of ice cream.
(a) How many different three-scoop cones can you make

at Cows?

(b) How many different four-scoop cones can you make
at Cows?

(c) Find a rule for determining the number of different
cones available at Cows in terms of the number of
scoops on the cone.

10. In a bowl of ice cream, the order of the scoops does not If you’ve taught the IMP
Cones and Bowls unit, you
probably saw this one
coming. . .

matter. Therefore, a chocolate-vanilla bowl is the same as
a vanilla-chocolate bowl.
(a) At a certain ice cream shop, you can make 465 dif-

ferent two-scoop bowls of ice cream. How many differ-
ent two-scoop cones can you make? Explain how you
know.

(b) Find the number of flavors offered at this ice cream
shop.

11. If you can make 220 different three-scoop bowls of ice
cream, how many different three-scoop cones can you make?

12. (a) If you can make 210 different four-scoop bowls of ice
cream, how many different four-scoop cones can you
make?

(b) If you can make 3024 different four-scoop cones of
ice cream, how many different four-scoop bowls can
you make?

13. If you can make 55440 different five-scoop cones, how
many different five-scoop bowls can you make?
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14. (a) At Cows (where there are 24 flavors), how many dif-
ferent five-scoop bowls can be made?

(b) Find a rule for determining the number of different
bowls of k scoops at Cows.

Tough Stuff.

This section has some difficult problems! Try these if you’re
up for a challenge or already feel pretty confident about the
problems in the rest of the set. Our guarantee: something chal-
lenging every day.

15. If you made all the trains of length 5, how many cars of
length 1 were used? length 2, 3, 4, 5? See if you can find a
general rule for the number of cars of length k you’d need
to make all the trains of length n.

16. What’s the average (mean) length of car used when you
make all the trains of length 5? Is there a general rule at
work here? Can you justify it?

17. How many three-scoop bowls could you make at Cows if
you were allowed to duplicate flavors? Is there a general
rule at work?
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2 More Trains

We thought of naming this
set “Trains 2: Electric
Boogaloo”, but thought
better of it.

1. How many trains of length 6 are there?

2. How many trains of length 6 are there that use exactly one
rod? two rods? three rods?

3. Celeste shows you a full chart of all the trains of length 4.
Try to figure out a way to use the chart of trains of length
4 to generate all the trains of length 5.

Hm, supposedly there are
twice as many trains of
length 5...

4. How many trains of length 10 are there that use only cars
of length 1 and 2?

5. Using only rods of lengths 2 and 3, how many trains of
length 11 can be made?

6. Make a table of how many trains of length n can be made
using only rods of length 2 and 3, for n from 1 to 11. Is
there a rule you could use to continue the table?

Neat Stuff.

These problems may look familiar, since they are the same as
yesterday’s!

7. Suppose there are three flavors of ice cream: pistachio,
strawberry, and chocolate. How many different three-scoop
cones can you make using each of these flavors exactly
once?

Note that in a cone, it is
important which scoop is on
top. Thus, a pistachio-
strawberry-chocolate cone is
different from a strawberry-
chocolate-pistachio
cone.

8. Suppose you want a four-scoop cone with one scoop each of
pistachio, strawberry, chocolate, and butter pecan. After
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your release from the mental hospital, how many different
cones could you make with these flavors? Explain your
reasoning carefully.

9. (a) How many different cones can you make from 5 scoops
of different flavors?

(b) How many different cones can you make from n scoops
of different flavors?

10. Does problem 9 generally get easier or harder if you’re
allowed to repeat flavors within a cone? Why?

11. Cows (which, we said yesterday, is a must-visit in PC)
serves 26 different flavors of ice cream.
(a) How many different three-scoop cones can you make

at Cows, if you never use the same flavor twice?

(b) How many different four-scoop cones can you make
at Cows, if you never use the same flavor twice?

(c) Describe a rule for determining the number of differ-
ent cones available at Cows in terms of the number of
scoops on the cone.

12. In a bowl of ice cream, the order of the scoops does not It’s like the lock: pushing
#4 and then #2 is like a
cone; order matters.
Pushing both #4 and #2 at
once is like a bowl.

matter. Therefore, a chocolate-vanilla bowl is the same as
a vanilla-chocolate bowl.
(a) At a certain ice cream shop, you can make 465 dif-

ferent two-scoop bowls of ice cream. How many differ-
ent two-scoop cones can you make? Explain how you
know.

(b) Find the number of flavors offered at this ice cream
shop.

13. If you can make 220 different three-scoop bowls of ice
cream, how many different three-scoop cones can you make?

14. (a) If you can make 210 different four-scoop bowls of ice
cream, how many different four-scoop cones can you
make?

(b) If you can make 3024 different four-scoop cones of
ice cream, how many different four-scoop bowls can
you make?

15. If you can make 55440 different five-scoop cones, how
many different five-scoop bowls can you make?
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16. (a) At Cows (where there are 26 flavors), how many dif-
ferent five-scoop bowls can be made? Please, a five-scoop bowl

should only be ordered for
mathematical purposes.

(b) Find a rule for determining the number of different
bowls of k scoops at Cows.

17. Does problem 16 generally get easier or harder if you’re
allowed to repeat flavors within a bowl? Why?

Tough Stuff.

18. If you made all the trains of length 5, how many cars of
length 1 were used? length 2, 3, 4, 5? See if you can find a
general rule for the number of cars of length k you’d need
to make all the trains of length n.

19. What’s the average (mean) length of car used when you
make all the trains of length 5? Is there a general rule at
work here? Can you justify it?

20. In a coin-flipping game, you flip a fair coin (heads or tails)
ten times. If you flip heads twice in a row at any point
during the game, you lose. Find the probability that you
win at this game.
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3 Even More Trains

Or, Trains 3: Judgment Day.

1. (a) Make a table for n = 2 to 8 for the number of trains
of length n that use exactly two rods.

(b) Repeat for exactly three rods.

2. Complete this table, with the train length on the vertical
and the number of rods on the horizontal:

# Rods Used
1 2 3 4 5 6 7

1 1
2 1 1
3 1 1
4 1 1
5 1 1
6 1 5 10 1
7 1 1

3. Physically make all the trains of length 6 that use exactly
two rods, and (separately, without destroying the two-rod
trains) all the trains of length 6 that use exactly three rods.

4. Can you think of a way to use the trains you built in prob-
lem 3 to make all the trains of length 7 that use exactly
three rods?

5. You’ve got an unlimited supply of rods 2, 3, and 5. How
many different trains of length 12 can you make with all
these rods?

6. How many trains of length 10 can you make with no rods
of length 1? In other words, use only rods

of length 2, 3, 4, or more.
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Neat and/or Needed Stuff

7. At the world’s largest ice cream store, you can order 3,464,840
bowls of ice cream with four different-flavored scoops. With-
out figuring out how many flavors there are, can you de-
scribe a way to find how many four-scoop cones of ice
cream are available?

8. (a) Suppose you can make 156 different two-scoop cones
at a certain ice cream shop. How many different flavors
does this shop offer?

(b) Suppose you can make 2730 different three-scoop cones
at a certain ice cream shop. How many different flavors
does this shop offer?

9. Let n and r be non-negative integers with n ≥ r. Define

nPr =
n!

(n − r)!

Explain why nPr is the number of permutations (or, cones)
of n things taken r at a time.

By the way, 0! is 1. We’ll
talk about some convincing
reasons why it makes sense.

10. Using the definition above, find nP0. Explain using the ice
cream analogy.

When I was 4 years old, this
is what I ordered at the ice
cream shop. I loved it!

11. What’s a simpler rule for nPn?

12. Let n and r be non-negative integers with n ≥ r. Define(
n

r

)
=

n!

r!(n − r)!

Explain why
(

n
r

)
is the number of r-scoop bowls you can

make with n scoops of ice cream.
Note: We sometimes write
nCr instead of

(
n
r

)
.

13. Using the definition, find
(

n
0

)
. Explain using the ice cream

analogy. On the calculators, find
(

n
r

)
by using the nCr function.
On the TI-84, type the first
number, then find “nCr”
under the MATH > PRB
menu. On the TI-89, it is
“nCr(n, r)” so you’ll need to
grab “nCr” under the
MATH > PRB menu first.
Or type it in. Teachers using
both calculators have noted
that “nCr” is often easier to
find under CATALOG, since
it is the first entry starting
with the letter n.

14. What’s a simpler rule for
(

n
n

)
? Explain using ice cream.

Mmmm, fattening.

15. A pizza store offers 10 kinds of toppings.
(a) Suppose you want exactly 2 toppings on your pizza.

How many different pizzas can you make?
(b) Suppose you want exactly 8 toppings on your pizza.

How many different pizzas can you make?
(c) What’s going on here?

PCMI HSTP c©EDC 9



Even More Trains

(d) Explain why
(

n
r

)
=

(
n

n−r

)
.

16. Using the definition above, find
(

12
0

)
and

(
12
12

)
. Explain the

results using the concept of pizza toppings.

17. A 13-card hand is dealt from a standard 52-card deck.
Find the probability that this hand contains exactly 3 aces
and exactly 2 kings (which means exactly 8 of the rest. . . ).

Tough Stuff

18. What’s the average (mean) length of car used when you
make all the trains of length 5? Is there a general rule at
work here? Can you justify it?

19. In a coin-flipping game, you flip a fair coin (heads or tails)
ten times. If you flip heads twice in a row at any point
during the game, you lose. Find the probability that you
win at this game.

20. A binary string of length 12 has twelve digits: all are ones Jennifer asked this question
during yesterday’s session.or zeros. One example is

011010011100

How many 12-digit binary strings...
(a) ... do not start or end with a 1, and
(b) ... do not include any two consecutive ones?
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4 Training Day

1. Suppose you have an unlimited supply of only rod lengths
3, 4, and 8. Find the total number of ways to make a train
of length 14, using any method you like.

2. Suppose you have an unlimited supply of only rod lengths 4
and 7. Are there any train lengths you can’t make? Which
ones?

3. If you were allowed to write the letters of the word MIN-
IMUM in any order, how many total different seven-letter
“words” could you make?

One of these “words” is
INMUMIM.

4. One way to make a train of length 14 is to use three whites
(1-length rods), two reds (2-length rods), one green (3-
length rod), and one purple (4-length rod). How many
different-looking trains of length 14 could you make using
these specific rods?

Neat and Useful Stuff

5. Using either factorial or “choose” notation, write an ex-
pression for the number of ways to reorder the letters of
70’s singing sensation ABBA.

6. Repeat problem 5 for 80’s singing sensation BANANARAMA.

Ms. D’Amato likes to take a different route to work every day.
She will quit her job the day she has to repeat her route. Her
home and work are pictured in the grid of streets below.
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A valid trip Another valid trip Not a valid trip

7. If Ms. D’Amato never backtracks (she only travels north
or east), how many days will she work at this job?

8. How many more days can Ms. D’Amato work if she moves
two blocks further away? Does it matter in which direction
she moves?

9. Hey, what’s the sum of the numbers in the fifth row of
Pascal’s Triangle? (Okay, so it’s not a hard question.)

The fifth row of Pascal’s
Triangle starts 1, 5, . . .

10. Hey, what’s the sum of the squares of the numbers in the
fifth row of Pascal’s Triangle? (See, a little harder.)

11. There are 12 students on a committee; 8 are juniors, and
4 are seniors. Determine the number of ways of forming
the following subcommittees.
(a) A subcommittee of 5 juniors.
(b) A subcommittee of 3 seniors.
(c) A subcommittee of 6 students.
(d) A subcommittee of 3 juniors and 2 seniors.

12. A jar contains 3 white balls and 4 red balls. 2 balls are
drawn. Find the probability that both balls are the same
color. It may help you to...
(a) Find the number of ways to draw 2 balls from the jar.
(b) Find the number of ways to draw 2 white balls.
(c) Find the number of ways to draw 2 red balls.

13. Find P (same color) from problem 12 using a tree diagram.
Which method do you prefer?

P (A) means the probability
of event A happening. Here,
the “event” is drawing two
balls of the same color.

14. (a) A committee of three is chosen from 3 Republicans
and 4 Democrats. What is the probability that the
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committee consists of 2 Republicans and 1 Democrat? Well. . . assume for the sake
of this problem that the
selection is random.

(b) Verify your result in (a) using a tree diagram, where
the committee members are selected one at a time.

Tough Stuff

15. With 9 people, committees can be picked with as few as
0 people and as many as 9. Give a convincing argument
(or, to use the vernacular, prove) that the total number
of committees that can be formed with an odd number of
members is the same as the number of committees with an
even number of members.

16. With 8 people, committees can be picked with as few as 0
people and as many as 8. Give a convincing argument that
the total number of committees that can be formed with
an odd number of members is the same as the number of
committees with an even number of members.

17. How many odd numbers are there in the 100th row of
Pascal’s Triangle?
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5 Trains of Thought

The Leibniz Traingle... uh, Triangle... is given by

1
1
2

1
2

1
3

1
6

1
3

1
4

1
12

1
12

1
4

1
5

1
20

1
30

1
20

1
5

where each entry is the sum of the two numbers below it, and
the initial and final entries in the nth row are 1

n+1
(the single 1

at the top is referred to as the “zeroth” row, as it is in Pascal’s
Triangle).

1. Write down the next two rows of the Leibniz Triangle.
Describe how you did it.

2. Consider the sequence of numbers along the second diago-
nal:

1

2
,

1

6
,

1

12
,

1

20
,

1

30
,

1

42
, . . .

(a) Derive a formula for this sequence.
(b) Can you prove why your formula in (a) has the form

that it does? (Hint: Think about how you computed
these numbers on the triangle.)

(c) Add the numbers in this sequence:

1

2
+

1

6
+

1

12
+

1

20
+

1

30
+

1

42
+ · · ·

Does this series converge? If so, to which number and
why?
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Trains of Thought

3. Find some other patterns in the Liebniz Triangle. Don’t
spend more than 15 minutes on this problem, but spend
at least 5.

Non-Useful Stuff

4. How many ways are there to use white and red Cuisenaire
rods to build a cube, two units on a side? You are allowed
to place red rods in any direction, including vertically.

This is a very nice problem,
but it does not have any
particular connection to
later topics.

Neat and Useful Stuff

5. Without a calculator, expand (h + t)5.

6. You flip a coin five times. How many ways are there to flip
two heads and three tails?

7. How many trains of length 24 are made with exactly 5 rods
of length 2, 3 rods of length 3, and 1 rod of length 5?

8. How many “words” can be made from ARTMABBOTT? One such “word” is
RATTATBOMB.

9. If you randomly rearrange the letters in ARTMABBOTT,
find the probability that...
(a) ... the first letter is T.
(b) ... the first two letters are T.
(c) ... the first four letters are T.
(d) ... the letters spell out BRATATTOMB?

10. Find all train lengths you can’t make if you only have rods
of lengths 3 and 8.

11. Find all train lengths you can’t make if you only have rods
of lengths 3 and 9.

12. A bag contains 16 T-shirts of which 6 have red stripes.
Two T-shirts are randomly drawn from the bag.
(a) Find the probability that neither T-shirt has red stripes.
(b) Verify your result using a tree diagram.
(c) Another bag contains 8 T-shirts of which 3 have red

stripes. Is the probability of drawing two non-striped
shirts the same for this bag? Why?
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13. In a box of 12 batteries, it is known that 5 are dead.
Four batteries are selected at random. Find the proba-
bility that. . .
(a) Exactly one dead battery is selected.
(b) All four of the selected batteries are dead.
(c) At most two of the selected batteries are dead.

14. A five-card hand is dealt from an ordinary deck of 52 cards.
Find the probability of each hand. Express your answer in
symbolic form.
(a) Four aces.
(b) Four of a kind. (Aces, or Kings, or twos, or. . . how

many are there?)
(c) Exactly two hearts.
(d) At least three 10’s.
(e) Three hearts and two spades.
(f) Three of one suit and two of another suit. (An exam-

ple of this would be three hearts and two spades.)

15. There are two jars. The first jar contains 3 red, 2 blue,
and 4 white marbles. The second jar contains 4 red, 3
blue, and 2 white marbles. A jar is chosen at random and
3 marbles are drawn. Find the probability that the three
marbles are:
(a) all white

(b) all red

(c) all blue

(d) all the same color

Tough Stuff

16. In row 7 of Pascal’s Triangle, the numbers 7, 21, and 35
appear consecutively. Interestingly, these three numbers
are in arithmetic sequence. Does this ever happen again?
If so, find the next three times it happens. If not, prove it
can’t happen again.

17. In poker, there is a structure of hand strength (what beats
what). Here it is, from best to worst: One way to write suits is as

a lowercase letter. In this
problem, 7h means the
seven of hearts, Tc means
the ten of clubs, Qs means
the queen of spades, and Ad
means the ace of diamonds.

• Straight flush: five cards of consecutive rank and suit.
For example, 7c 8c 9c Tc Jc is a straight flush.

• Four of a kind: four cards of the same rank. For ex-
ample, 7h 7c 7d 7s Ad is a four of a kind hand.
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Trains of Thought

• Full house: three of one rank, and two of another. For A friend refers to a full
house as an “Uncle Jesse”
in honor of the ABC sitcom.
Oy.

example, 2c 2d 2h Jh Js is a full house (“twos over
jacks”).

• Flush: five cards of same suit but not consecutive
ranks. For example, Tc Jc Qc Kc 5c is a flush (all
clubs) and very close to a straight flush.

• Straight: five cards of consecutive ranks but not the
same suit. For example, Ac 2d 3s 4c 5h is a straight,
ace through five. Aces can be high or low (so

TJQKA is a straight) but no
wraparound is allowed (so
QKA23 is not a straight).

• Three of a kind: Three cards of same rank, other cards
of different ranks. For example, Ks Kc Kd 6h 3s is
a three of a kind hand.

• Two pair: two pairs of different ranks, and one other
card. For example, 6c 6s Td Ts Ks is a two pair
hand.

• One pair: two cards of same rank, other random cards.
For example, Ac Ah 3s 4d 5s is a one pair hand.

• High card: None of the above. For example, As Ks
Qs Jc 9s is a high card hand, since it has no pairs and
is not a straight or flush.

So, the question: if you’re dealt five cards, how many ways
are there to get each of these things? Is the hand strength
correct, from hardest to easiest? For example, is it really
harder to get three of a kind than to get two pair?

18. What, you want another problem? Okay. Prove that if p
is a prime number, then

(
pa
pb

)
has the same remainder as(

a
b

)
when you divide by p. For example, take

(
5
2

)
. Multiply

the top and bottom by any prime (say, 7), and you’ll get
something with the same remainder when you divide by
that prime. Using notation, you’d say

(
5
2

)
=

(
35
14

)
modulo

7.
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6 Trains, Planes, and...

Binomials?

1. Expand (i.e., write without parentheses) each of the fol-
lowing.
(a) (a + b)2

(b) (a + b)3

(c) (a + b)4

(d) (a + b)5

2. What patterns do you observe in Problem 1? Use some
triangle thing we passed out on Friday to expand (a + b)6

without actually multiplying everything out.

3. Use a TI-89 to expand (0.25r + 0.75w)5. Check it out, it’s a
binomial...

4. You take an exam in Japanese with five multiple-choice
questions. Each question has four possible answers, and
one is right. The only problem is — you don’t know any
Japanese, so you’re stuck making complete and utter ran-
dom guesses.
(a) Find the probability of getting all five questions right.
(b) Find the probability of getting all five questions wrong.
(c) Find the probability of getting exactly two right.
(d) Is it more likely for you to get two questions right, or

three questions right? Explain how you know.

5. On a ten-question true-or-false test, how many different
ways are there to answer the test and get exactly seven
questions right? Is there a notation for this?

6. Use some triangle thingy to find the number of different
ways there are to answer a ten-question true-or-false test
and get at least seven questions right.

7. What is the sum of the numbers in the 10th row of Pascal’s
∆? How is this related to a ten-question true-or-false test?
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Neat Stuff

8. Use the problems earlier in this set to expand (M + N)4

where M = 2d and N = 7. In other words, expand (2d+7)4

without a calculator, but we ask it the weird way for a
reason.

9. Does the line 4x + 7y = 22 intersect any lattice points in Say again? Lattice point: a
point with integer
coordinates, like (5, 11).
Quadrant I : the zone where
both x and y are positive.

Quadrant I of the coordinate plane?

10. For what positive integers N does the line 4x+7y = N not
intersect any lattice points in Quadrant I? (For the pur-
poses of this problem, a point on either axis is considered
to be part of Quadrant I.) We said in the title there’d

be problems about planes...
11. You can calculate the difference of two cubes if you want

to. Come on, it’s fun:

33 − 23 = 27 − 8 = 19
43 − 33 = 64 − 27 = 37
53 − 43 = 125 − 64 = 61

Starting with 13 − 03 = 1, find the sum of the first 100
differences of cubes. (The last one is 1003 − 993.)

12. The function f(x) = x3 is given below. For each output,
find the common difference between consecutive inputs. The notation for this is the

∆ operator.

In: x Out: f(x) ∆
0 0 1
1 1 7
2 8
3 27
4 64
5 125 91
6 216
7 343

13. Continue taking common differences for f(x) = x3 until a
constant value is found:
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Input Output ∆ ∆2 ∆3

0 0 1 6
1 1 7
2 8
3 27
4 64
5 125 91
6 216
7 343

14. Holly sets you up with a whole lot of red rods (length 2).
(a) Find all the ways to make a 4-by-2 rectangle using

red rods. A 4-by-2 rectangle has length 4 and width 2
only; no 2-by-4 rectangles qualify! Rods may be arranged

horizontally or vertically.(b) Complete this table that gives the number of ways to
use red rods to make n-by-2 rectangles for increasing
values of n: Like we said in the title...

Length: n 1 2 3 4 5 6 7 8
# Ways

Tough Stuff

15. You’ve got an unlimited supply of green rods (length 3).
Find the number of ways to make a 12-by-3 rectangle using
only the green rods.Generalize to an unlimited supply of Rods may be arranged

horizontally or vertically,
again.

rods of length r, making an n-by-r rectangle using only
rods of length r.

16. You’re standing on the edge of a pool, facing away from it, Time for Tough Stuff to get
real tough. Good luck!and holding a bag with 4 white balls and 4 red balls. You

pick a ball without replacement. If it’s a white ball, take
a step forward. If it’s a red ball, take a step back (into the
pool, sadly). If you survive, draw another ball and keep
going until either
(a) ... you draw all the balls, or
(b) ... you’re in the pool.
Find the number of different ways you could draw all the
balls without entering the pool. Generalize to n balls of
each color, or, if you prefer, colour.
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7 Changing Tracks...

1. Spend 15 minutes revisiting the Simplex Lock Problem
from Day 1. Use what you’ve learned to try and make
some more progress toward a solution, or toward a different
method if you’ve already found one.

2. Find the first five powers of 99, and explain what is hap-
pening using the Binomial Theorem or Pascal’s Triangle...
which are basically the same thing.

3. What’s the sum of the numbers in the 8th row of Pascal’s
Triangle?

4. Each number in Pascal’s Triangle is the sum of the two
numbers above it. Use this to explain why the sum of the
numbers in a row of Pascal’s Triangle is a power of 2.

5. Suppose you want to make all the trains of length 3, but
not all at the same time. You want to make them one at a
time. How many of each car do you need? Well, here are
the trains:

1–1–1, 1–2, 2–1, 3
You need three 1-cars, one 2-car (because any given train
only uses one of them), and one 3-car.
How many cars (and which ones) do you need on your desk
to make all the trains of length 4, doing it one train at a
time? Now, suppose you want to make all the trains of
length 5, one at a time. What do you need to add to the
pile on your desk so you can do it? Then how many cars
do you need to add to the pile in order to make all the
trains of length 6? Generalize to length n: How many new
cars do you need to add to a pile that lets you make all
trains of length n − 1 in order to get a pile that lets you
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make all trains of length n?

Neat Stuff

6. Use the Binomial Theorem to prove that This says that the sum of all
the “choose” numbers

(
n
k

)
,

as k goes from 0, 1, 2, . . . ,
up to n, is 2n.

n∑
k=0

(
n

k

)
= 2n

Hint: Good choices of a and b in (a + b)n will get the job
done.

7. Let S = {a1, . . . , an} be an n-element set.
(a) How many 3-element subsets does S have? (Assume

n ≥ 3.)
(b) How many k-element subsets does S have? (Assume

n ≥ k.)

8. Let S be the set thing again from problem 7. How many
total subsets are there? Here, k can be any number from
0 to n. See if you can do this problem two different ways.

As George Clooney once
said, “You’re either in or
out.”

9. When you expand (3x2 + 5
x
)6, there is a constant term.

What is it?

10. You roll a die five times.
(a) Use the Binomial Theorem (or expansion) to find the

probability that you roll a six at least three times.
(b) What is the probability that you roll a six no more

than twice?

11. Here’s a table for the function f(x) = 2x2 + 3x− 5. Com-
plete its common differences to ∆3.

Input Output ∆ ∆2 ∆3

0 −5
1 0
2 9 13
3 22
4 39
5 60
6 85
7 114

12. Repeat problem 11 for each of these functions. Try to find
some conjectures!
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1 4

5

1 3 1

1 2 2

2

22

22

Changing Tracks...

(a) a(x) = 2x2 − 10x + 8
(b) b(x) = 3x2 + 12
(c) c(x) = −x2 − 10x − 4

(d) d(x) = 2x3 + 5
(e) e(x) = 5x3 − 12x2 − x
(f) g(x) = −7x + 12

13. A number spinner is marked with four numbers like this:

2

40

0

All the regions are equally likely to be landed on. If you
spin the spinner three times, what is the most likely sum
of the four numbers? What sum is the next most likely?

14. Use a TI-89 to expand (2 + x2 + x4)3. So what?

15. What is the most likely sum if you spin this spinner seven
times?

Tough Stuff

16. All the numbers in the Liebniz Triangle were unit frac-
tions. Isn’t that weird? Prove it. Prove the fact about the

triangle, not that it is weird.
17. Suppose instead of 1×n rectangles, your trains were 2×n

rectangles. How many 2 × n rectangles are there? Here
are just some 2 × 5 rectangles.

While you’re at it, how many 3 × 5 rectangles are there? This qualifies as “Useless
Stuff”.
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8 Count Those Exponents!

In case you ever wondered when mathematics made a differ-
ence...

It’s the Difference Game!

•Each player begins with 18 chips and a game board (each
sold separately, void where prohibited, only for private club
members).

•Players start by placing their chips in the numbered columns
on their game boards. Boards are numbered from 0 to 5.
The chips may be placed in any arrangement. You could put your chips all

in one column... or another
column... or maybe that’s
not so smart.

•Players take turns rolling the dice. The result of each roll
is the difference between the number of dots on top of the
two dice (the result of the roll shown above is 2).

•Each player who has a chip in the column corresponding to
the result of the roll removes one chip from that column.

•The first player to remove all of the chips from his or her
game board is the winner.

1. Is there a winning strategy for the Difference Game?

2. Make a bar graph to record the results of twenty rolls of
the dice.
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3. Find the theoretical distribution of differences in this game.
How could you use that to determine your starting strat-
egy?

4. Use a TI-89 to expand:

(x+x2+x3+x4+x5+x6)(x−1+x−2+x−3+x−4+x−5+x−6)

Any thoughts?

5. (a) Find a polynomial that represents the distribution for
a six-sided die. Look! There it is! Where?

Over there!(b) What do you get when you square that polynomial?

Neat Stuff

A set is a grouping of numbers, like {1, 2, 3}. A subset is
a grouping of numbers that may or may not contain any of
the original set: {1, 3} is a subset (and it’s the same subset as
{3, 1}). One subset contains all the elements, and one subset
contains none of them: the notation, {}, is called the empty set .

6. (a) How many subsets of {1, 2, 3} have exactly two ele-
ments?

(b) How many subsets of {1, 2, 3} are there?
(c) How many subsets of {1, 2, 4, 8, 16} have exactly three

elements?

7. You can partition a set of numbers into non-empty subsets. What, you want this
question in English? Okay,
you’ve got four
different-length Cuisinaire
rods, and you want to break
them up into groups so each
group has at least one. How
many ways are there to do
this? Well, it depends on
how many groups you’re
breaking it into...

For example, the set {1, 2, 3} can be partitioned into two
subsets: {1, 3} and {2} (which is the same as {2} and
{1, 3}). Or, it can be partitioned into two other subsets:
{1, 2} and {3}. It can even be partitioned into 1 or 3
subsets, though not in particularly exciting ways.
(a) How many total ways are there to partition {1, 2, 3}

into two subsets?
(b) How many total ways are there to partition {1, 2, 3, 4}

into two subsets?
(c) How many total ways are there to partition {1, 2, 3, 4, 5}

into two subsets?
(d) What’s up with that?

8. Complete this table, with the number of elements as rows
and the number of subsets as columns. Move, move, move!
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1 2 3 4 5
1 – – – –
2 – – –
3 1 3 1 – –
4 7 –
5

9. What is the coefficient of x27 in the expansion of

Feel free to use a TI-89, but
think about how you might
do without it.

(
1 + x5 + x10 + x15 + x20 + x25 + x30

) (
1 + x8 + x16 + x24 + x32

)

10. Ben is run over by a train whose cars are either 5 meters
or 8 meters long. What numbers are not possible as the
total length of this train?

Assume all the stuff you
need to. Yes, this is a
vaguely repeated question!

11. Sometimes the numbers in the nth row of Pascal’s Triangle
(other than the 1s on the ends) are all divisible by n. When
does this happen? Can you explain why?

12. Here’s a spinner.

1

-14

3

You get to spin the spinner once, then roll a die. Find the
probability of having a total of 7 on the spinner and... uh...
random number cube. Can you do this with polynomials?

13. The game of problem 7 changes. Before the game starts,
you can select the number of times you’re going to spin the
wheel before spinning. You spin the spinner n times, then
roll a... hexahedral event generator... and you’re looking
for a total of 7 from all the spins and the roll. Using the
TI-89, find the value of n that makes it most likely for you
to win the game.

Man, I hope this makes a
lick of sense.

Tough Stuff

14. You have an unlimited supply of train lengths 1, 5, and
10. How many trains of length 50 can you make? Can you
do this faster than the “recursive way”?

15. How many different combinations are there for a six-button
Simplex lock?
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9 Die, Another Day

1. In 1884, Park City’s post office only sold 3- and 5-cent Now, Park City sells bottles
of air, priceless art with
nearly-priceless price tags,
and bears that can be used
as a nativity scene. It’s
come a long way!

stamps, and you were only allowed to buy up to 6 of any
one stamp. Use this table to figure out what denomina-
tions of postage could be made in more than one way :

Rows: # of 3c stamps
Cols: # of 5c stamps
0 1 2 3 4 5 6

0 12
1 33
2 19
3
4 13
5
6 18 43

2. Okay, so we made the last one up. Anyway, multiply this
out on the TI-89 and comment: Mmm, mechanical...

(
1 + x5 + x10 + x15 + x20 + x25 + x30

) (
1 + x3 + x6 + x9 + x12 + x15 + x18

)
3. What is the sum of the coefficients of the big honking thing

you multiplied to get in problem 2?

4. Using polynomials and the TI-89, find the probability that
when you roll four dice, you get a sum that is less than 10.

5. Using polynomials and the TI-89, find the probability that
when you roll four dice, you get a sum that is more than
18.

6. Using polynomials and the TI-89, draw a histogram for the
number of ways to get any sum (from 4 to 24) with four
dice rolls. Any thoughts on the shape?

A histogram is like a bar
graph, but there aren’t gaps
between bars. Yesterday,
Ben drew histograms, not
bar graphs.
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7. Here’s a spinner.

1

74

2

(a) Write a polynomial that can represent one spin.

It may help to think of the
spinner as a 4-sided die with
specific numbers on each
side, instead of 1 through 6.

(b) Find the most likely sum for three spins.
(c) Draw a histogram for the number of ways to get any

sum with four spins. Any thoughts on the shape?

Neat Stuff

A set is a grouping of anything, like {Peg,Marta,Tony}. A
subset is a grouping of stuff that may or may not contain any
of the original set: {Peg,Tony} is a subset (and it’s the same
subset as {Tony,Peg}). One subset contains all the elements,
and one subset contains none of them: the empty set , notated
by {}.

8. (a) How many subsets of {Peg,Marta,Tony} have exactly
two elements?

(b) How many subsets of {Cheryl,Judy,Remy} are there?
(c) How many subsets of {Jason,Lars,Gerry,Ryota,inanimate

carbon rod} have exactly three elements?

9. You can partition a set into non-empty subsets. For ex- What, you want this
question in English? The
whole problem barely has
any numbers in it! Okay,
okay, try this: you’ve got
four different-length rods,
and you want to break them
up into groups with no
“empty” groups. How many
ways are there to do this?
Well, it depends on how
many groups you’re breaking
it into...

ample, the set {Marta,Tony,Peg} can be partitioned into
two subsets: {Marta,Peg} and {Tony} (which is the same
as {Tony} and {Peg, Marta}). Or, it can be partitioned
into two other subsets in two other ways. It can even be
partitioned into 1 or 3 subsets, though not in particularly
exciting ways.
(a) How many total ways are there to partition a set of

four people into exactly two non-empty subsets?
(b) How many total ways are there to partition a set of

five people into exactly two non-empty subsets?
(c) Six?
(d) What’s the deal? Why is this happening?

10. A box contains balls marked 1, 2, 3, 4, . . . , n. Two balls are
chosen. Find the probability that the numbers on the balls
are consecutive integers.

Hint for problem 10: Try it
with specific values of n
first. Don’t worry, you don’t
need polynomials for this,
and this is “just for fun” (no
later connections).
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11. Complete this table, with the number of elements (people,
numbers, whatever) as rows and the number of non-empty
subsets as columns.

1 2 3 4 5
1 – – – –
2 – – –
3 1 3 1 – –
4 7 –
5

12. Continue the table of problem 11 until you find a recursive
rule you could use to continue the table even further.

13. A local pizza restaurant whose building is shaped like a hut
offers 18 toppings on their pizza. When you select a pizza,
you can choose anywhere from zero to three toppings, or
you may choose one of five specialty pizzas whose toppings
are different and preset. How many different kinds of pizza
can be ordered at this hut of pizza?

Just one pizza. Don’t fret
over large / small or the fact
that the Cheese Lovers’ Plus
specialty pizzas allows for
two topping suggestions. If
you want, do that as a
bonus, but... oh just do the
problem already.

14. The numbers
(

n
2

)
(the triangular numbers) have a polyno-

mial rule. Find this rule and sketch a graph of this function
for all real numbers (even though

(
n
2

)
only makes sense for

integer n ≥ 2).

15. Repeat problem 14 for
(

n
1

)
,

(
n
3

)
, and

(
n
4

)
. Is something

happening in general?

Tough Stuff

16. Kellie and Jessica are ordering pizza at Pizza Hut. Jessica
suggests the “4 For All” pizza, which is actually four little
pizzas with the same choices of toppings as in problem
13. An uncreative way is to select all four pizzas to be
the same, but they could all be different, or... well there
are some options there. Jessica shouts that the “4 For All”
gives you more than six million topping options, and seems
overly excited about the whole thing.
Is she right? Are there more than six million options here?
How many options are there?

17. Could there be a connection between the table of problem
11 and the solution to the Simplex Lock Problem? Surely
there couldn’t possibly...

Tired of the Simplex Lock
Problem yet? Come on, you
know you are!
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10 Could You Expand On

That?

Psst: this set might be long! Some would say it’s been expanded.
Do what you can! Don’t worry about doing all the problems!

Here’s a note that, in hindsight, belonged on Day 1:

•Whatever you do, do well. Flying through the problem set
helps no one, especially yourself—you’re going to miss the
big ideas that others are grabbing onto! There is more to
be found in these problems than their answers.

1. Use the following table, and not a TI-89, to find The table has deliberately
been left empty, since the
authors do not trust
themselves to fill in the
table properly.

(1+x3+x6+x9+x12+x15+x18)(1+x5+x10+x15+x20+x25+x30)

1 x5 x10 x15 x20 x25 x30

1
x3

x6

x9

x12

x15

x18

Any thoughts? (Other than, “Can I move on now?”)

2. Is it possible to make 50c/ using only 8c/ and 11c/ stamps?

3. Say you were going to expand this: “You were going to expand
this.”

(1 + x8 + x16 + x24 + · · ·)(1 + x11 + x22 + x33 + · · ·)

Without expanding, figure out what the coefficient of x50

should be. What is the meaning of all this?

4. (a) Expand (r + w + b)5. Sure, use that TI-89 this time.
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(b) Suppose there are five jars, each containing a red mar-
ble, a white marble, and a blue marble. You take one
marble from each jar. How many ways are there to
pick up two reds, two whites, and one blue?

5. Find a polynomial that can be used to represent the value
of a playing card from a deck of cards. Aces are worth
one point, and the face cards (jack, queen, king) are each
worth ten.

6. Suppose you have 7 people and you want to form a 3-
member committee.
(a) How many such committees are there?
(b) Pick one of the 7 people, say John. Of all the possible

committees, how many of them contain John? Hint: Since John must take
up a spot, there are 2 spots
open. How many people can
fill those 2 remaining spots?

(c) Of all the possible 3-member committees with 7 peo-
ple, how many of them do not contain John?

(d) Explain why (
7

3

)
=

(
6

2

)
+

(
6

3

)

(e) Give a “committee” proof of this identity that can be
visualized in Pascal’s Triangle (where 0 < k < n):(

n

k

)
=

(
n − 1

k − 1

)
+

(
n − 1

k

)

Describe how this is visualized in Pascal’s Triangle.

Neat Stuff

7. Suppose we have the set

{Alicia, Bill, Claudia}

(a) List all the possible ways to partition this set into
exactly two non-empty subsets. “Partition” just means

“break up”.(b) List all the possible ways to partition this set into
exactly one non-empty subset. Yeah, this one’s quick.

(c) Using your results from (a) and (b), derive all possible
ways to partition the set

{Alicia, Bill, Claudia, Donna}

into exactly two non-empty subsets.
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8. Ponder again the set

{Alicia, Bill, Claudia}

(a) List all the possible ways to partition this set into
exactly three non-empty subsets.

(b) List all the possible ways to partition this set into
exactly two non-empty subsets. Yes, again.

(c) Using your results from (a) and (b), derive all possible
ways to partition the set

{Alicia, Bill, Claudia, Donna}

into exactly three non-empty subsets.

9. Let

{
n
k

}
denote the number of ways to partition a set of

m people into k non-empty subsets. Hey, it’s just notation.
(a) Using Problem 6, explain why

{
4
2

}
= 2

{
3
2

}
+

{
3
1

}

(b) Using Problem 7, find the relationship between

{
4
3

}
,{

3
3

}
, and

{
3
2

}
.

(c) Find a recursive rule for

{
n
k

}
.

10. Hey, this table has been on the set for a couple of days. You know what that
means...Complete the table, with the number of elements (people,

numbers, whatever) as rows and the number of non-empty
subsets as columns.

1 2 3 4 5 6
1 - - - - -
2 - - - -
3 1 3 1 - - -
4 7 - -
5 -
6

11. On a 6-button Simplex Lock, find the number of combina-
tions that use all six buttons and contain exactly 2 pushes.
Is there any connection with the table above? Heck no!
Okay, maybe there is. Find it.
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In a function, all the elements from the domain (read: “in-
puts”) map to some element of the range (read: “possible out-
puts”). Every input must lead to some output, but that doesn’t
mean that every output has to have inputs feeding it.

12. Here are some more lovely sets:

S = {Nick,Ellie,Megan,Lynda,Chris} and T = {first,second}

(a) How many functions are there with domain S and
range T? Think about choice!

(b) How many functions are there with domain T and
range S? The choices are different now!

13. A function from S to T is called one-to-one if no two
elements in S get mapped to the same element in T .
(a) In Problem 11, how many functions from S to T are

one-to-one? If there are any, try making
a list. If there aren’t any,
why not?

(b) In Problem 11, how many functions from T to S are
one-to-one?

14. A function from S to T is called onto if every element in
T gets hit by some element of S.
(a) In Problem 11, how many functions from S to T are

onto?
(b) In Problem 11, how many functions from T to S are

onto?

15. Complete this difference table for y = x5:
Input Output ∆ ∆2 ∆3 ∆4 ∆5 ∆6

0 0 1
1 1 31 180
2 32 211
3 243
4 1024
5 3125
6
7

16. In the table of problem 15, find the sum of the numbers
across the row for input 0: that is, 0 + 1 + 30 + . . .. Hm-
mmm?

Tough Stuff
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17. In the expansion of (x + x2 + x3 + x4 + x5 + x6)4, the
coefficients look like

1, 4, 10, 20, 35, 56, 80, 104, 125, . . .

i.e., the expansion looks like

x24 + 4x23 + 10x22 + 20x21 + · · ·

Can you find a similar sequence of numbers in the Pas-
cal’s Triangle? Where do the two sequences fail to match?
What’s going on here?!

18. Give a “committee” proof of the identity (2 ≤ k ≤ n− 2):

(
n

k

)
=

(
n − 2

k − 2

)
+ 2

(
n − 2

k − 1

)
+

(
n − 2

k

)

19. Suppose you have a 25 element set S and a 360 element
set T .
(a) How many functions from S to T are there?
(b) How many functions from S to T are one-to-one?
(c) If you pick a function from S to T at random, what’s

the probability that it is not one-to-one?

20. Ten players are each dealt two cards from a fair deck of 52
playing cards. Find the probability that any one player is
dealt a pair of aces, and a second player is dealt a pair of
kings. It may be easier to find the probability that these
events do not happen, and feel free to use decimals instead
of exact fractions here.
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11 th Hour?

1. Suppose there are 5 people. Well, really there are more
than 5 people, but there are
5 people to pick from in this
problem.

(a) How many 2-member committees can you form?
(b) Find the number of k-member committees you can

form for k = 0, 1, 2, 3, 4, and 5.
(c) Using (b), find the total number of committees you

can form using any of these five people.

2. Let the five people in Problem 1 be:

{Alicia, Bill, Claudia, Donna, Eugene}

Think about how you’d form a committee by including or
excluding each person. For Bill (who is sitting on Capitol
Hill, presumably), you’d decide to make Bill part of your
law-making committee, or choose to veto him from joining.
(a) Using the line of reasoning above, explain why there

are 25 possible committees you can form.
(b) Use the information in these two problems to explain

why (
5

0

)
+

(
5

1

)
+

(
5

2

)
+

(
5

3

)
+

(
5

4

)
+

(
5

5

)
= 25

(Don’t just say that they’re both equal to 32.)
(c) Use a “committee” proof to explain why the sum of

the numbers in the nth row of Pascal’s Triangle is 2n.

3. 14 people are eligible to join the Teen Girl Squad, and the
head of the squad is selecting who can join.
(a) Explain why there are just as many 10-girl squad

choices as 4-girl squad choices.
(b) Create a mapping that shows that each 10-girl squad

corresponds in a one-to-one way with each 4-girl squad.
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4. Suppose you have 10 people and you want to form a 4-
player golf team.
(a) How many such teams are there? Order doesn’t mat-

ter.
(b) Pick two of the 10 people, say John and Jen. Of

all the possible 4-member teams, how many of them
contain both John and Jen?

(c) Of all the possible 4-member teams, how many of
them contain neither John nor Jen?

(d) How many of them contain John, but not Jen? Jen
but not John?

(e) Explain why

(
10

4

)
=

(
8

2

)
+ 2

(
8

3

)
+

(
8

4

)

(f) Describe what this statement says about Pascal’s Tri-
angle and about committees:(

n

k

)
=

(
n − 2

k − 2

)
+ 2

(
n − 2

k − 1

)
+

(
n − 2

k

)

5. Suppose you have a group of 12 people and you want to
form a committee of 7 people. Of the 7 people chosen, 4
will also be selected as members of a subcommitteee. Find
two different ways to count the number of possibilites here. What if the subcommittee

was selected before the rest
of the committee? What if
the committee was selected
first?

6. Hey, is this true? Can you explain it?(
15

8

)(
8

3

)
=

(
15

3

)(
12

5

)

7. It’s the Birthday Problem! What’s the probability that at
least two people in a room of 20 have the same birthday?
What if there are 25 people in the room? How many people
have to be in the room before the probability of two same-
day birthdays is more than 0.5?

Neat Stuff

8. Bob gives you two big wheels to spin. The first wheel has
four numbers on it:

A = 1, 7, 9, 15
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The second wheel has five numbers on it:

B = 2, 8, 14, 26, 35

Bob tells you to spin each wheel once, and you’ll win $1,000
for each point you score above average. But first, you’ll
have to answer some questions:
(a) What is the average you’ll score if you spin each wheel

once?
(b) What’s the probability you will win at least $10,000

by playing this game?
(c) What’s the average you’ll score on the first wheel?

the second wheel? Hm.

9. When finding a line of best fit, the mean squared error
is calculated to judge how good the fit is:
• Find out how far away the data is from what it should

be.
• Square that value.
• Add up all the squares, then divide by how many data

values there are.
This “least squares method” is generally accepted as the
way to test best fit lines. So what? Well, you can do
the same thing with a set of numbers, by taking their dif-
ferences from the mean. This is called the mean squared
deviation, more commonly known as the variance.
(a) Hey, find the variance for set A from problem 8.
(b) Find the variance for set B from problem 8.
(c) Find the variance for tossing one die. (Okay, it won’t

be an integer this time.)
(d) Find the variance for the distribution of tossing two

dice. Hm?

10. Here are some sets of stuff found at Cows.

F = {chocolate, vanilla, smoores, wowie cowie, cherry springer}

C = {sugar, waffle, cup}
(a) How many functions are there with domain F and

range C?
(b) How many functions are there with domain C and

range F?

11. (a) In Problem 10, how many functions from F to C are
one-to-one? (i.e., no two elements in F get mapped to
the same element in C.)
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(b) In Problem 10, how many functions from C to F are
one-to-one?

12. (a) In Problem 10, how many functions from F to C
are onto? (i.e., every element in C gets hit by some
element of F .)

(b) In Problem 10, how many functions from C to F are
onto?

13. On a 5-button Simplex Lock, find the number of combina-
tions that use all five buttons and contain exactly 3 pushes.
What’s going on here?

14. Suppose you have a 25 element set S and a 360 element
set T .
(a) How many functions from S to T are there?
(b) How many functions from S to T are one-to-one?
(c) If you pick a function from S to T at random, what’s

the probability that it is not one-to-one?
(d) Why would we ask this question?

Tough Stuff

15. Use trains of length 1 and 2 to prove this fact about Fi-
bonacci numbers: Fn means the nth Fibonacci

number. The Fibonacci
numbers go
1, 2, 3, 5, 8, 13, 21, 34 . . .. So,
for example,
34 = 8 · 3 + 5 · 2.

Fm+n = FnFm + Fn−1Fm−1

16. In general, prove that(
n

r

)(
r

k

)
=

(
n

k

)(
n − k

r − k

)

17. Give at least two proofs of the identity

r

(
n

r

)
= n

(
n − 1

r − 1

)

18. Give at least two proofs of the identity

(r + 1)

(
n

r + 1

)
= (n − r)

(
n

r

)
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12 th Night

Trains!!! What, this again? Ben works as an arc welder on trains
now, in an attempt to make train problems more difficult. You
have already found the 8 ways to make trains of length 4. Now,
imagine that the cars can be welded together or not. So now,

could be any of these four (the circle represents that the cars
are welded together): You can only weld where

there is a break already.

1. List or build all the ways to arrange a train of length 1,2
and 3 using welding.

2. Fill in the following tables: Oh good, no tables. I guess
that’s the end of this
problem.
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(a)
Number of ways to make a train of length 1 using welding

0 welds
1car D’oh.

(b)
Number of ways to make a train of length 2 using welding

0 welds 1 weld
1car

2 cars

(c)
Number of ways to make a train of length 3 using welding

0 welds 1 weld 2 welds
1car

2 cars
3 cars

3. Make a table as in problem 2 above for trains of length 4.

4. What might the first column and bottom row of the table
for a train of length 5 with welding look like? What about
the other entries?

5. Suppose you have a train of length 13 and you want to
select a train that has 7 “gaps”. Of the 7 gaps, 4 will also
be selected to be welded. Find two different ways to count
the number of possibilites here. Psst: see yesterday.

What if the welds were
selected before the rest of
the gaps? What if the gaps
were selected first?

6. With a TI-89, expand (x + y + z)3. Any relationship to
the arc welding tables you made?

7. Find the sum of all the numbers in the arc welding table
for trains of length 1, length 2, length 3, length 4. What’s
up with that?

8. Explain why the sum of the coefficients of (x + y + z)9 is
without expanding and counting. Oh, dear, we seem

to have left the number blank.

Neat Stuff

9. Here are some sets that we’ve seen before:
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S = {Nick, Ellie, Megan, Lynda, Chris}

T = {first, second}
(a) As a function, “Nick” maps either to “first” or “sec-

ond”. How many choices is this?
(b) How many choices are there for Ellie’s output?
(c) How many functions are there from S to T? A func-

tion has exactly one output for every input.
(d) A function from S to T is onto if every element in

T gets hit by some element of S. One way to do this
is to have the element “first” be hit by 2 elements of
S and “second” be hit by 3 elements of S. How many
functions from S to T have “first” as output twice and
“second” as output three times?

(e) Find the total number of onto functions from S to T . We can have “first” be hit
by 4 elements of S and
“second” by 1 element of S,
and so on. . .

10. On a 5-button Simplex Lock, find the number of combina-
tions that use all five buttons and exactly 2 pushes. Hm?

11. Yesterday, Bob showed you the two wheels

A = 1, 7, 9, 15

B = 2, 8, 14, 26, 35

(a) Do problem 8 from yesterday if you haven’t gotten
the chance yet.

(b) Do problem 9 from yesterday if you haven’t gotten
the chance yet.

(c) The mean squared error , or variance, of a data set is
based on the squares of data. If the numbers in B were
“inches”, then the variance is based on square inches!
So, the square root of the variance would be in “inches”
again (a good thing). This measure, the square root
of variance, is called the standard deviation. Find the
standard deviations for sets A and B.

12. Find the variance and standard deviation for the set of the
20 possible sums you get from spinning the two wheels A
and B. Hm?

13. Find the variance and standard deviation for the distribu-
tion when rolling...
(a) ... one die.
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(b) ... two dice.
(c) ... three dice.
(d) ... four dice.
(e) ... twenty-five dice. Jeez, 25 dice? Why pick

such an odd number?
14. Find the variance and standard deviation for flipping a

coin (0 = tails, 1 = heads).
(a) Why does the term “standard deviation” make sense

here (once you know what its value is)?
(b) Use what you’ve learned and/or guessed to find the

standard deviation for flipping two coins, four coins,
100 coins.

Tough Stuff

15. A “Bernoulli trial” is a one-time event that has probability
p and alternate probability q = 1− p. The formula for the
standard deviation of n Bernoulli trials is

σ =
√

npq

Explain why this formula is valid.

You might have more fun
using variance and not
standard deviation here.

16. (a) Explain why You’re choosing 3 people
out of 8. Split the 8-person
set into two equal pieces.(

8

3

)
=

(
4

0

)(
4

3

)
+

(
4

1

)(
4

2

)
+

(
4

2

)(
4

1

)
+

(
4

3

)(
4

0

)

(Don’t just say that they’re both equal to 56.)
(b) Give a “committee” proof of this identity:(

2n

r

)
=

r∑
k=0

(
n

k

)(
n

r − k

)

17. For this problem, you’ll need a copy of the Pascal’s Trian-
gle with at least
15 rows.
(a) Square each entry in the 4th row of the triangle and

add them up. Can you
find this sum anywhere in the triangle?

(b) Repeat (a) using rows 5, 6, and 7 of the triangle. Any
conjectures?
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13 th Floor

The 13th floor may be
numbered 12, 13, or 14,
depending on where you’re
traveling...

1. Using a TI-89, find the number of ways to make a train of
length 7 with 5 cars and 2 welds. Remember, a train of
length 7 will have 6 “gaps”.

2. What’s the sum of the coefficients of (x + y + z)6, and
what’s it got to do with trains and welds and all that good
stuff?

3. Wink shows you two coins with numbers on them.

A = 1, 7 and B = 5, 13

(a) Find the variance and standard deviation for flipping
coin A.

(b) Find the variance and standard deviation for flipping
B.

(c) Find the variance and standard deviation for the set
of the possible sums you get from flipping each of A
and B. Hm?

(d) What if you flipped two of each coin then added the
sum of all four coins? Would the standard deviation
double?

4. Find the variance and standard deviation for the distribu-
tion when rolling...
(a) ... one die.
(b) ... two dice.
(c) ... three dice.
(d) ... four dice.
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(e) ... forty-nine dice. How would the variance
relate to the original
variance?... the standard
deviation?

5. Find the variance and standard deviation for flipping a
coin (0 = tails, 1 = heads).
(a) Why does the term “standard deviation” make sense

here (once you know what its value is)?
(b) Use what you’ve learned and/or guessed to find the

standard deviation for flipping two coins, four coins,
100 coins.

6. Here are some not-so-subtly named sets:

B = {button1, button2, button3, button4, button5}

P = {push1, push2, push3}
(a) How many functions are there from B to P? Each of the five inputs has

three possible outputs. 3
choices, then 3 choices,
then...

(b) A function from B to P is onto if every element in
P gets hit by some element of B. One way to do this
is to have the element “push1” be hit by 2 elements of
B, “push2” be hit by 1 element of B, and “push3” by
hit by 2 elements of B. How many such onto functions
are there (with exactly these choices of outputs)?

(c) Find the total number of onto functions from B to
P . Remember, there must be at least one match for
every output. How can 3 pushes be related to trains?
No, there’s no welding!

7. On a 5-button Simplex Lock, find the number of combina-
tions that use all five buttons and exactly 3 pushes. Okay,
maybe the names B and P and their contents from prob-
lem 6 gives this one away!

8. Find the largest Simplex Lock you’ve worked with. Find
(from your notes or a tablemate) the number of combina-
tions on that-size lock, and the number of combinations
that use all the buttons. Hm?

Tedious but Vaguely Interesting Stuff

9. Complete the difference table for y = xn for n = 2, 3, 4, 5.
(See Day 10, Problem 15 for the set-up). For each table,
find the sum of the numbers across the row for input 0.
Any thoughts?
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Neat Stuff

10. Suppose we have 4 people in a class studying Set:

{Alicia, Bill, Claudia, Donna}
(a) List all the possible ways to break these guys up into

three groups so the groups are noticably different: so
A, B, C, D is the same as C, D,A, B.

(b) List all the ways you could break these guys up into
two groups.

(c) Marzipan walks in the room and these four are work-
ing in three groups. If a teacher wants there to be
three groups for the five people, how many choices do
they have about where to put poor late Marzipan?

(d) Eugene walks in the room and these four are working
in two groups. If a teacher wants there to be three
groups for the five people, how many choices do they
have about where to put poor late Marzipan?

11. You may remember that we used

{
n
k

}
to mean the num-

ber of ways to split up n people into k non-empty subsets.
Or, you probably don’t. Well, there it is again.
(a) Using problem 10, explain why{

5
3

}
= 3

{
4
3

}
+

{
4
2

}

(b) Use a “grouping” argument to explain why this is
true no matter how large the groups are: Think of Marzipan walking

into a class of 100 people
divided into 8 groups. What
options does the teacher
have for poor late Marzipan?

{
n
k

}
= k

{
n − 1

k

}
+

{
n − 1
k − 1

}

12. If you haven’t before, complete the following table. The
number of elements (people, numbers, whatever) are the
rows and the number of non-empty subsets are the columns. Psst! Problem 11 tells you

what you need to know to
keep on building the table.
Use it!

1 2 3 4 5
1 - - - -
2 - - -
3 1 3 1 - -
4 7 -
5
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13. Nick, Ellie, Megan, and Lynda are flying home from Park
City. Each person can fly either first-class or coach. Thus,
one possible seating arrangement is

first-class coach
Nick, Ellie Megan, Lynda

List all possible seating arrangements, provided that at
least one person must fly first-class and at least one person
must fly coach.

14. Problem 13 is like problem 10 (the groupings)
{Nick, Ellie, Megan, Lynda} can be order-partitioned into
two subsets: {Nick, Ellie} and {Megan, Lynda} (which is
different from {Megan, Lynda} and {Nick, Ellie}).
(a) How many total ways are there to order-partition a

set of three people into exactly two non-empty subsets?
(b) How many total ways are there to order-partition a

set of four people into exactly two non-empty subsets?
(c) How many total ways are there to order-partition a

set of five people into exactly two non-empty subsets?

15. Complete this table, with the number of elements (people,
numbers, whatever) as rows and the number of non-empty
subsets as columns.

0 1 2 3 4 5
0 1 - - - - -
1 - 1 - - - -
2 - - - -
3 - 6 - -
4 - -
5 - 30

16. Find the sum of the fifth row of the table above. Any
thoughts?

17. Continue the table from Problem 15 until you find a recur-
sive rule you could use to continue the table even further.

18. How are the tables in Problem 12 and Problem 15 related?

Tough Stuff

19. Suppose you have 7 apples and 5 bananas, and you wish
to pick 4 pieces of fruit.
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(a) In how many ways can you take no apple and four
bananas?

(b) In how many ways can you take one apple and three
bananas?

(c) In how many ways can you take two apples and two
bananas?

(d) In how many ways can you take three apples and one
banana?

(e) In how many ways can you take four apples and no
banana?

20. Prove Vandermonde’s Identity: If m, n, and r are non-
negative integers,(

m + n

r

)
=

r∑
k=0

(
m

k

)(
n

r − k

)

21. Glenn tells you about a “verrry simmmple” concept. He
says you can pick any three consecutive integers and their
product is a multiple of 6. Pick any four consecutive inte-
gers and their product is a multiple of 24. Prove it!

22. The expansion of (a + b)n leads to Pascal’s Triangle. So...
in the expansion of (x+ y + z)n (for different n), what will
the largest coefficient be? When will it be unique? When
it isn’t unique, how many repeats are there?
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14 th Hole

1. The newly created American Dodgeball League (ADL) has
five teams which must be placed into three divisions. The
teams are: Giants, Eagles, Rams, Panthers, and Jets. The
divisions are: East, Central, and West. For example, the
teams can be divided as follows.

East Central West
Giants, Panthers Eagles Rams, Jets

Each division must contain at least one team. In how many
different ways can the teams be divided?

2. A ridiculously small class has 5 people:

{Alicia, Bill, Claudia, Donna, Ziggy}
Their teacher breaks them up into the following three groups:
• Alicia, Ziggy
• Bill
• Claudia, Donna
Each group must give a presentation on one of the following
topics: Algebra, Geometry, and Combinatorics. And no
two groups can pick the same topic. In how many different
ways can the three topics be assigned to the three groups?

3. Remember that

{
n
k

}
denotes the number of ways to par-

tition a set of n people into k non-empty subsets.
(a) Find (or look up from your previous work) the value

of

{
5
3

}
.

(b) Now, let

〈
n
k

〉
denote the number of ways to order-

partition a set of n people into k non-empty subsets.
(e.g., we count {Nick, Ellie} and {Megan, Lynda} to
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be different from {Megan, Lynda} and {Nick, Ellie}.)
Find the value of

〈
5
3

〉
.

(c) How are

{
5
3

}
and

〈
5
3

〉
related?

(d) How are

{
n
k

}
and

〈
n
k

〉
related?

Who is a bowl? Who is a
cone? What??

4. Yesterday’s set included this recursive rule for

{
n
k

}
:

{n, k} = k{n − 1, k} + {n − 1, k − 1}
And that rule led to this table (the number of elements
are the rows and the number of non-empty subsets are the
columns):

1 2 3 4 5
1 1 - - - -
2 1 1 - - -
3 1 3 1 - -
4 1 7 6 1 -
5 1 15 25 10 1

Complete the following table for

〈
n
k

〉
:

0 1 2 3 4 5
0 1 - - - - -
1 - 1 - - - -
2 - - - -
3 - 6 - -
4 - -
5 - 30

5. Make a difference table for y = x4 (to fourth differences)
for x = 0 through 6. When you’re done, what numbers
appear across the top row?

Neat Stuff

6. Consider the set These three are getting an
awful lot of attention...

{Alicia, Bill, Claudia}
(a) List all the possible ways to order-partition these guys

into exactly two non-empty subsets.
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(b) List all the possible ways to order-partition these
guys into exactly one non-empty subset. Yeah, there
aren’t too many, are there?

(c) Now Gaylord shows up and wants to join in the fun.
List all the possible ways to order-partition

{Alicia, Bill, Claudia, Gaylord}
into exactly two non-empty subsets. You might... just
might... want to use the lists you made in the other
problems. If you don’t do it that way, stop and look
back when you’re done with the list.

7. Again! These same people!

{Alicia, Bill, Claudia}
(a) List all the possible ways to order-partition this set

into exactly three non-empty subsets.
(b) List all the possible ways to order-partition this set

into exactly two non-empty subsets. We love asking
the same question over and over.

(c) Using your results from (a) and (b), derive all possible
ways to order-partition the set

{Alicia, Bill, Claudia, Phineas}
into exactly three non-empty subsets.

8. (a) Using Problem 6, explain why
Remember that

〈
n
k

〉
denotes the number of ways
to order-partition n people
into k groups.

〈
4
2

〉
= 2

〈
3
2

〉
+ 2

〈
3
1

〉

(b) Using Problem 7, find a relationship between

〈
4
3

〉
,〈

3
3

〉
, and

〈
3
2

〉
.

(c) Find a recursive rule for < n, k >
(d) Does your rule work in the table you made in problem

4?

9. (a) On a 5-button Simplex Lock, find the number of com-
binations that use all five buttons and contain exactly
3 pushes.

(b) On a 5-button Simplex Lock, find the number of com-
binations that use all five buttons.
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10. Let T (m) be the number of combinations on an m-button
Simplex Lock, and L(m) be the number of combinations
on an m-button Simplex Lock that use all m buttons. Fill
in this table!!

m L(m) T (m)
1
2
3
4 150
5 1082

Huh?

11. Make a difference table for y = x6, then see if you can
use it to find the number of combinations on a 6-button
Simplex Lock.

Tough Stuff

12. Use the rules of common differences and function map sets
to explain what is going on in problem 5 and how it relates
to the Simplex Lock.

13. (a) Explain why You’re choosing 3 people
out of 8. Split the 8-person
set into two equal pieces.(

8

3

)
=

(
4

0

)(
4

3

)
+

(
4

1

)(
4

2

)
+

(
4

2

)(
4

1

)
+

(
4

3

)(
4

0

)

(Don’t just say that they’re both equal to 56.)
(b) Give a “committee” proof of this identity:(

2n

r

)
=

r∑
k=0

(
n

k

)(
n

r − k

)

14. Use these problems to prove that

(
2n

n

)
=

n∑
k=0

(
n

k

)2
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15 Lock, Stock, and

Barrel... OK, Maybe

Just Lock
What Have We Done?!?! There are two sections here.

The second section attacks
Simplex Lock. Do what you
like!

1. is working on problem 1. This person is asked
to find the number of trains of length 7 that have exactly
3 cars. How many are there? Fill in the blank with your

name. Look, you’re in the
problem set!2. An ice cream store claims to offer over 1,000 possible three-

scoop cones of ice cream with different flavors. On further
review, they’re wrong, it’s only 990. How many flavors of
ice cream does this shop have?

3. Explain why
(

10
3

)
is the same number as

(
10
7

)
.

4. Without a calculator, find 10015.

5. Hal says he can find 20015 almost as quickly. How would
he do it?

6. How many different ten-letter “words” could you make
with the letters CROW T ROBOT?

7. Kevin (The Postman), uses only 7c/ and 10c/ stamps. Which
postage can Kevin not make: 44c/, 45c/, 46c/, or 47c/?

8. Table 9 flips nine coins, in honor of whatever it is they
keep babbling about. Find:
(a) ... the probability that Table 9 flips exactly three

heads and six tails.
(b) ... the probability that Table 9 flips at least five

heads.
(c) ... the probability that Table 9 flips an odd number

of heads.
(d) ... the connection between this problem and the poly-

nomial (h + t)9.
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9. Kevin (a different Kevin) takes common differences for a
polynomial. He finds that the sixth common differences
are all equal to 2,160.
(a) What degree is Kevin’s polynomial? This problem does not

require separation, or bacon.(b) What is the first coefficient of Kevin’s polynomial?

10. Mr. Sicherman shows you two dice: one has sides 1, 2, 2,
3, 3, 4, and the other has sides 1, 3, 4, 5, 6, 8.
(a) Write a polynomial that represents each die.
(b) You roll each die once and add up the numbers on

the dice. How many ways are there to make each sum
(and what sums are possible)? How about that!

11. Ten people decide to form poker games. Two of the games
will have four people each, and one game will have two.
How many ways could this happen, if no one cares about
“seats” (ordering) within games, or what game they are
put in?

So a seating with
{A, B, C, D} and
{E, F, G, H} is the same as
{E, F, G, H} and
{D, A, C, B}, etc.

12. How could you use expanding (r + c + w)5 to find the
number of trains of length 6 with 4 cars and 1 weld?

13. On the game show Wheel of Fish, the winning contestant
throws nine coins in the air. For every coin that comes
up (fish) heads, they win 10 fresh fish as a prize. Find
the mean and standard deviation for the number of fish a
player can expect to win from this game.

Breaking the Lock

14. Yesterday, we made a list of the 13 ways to push all three
buttons on a 3-button Simplex, along with the 13 ways
to push some, but not all, of the buttons on a 3-button
Simplex. Can you find a mapping between one set and the
other that explains why there are just as many of each?

Please don’t be like Nancy
Reagan, and just say no.

To be convincing, you should be able to explain:
• If I’ve got a member of one set, does my mapping def-

initely have to be in the other set?
• How do I know that my mapping doesn’t send two

members of one set to the same place in the other?

15. Use problem 14 to explain why the total number of com-
binations on a Simplex lock is exactly twice the number of
combinations that use all the buttons.
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16. Use one of the tables from problem 4 on yesterday’s set
to find the total number of combinations on a 5-button
Simplex lock.

17. Use a difference table for y = x6 to find the total number
of combinations on a 6-button Simplex lock.

18. Do you think a Simplex lock with n buttons could ever
have more than 10n combinations? A three-wheel combination

lock has 103 combinations.
A five-wheel combination
lock has 105 combinations,
although Planet Druidia
didn’t choose the hardest
one to find.

19. Out of the 94,586 combinations on a 7-button Simplex
Lock, how many of them use fewer than 7 buttons?

20. How many combinations on a 7-button Simplex lock use
exactly the buttons 2, 3, 4, 6, 7?

21. How many combinations on a 7-button Simplex lock use
exactly five buttons?

Tough Stuff

22. Prove that an even number (greater than 2) can always be
written as the sum of exactly two prime numbers.

23. This problem follows problem 10.
(a) How are the results of problem 10 connected to the

factoring of (x + x2 + x3 + x4 + x5 + x6)2?
(b) Find three distinct dice that, when rolled, give the

same distribution as three normal dice.

24. Judy decides to play some craps. The probability of win-
ning at a game of craps is exactly 244

495
(which is its own

Tough Stuff problem for another time).
(a) If you bet $10 once, find the mean and standard de-

viation for the amount of money you will win. The mean should be
negative.(b) If you bet $10 one hundred times, find the mean and

standard deviation for the amount of money you will
win.

(c) If you bet $10 one million times, find the mean and
standard deviation for the amount of money you will
win. It’s good to be the house.
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Over and Over

1 Over and Over

Hey, welcome to the class. We know you’ll learn a lot of math-
ematics here—maybe some new tricks, maybe some new per-
spectives on things with which you’re already familiar. A few
things you should know about how the class is organized:

•Don’t worry about answering all the questions, ever. If
you’re answering every question, we haven’t written the
problem sets correctly.

•Don’t worry about getting to a certain problem number.
Some participants have been known to spend the entire ses-
sion working on one problem (and perhaps a few of its ex-
tensions or consequences).

•Have fun! Make sure you’re spending time working on prob-
lems that interest you. Feel free to skip problems that you’re
already sure about. Relax and enjoy!

•Each day’s problems are divided into three categories: Im-
portant Stuff, Neat Stuff, and Tough Stuff. It’s a good idea
to do the problems in Important Stuff first. We try to make
sure that the problems in Important Stuff can be picked up
regardless of how much or little work you’ve done on prior
sets.

Okay, so let’s get started. We’re going to start with doing
the same thing, over and over. Okay, so let’s get started. We’re
going to start... alright, that’s enough.

PCMI 1
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Over and Over

PROBLEM

We’re going to give your table a card with two numbers on it. Start with
these two numbers, then generate a sequence by the rule

the next term is the sum of the two terms that came before

1. Generate 15 terms.

2. Describe any patterns you find.

3. How big will the 100th term be? Find an approximate an-
swer. Or an exact answer!

When you’re done, exchange cards with another group and do it again.
And again, and again, and... alright, that’s enough.

Important Stuff.

1. Pick a number, any number—now add one, then add one
again, then again, and again. . .
(a) What do you get after 100 times?
(b) What will happen in the long run?
(c) If you can, give a formula for what happens after n

iterations. Each time you add one is an
iteration. You’ll hear that
term over, and over, and ...
alright, that’s enough.

2. Pick a number, any number—double it, then double again,
then again, and again. . .
(a) What do you get after 100 times?
(b) What will happen in the long run?
(c) If you can, give a formula for what happens after n

iterations.

3. Pick a number, any number—double it and add one, then
double and add one again, then again, and again. . .
(a) What do you get after 100 times?
(b) What will happen in the long run?
(c) If you can, give a formula for what happens after n

iterations.

4. Pick a number, any number—divide it by two and add
one, then divide by two and add one again, then again,
and again. . .
(a) What do you get after 100 times?
(b) What will happen in the long run?
(c) If you can, give a formula for what happens after n

iterations.
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5. Pick a number, any number—take its reciprocal and add
one, then take the reciprocal of that and add one again,
then again, and again. . .
(a) What do you get after 100 times?
(b) What will happen in the long run?
(c) If you can, give a formula for what happens after n

iterations.

Neat Stuff.

This section includes a variety of problems each day, which Don’t be surprised to see
problems here repeated in
later sets; that’s our way of
suggesting you check it out
sometime.

range from practice to extension. Pick and choose problems that
catch your fancy, depending on your background and focus.

6. Amanda came to PCMI last summer, and when she packed
up, she organized your Cuisinaire rods into baggies, each
containing all the rods of the same length. But she lost
all of the baggies except two of them—the bags containing
rods of length 1 and 2. Now how many trains can she make Typical!

of length 5? 6? 8? n? (A 2-1-2 train is different from a
2-2-1 train, by the way, as far as Amanda is concerned.)

7. Consider the sequence 1, 1, 3, 7, 17, 41, 99, . . .
(a) What’s a possible pattern to the sequence? We have a pattern in mind,

but, as you know so well,
there are many ways to
extend any pattern.

(b) Approximate the 50th term without finding it.
(c) Is there an exact formula here? (“Yes.”) Good luck.

Please move on to the next problem now.

8. Consider an iteration rule defined on points and given by

(x, y) �→ (y, x + y)

So, for example, (3, 7) ends up at (7, 3 + 7) = (7, 10).
(a) Pick your favorite point other than the origin, and What happens if you pick

the origin? Boy, what a bad
idea that is.

apply the transformation to it. Then apply the trans-
formation to the result. Then do it again, and again,
and again, plotting your points each time. Plot at least
8 points. What happens?

(b) Use a graphing calculator to find a line of best fit for
your points.

9. Pick a number, any number—take twice its reciprocal and
add one, then take twice the reciprocal and add one again,
then again, and again. . .
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(a) What do you get after 100 times?
(b) What will happen in the long run?
(c) If you can, give a formula for what happens after n

iterations.

Tough Stuff.

This section has some difficult problems! Try these if you’re
up for a challenge or already feel pretty confident about the
problems in the rest of the set. Our guarantee: something chal-
lenging every day.

10. In problem 8, you looked at the the function defined on
points given by

(x, y) �→ (y, x + y)

(a) Find a point (a, b) that end up being scaled by the
map. That is, find a point (a, b) that is taken to
(ka, kb) for some number k.

(b) Classify all such points. No, you didn’t find them all,
keep trying.

11. In problem 5, you picked a number, took its reciprocal and
added one, then you kept doing it until it just wasn’t fun
anymore.
(a) Find all numbers that are fixed by this operation.
(b) If ρ is such a fixed point, what is the value of

1 +
1

1 + 1
1+ 1

ρ

?

12. Find the value of What does the “. . .” mean
here?√√√√

1 +

√
1 +

√
1 +

√
1 +

√
1 + . . .

13. Find x if √√√√
x +

√
x +

√
x +

√
x +

√
x + . . . = 15
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2 . . . and Over Again

PROBLEM

We’re going to give your table a card with pairs of numbers on it. Start
with each pair of two numbers, then generate a sequence by the rule

What? Didn’t we do this
yesterday, and now we’re
doing it over again?

the next term is double the one before,
plus three times the one before that So if the first two terms

were 3 and 7, the next
would be 23.

1. Generate 10 terms for each pair.

2. Describe any patterns you find, either within a sequence or
between sequences.

3. Find a closed-form rule for as many of the pairs as possible.

Important Stuff.

1. Pick a number, any number—take its reciprocal and add
one, then take the reciprocal of that and add one again,
then again, and again. . . Please don’t do this problem

over again if you already did.(a) Calculate the first 15 terms, going from n = 0 to
n = 14. Fraction? Decimal? You decide! It might
matter!

(b) What will happen in the long run?
(c) Describe how someone could find the term when n =

100 without having to find the term when n = 99.

2. Pick a number, any number—take its reciprocal, multiply
by three, then add two. Lather, rinse, repeat.
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(a) Calculate the first 10 terms, going from n = 0 to
n = 9. Fraction? Decimal? You decide! It might
matter!

(b) What will happen in the long run?

3. Use a graphing calculator to sketch the graph of

y =
3

x
+ 2

Are there any points on this graph where y = x? Okay,
what are they?

4. Consider the sequence defined by Read this as “The sequence
starts with 2 and each term
after that is one more than
the term before it.”tn =




2 if n = 0

1 + tn−1 if n > 0

(a) Find t1, t2, . . . , t6.
(b) What is a formula for tn in terms of n?
(c) Find t1 + t2 + . . . + t6.
(d) What is the sum of the terms up to and including t12?

5. Consider the sequence defined by Read this as “The sequence
starts with 1 and each term
after that is twice the one
before it.”tn =




1 if n = 0

2 · tn−1 if n > 0

(a) Find t1, t2, . . . , t6.
(b) What is a formula for tn in terms of n?
(c) Find t1 + t2 + . . . + t6.
(d) What is the sum of the terms up to and including t12?

6. Consider an iteration rule defined on points and given by

(x, y) �→ (y, x + y)

So, for example, (3, 7) ends up at (7, 3 + 7) = (7, 10).
(a) Pick your favorite point other than the origin, and What happens if you pick

the origin? Boy, what a bad
idea that is.

apply the transformation to it. Then apply the trans-
formation to the result. Then do it again, and again,
and again, plotting your points each time. Plot at least
8 points. What happens?

(b) Use a graphing calculator to find a line of best fit for
your points.

7. Consider the sequence defined by

tn =




6 if n = 0

2 · tn−1 + 1 if n > 0
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(a) Find t1, t2, . . . , t6.
(b) What is a formula for tn in terms of n?

8. Consider the sequence defined by

tn =




-1 if n = 0

2 · tn−1 + 1 if n > 0

(a) Find t1, t2, . . . , t6.
(b) What is a formula for tn in terms of n?

Neat Stuff.

9. Consider the sequence defined by Read this as “The sequence
starts with 2 and each term
after that is 2 more than the
one before it.”tn =




2 if n = 0

2 + tn−1 if n > 0

(a) Find t1, t2, . . . , t6.
(b) What is a formula for tn in terms of n?
(c) Find t1 + t2 + . . . + t6.
(d) What is the sum of the terms up to and including t12?

10. Amanda came to PCMI last summer, and when she packed It’s ROD TIME!

up, she organized your Cuisinaire rods into baggies, each
containing all the rods of the same length. But she lost
all of the baggies except two of them—the bags containing
rods of length 1 and 2. Now how many trains can she make
of length 5? 6? 8? n? (A 2-1-2 train is different from a
2-2-1 train, by the way, as far as Amanda is concerned.)

11. When Rani left PCMI, she lost some of her baggies of
Cuisinaire rods, too—but she only lost the bag containing
the rods of length 1. How many trains can she make of
length 5? 6? 8? n?

12. Consider the sequence 1, 1, 3, 7, 17, 41, 99, . . .
(a) What’s a possible pattern to the sequence? We have a pattern in mind,

but, as you know so well,
there are many ways to
extend any pattern.

(b) Approximate the 50th term without finding it.
(c) Is there an exact formula here? (“Yes.”) Good luck.

Please move on to the next problem now.

13. An 8 × 8 square can be dissected into a 5 × 13 rectangle:
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Wow, how about that!

(a) Try it! It’s fun.
(b) What’s going on?
(c) Make up a puzzle that starts “A a 21×21 square can

be cut into a 13 × 34 rectangle . . . ”
(d) If Fn is the nth Fibonacci number, what’s the rela-

tionship between F 2
n (the square of Fn) and the product

Fn−1 · Fn+1?

Tough Stuff.

14. A sequence is defined as

tn =




S if n = 0

T if n = 1

−tn−2 if n > 1

Find nonzero values of S and T so that tn is a geometric
sequence.

15. A sequence is defined as

tn =




S if n = 0

T if n = 1

tn−1 − tn−2 if n > 1

Find nonzero values of S and T so that tn is a geometric
sequence.

16. Find all numbers x so that

xn = 10xn−1 − 21xn−2

for all n > 1.
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3 . . . and Over Again

PROBLEM

We’re going to give your table a card with pairs of numbers on it. Start
with each pair of two numbers, then generate a sequence by the rule

What? Didn’t we do this
yesterday, and now we’re
doing it over again?

the next term is seven times the one before,
minus ten times the one before that So if the first two terms

were 3 and 7, the next
would be 7 · 7 − 10 · 3 = 19.

1. Generate 10 terms for each pair.

2. Describe any patterns you find, either within a sequence or
between sequences.

3. Find a closed-form rule for as many of the pairs as possible.

Useful Stuff.

1. Here’s another iteration rule defined on points:

(x, y) �→ (y, 3x + 2y)

So, for example, (3, 7) ends up at (7, 3 · 3 + 2 · 7) = (7, 23).
(a) Pick your favorite point other than the origin, and

What happens if you pick
the origin? Boy, what a bad
idea that is.

apply the transformation to it. Then apply the trans-
formation to the result. Then do it again, and again,
and again, plotting your points each time. Plot at least
8 points. What happens?

(b) Use a graphing calculator to find a line of best fit for
your points.
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2. The sequence 1, 2, 11, 43, 184 . . . comes from the recursive
rule

So it’s A times the one
before, and B times the one
before that, and we want
you to figure out what A
and B are.

tn = Atn−1 + Btn−2

(a) Find A and B.
(b) Find the next term.
(c) See Tough Stuff for a harder problem.

3. Consider the sequence defined by
Read this as “The sequence
starts with 3 then a bunch
of stuff happens.”

tn =




3 if n = 0

tn−1 + 5 if n > 0

(a) Find t1, t2, . . . , t6.
(b) What is a formula for tn in terms of n?
(c) Find t0 + t1 + t2 + . . . + t6.
(d) What is the sum of t0 through t12?

4. Consider the sequence defined by
Read this as “The sequence
starts with 1 and each term
after that is triple the one
before it.”

tn =




1 if n = 0

3 · tn−1 if n > 0

(a) Find t1, t2, . . . , t6.
(b) What is a formula for tn in terms of n?
(c) Find

∑6
k=0 tk. What the heck does this mean? Oh,

it’s the same question as 3c.
(d) What is the sum of t0 through t12?

5. Amanda came to PCMI last summer, and when she packed
It’s ROD TIME! Yes, get
out there, get the rods, play
with the rods. Or, we
promise to make fun of you
directly in tomorrow’s set.

up, she organized your Cuisenaire rods into baggies, each
containing all the rods of the same length. But wouldn’t
you know it, only the bags of whites (length 1) and reds
(length 2) showed up.
(a) How many trains can Amanda make of length 5? 6?

7? (A 2-1-2 train is different from a 2-2-1 train.)
(b) Describe a pattern, using a difference equation. Ex-

plain your pattern to someone else at your table who
thinks Excel is better than Cuisenaire (it ain’t).

6. Rani had some rods too, but she lost the bag of whites.
Now she’s only got rods of length 2 and longer.
(a) How many trains can Rani make of length 5? 6? 7?

(A 4-3 train is different from a 3-4 train.)
(b) Describe a pattern, using a difference equation.

10 PCMI 2005: SSTP
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. . . and Over Again

Neat Stuff.

7. In the “algebra of sequences” we’ve been using, the rules
allow you to say things like

3 · (1, 5) + 4 · (2, 1) = (3, 15) + (8, 4) = (11, 19)

(a) Find A and B so that

A · (1, 5) + B · (−1,−2) = (10, 17)

(b) A sequence starts with 10, 17, . . . and follows the rule

tn = 7tn−1 − 10tn−2

Find the next 6 terms.
(c) Use the result of problem 7a and the card stuff to find

a closed-form rule for the sequence in problem 7b.
Nicole says that picking zero
would be a bad idea. How
does this make you feel?
Write a paragraph or two.
Hey, why not start with the
number 17

10
. Oh, no reason.

8. Pick a number, any number—take its reciprocal, multiply
by −10, then add seven. Keep on truckin’. Ack, what
horrible numbers. Or are they. . .
(a) Calculate the first 10 terms, going from n = 0 to

n = 9, as fractions.
(b) What will happen in the long run?
(c) Find all the numbers that solve the equation

x =
−10

x
+ 7

9. Here’s another iteration rule defined on points:

(x, y) �→ (y,−x)

So, for example, (3, 7) ends up at (7,−3).
(a) Pick your favorite point other than the origin, and

apply the transformation to it. Then apply the trans-
formation to the result. Then do it again, and again,
and again, plotting your points each time. Plot at least
8 points. What happens?

(b) What about the iteration rule

(x, y) �→ (x,−y)

10. Consider the iteration rule

x �→ 3 +
5

x

PCMI 2005: SSTP 11
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. . . and Over Again

Good, now you’ve
considered it.(a) Pick any NONZERO number x to start with, and

calculate the first 9 terms of the iteration. Express
your answers as fractions.

(b) The numerators of these fractions form a sequence.
Find a recursive rule that describes how to get one
numerator from previous numerators:

Nn = · · ·
(c) Hey, let’s not leave the denominators hanging. Find

another recursive rule that describes how to get one
denominator from previous denominators:

Dn = · · ·

Tough Stuff.

11. Here’s another iteration rule defined on points:

(x, y) �→ (

√
3

2
x − 1

2
y,

1

2
x +

√
3

2
y)

So, for example... aw, it’s Tough Stuff, you don’t get an
example.
(a) Pick your favorite point other than the origin, and ap-

ply the transformation to it, using exact values. Keep
doing this until you see what is happening.

(b) Find another rule that does something similar with
a different number of points.

12. Write a closed form for the sequence in problem 2.

13. A sequence is defined as

tn =




S if n = 0

T if n = 1

−tn−2 if n > 1

Find nonzero values of S and T so that tn is a geometric
sequence.

12 PCMI 2005: SSTP
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4 . . . and Ova Reagan

PROBLEM

Start with the pair of numbers 7 and 10, and generate a sequence by the
rule

the next term is zero times the one before,
minus zero times the one before that So if the first two terms

were 3 and 7, the next
would be 0 · 7 − 0 · 3 = 0.

1. Generate 10 terms of this sequence.

2. Describe any patterns you find.

Useful Stuff.

Okay, enough of those problems in boxes. Now, solve these
problems with boxes. . . of RODS! Listen for the collective

cheer and groan from the
crowd at this. Very rare,
this. Aki says we shouldn’t
force people to do anything,
but we’re forcing you to put
down your Excel and do
this! Leave the dark side. . .

1. Jeff (from Ohio) only likes to make trains with rods of
length 1 and 2: the white rods and the red rods.
(a) Find the number of trains Jeff could build of each

length from 1 to 10.
(b) These numbers seem to be heading toward some com-

mon ratio (geometric-like). What’s the common ratio?

2. Jeff (from Ohio) only likes to make trains with rods of
length 1 and 3: the white rods and the. . . uh. . . rods of
length 3.
(a) Find the number of trains Jeff could build of each

length from 1 to 10.

PCMI 2005: SSTP 13
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(b) Write a recursive rule (also called a difference equa-
tion) describing the relationship between outputs here.

3. Meghan likes coloring, so she decides that the whites should If Natan carried these rods
around to everyone, would
that make him a Rod
Steward?

be colored. . . sometimes. So she wants to do problem 1
with whites, reds, and green-colored rods of length 1 (which
she happily provides to everyone, even Cincinnati).
(a) Find the number of trains Meghan could build of each

length from 1 to 10. To help you get started, there
are 2 possible trains of length 1 now, and a total of 5
possible trains of length 2.

(b) Write a recursive rule describing the relationship be-
tween outputs here.

(c) See “Tough Stuff” for more.

4. Megan also likes coloring, so she decides that the reds
should be colored differently, sometimes. She also dislikes
the number 1 due to a childhood incident, so she only uses Please don’t ask her about

it, we’re not really sure what
happened either.

her two types of rods of length 2 (red and pink) and the
rods of length 3.
(a) Find the number of trains Megan could build of each

length from 1 to 10. To help you get started, there are
0 possible trains of length 1 now, and 2 possible trains
of length 2.

(b) Write a recursive rule, yeah, you’ve seen this question
before.

(c) Say, are these numbers heading toward a common ra-
tio? What’s the ratio if there is one? Can you describe
a rule that could take you directly to the answer for
length-15 trains?

Neat Stuff.

Okay, so we’re going to give you a bunch of recursive rules,
and a super-convenient starting point. For each one, your job
is to find the closed-form rule for the sequence.

5. tn = 5tn−1 − 6tn−2. Starting point: (2, 5)

6. tn = 3tn−1 + 10tn−2. Starting point: (2, 3)

7. tn = 13tn−1 − 30tn−2. Starting point: (2, 13)

8. tn = −7tn−1 − 12tn−2. Starting point: (2,−7)

14 PCMI 2005: SSTP
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9. tn = 7tn−1 − 12tn−2. Starting point: (2, 7)

10. tn = 6tn−1 + 40tn−2. Starting point: (2, 6)

11. So what’s going on here? What relationship is there be-
tween the numbers in the recursive rule and the closed
form?

12. Well what about this one, with starting point (1, 2)? Gee, I feel like we might
have seen this sequence on
Day 3. I might be wrong.
Nah.tn = 3tn−1 + 5tn−2

Does something different happen? Is there anything that
can be done about this travesty?

13. Find the sum of each of these:
(a) 1 + 4
(b) 1 + 4 + 16
(c) 1 + 4 + 16 + 64
(d) 1 + 4 + 16 + 64 + 256
(e)

∑5
k=0 4k

This weird notation is just
the next in this chain.(f) Describe the general rule, which would equal

n∑
k=0

4k

14. Find the sum of each of these:
(a) 4 + 16
(b) 4 + 16 + 64
(c) 4 + 16 + 64 + 256
(d)

∑4
k=0 4k+1

Just the next in the chain
again.(e) Describe the general rule, which would equal

n∑
k=0

4k+1

15. What’s the sum of the first 100 odd numbers? (The first
“odd number” is 1 for the purposes of this problem.)

16. Here’s another iteration rule defined on points:

(x, y) �→ (−y, x)

So, for example, (3, 7) ends up at (−7, 3).
(a) Pick your favorite point other than the origin, and

apply the transformation to it. Then apply the trans-
formation to the result. Then do it again, and again,
and again, plotting your points each time. Plot at least
8 points. What happens?

PCMI 2005: SSTP 15
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(b) What about the iteration rule

(x, y) �→ (x,−y)

Tough Stuff.

17. The numbers in problem 3 sure look like they could use a
closed-form rule. Why don’t you go find it?

18. The numbers in problem 2 sure look like they’re headed
toward a common ratio. What is it? No, I wanted the
exact answer.

19. You make all 512 trains of length 10, with no restriction
on rod lengths used (no special colors, either). How many
whites did you use?

20. Here’s a recursive rule:

tn = 19tn−2 − 30tn−3

Here, we’ll even give you three starting numbers: 8, 3,
79. Find the next two terms (oh wait, it’s some negative
number and then some four-digit number with a bunch of
ones). Okay, find the closed-form rule.

21. Use algebra to prove each of these identities.
(a)

αn + βn = (α + β)
(
αn−1 + βn−1

)
− αβ

(
αn−2 + βn−2

)

(b)

cαn+dβn = (α+β)
(
cαn−1 + dβn−1

)
−αβ

(
cαn−2 + dβn−2

)

(c) What use is this?!

PROBLEM

Why are you reading this? What, just because it’s in a box, it’s suddenly
important? Nothing to see here, move along.
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PROBLEM

Calculate this to seven decimal places:

1√
5
·
(

1 +
√

5

2

)9

What’s up with that?

Useful Stuff.

0. What’s the Quadratic Formula? The #1 answer: “The bane
of my Algebra I existence.”

1. Find a closed form for the recursive rule

tn − 8tn−1 + 15tn−2 = 0

with the starting values (5, 19).

2. Write a recursive rule that matches each of these closed-
form rules: Send a message in a bottle

to the language police on
this poor use of grammar.
Or is it...!

(a) tn = 3 · 5n + 5 · 4n

(b) tn = 11 · 5n − 2 · 4n

(c) tn = A · 5n + B · 4n

3. A geometric sequence starts 1, r, . . ..
(a) What is the next term?
(b) Two geometric sequences that start 1, r, . . . satisfy

the recursive rule Eh, no rule, guess you’re
done.
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tn = 10tn−1 − 24tn−2

Guess you’re not done.

What are they?
(c) What’s the general rule for any sequence that satisfies

the recursive rule tn = 10tn−1 − 24tn−2?

4. So what’s going on here? What relationship is there be-
tween the numbers in the recursive rule and the closed
form?

5. Two geometric sequences that start 1, r, . . . satisfy the re-
cursive rule

tn = 2tn−1 + tn−2

What are they?

6. Find a closed-form rule that fits this sequence: Finding the closed form on
another table’s scrap paper
does not count.

2, 2, 14, 38, 146, 482, . . .

You’ll probably have to figure out the recursive rule first!

7. Find a closed-form rule that fits this sequence:

0,
√

5,
√

5, 2
√

5, 3
√

5, 5
√

5, 8
√

5, 13
√

5, . . .

8. Find a closed-form rule for the Lucas numbers: These numbers come from a
galaxy far, far away. . . or
maybe they’re just numbers
Hava wrote on the board in
Cinti.

2, 1, 3, 4, 7, 11, 18, 29, . . .

9. Upshot alert! Find a closed-form rule for the Fibonacci
numbers:

0, 1, 1, 2, 3, 5, 8, 13, . . .

10. (a) Say, what’s the average of the two sequences in prob-
lems 7 and 8?

(b) How cool is that?

Neat Stuff. Today’s Neat Stuff features
100% non-recycled material.

11. Find a closed-form rule that fits this sequence: The recursive rule is actually
kind of a pain here. Check
out the numbers and see if
you can find the closed-form
rule. What’s this i thing?

2, 2 + i, 3, 8 − i, 17, 32 + i, 63, 128 − i, 257, . . .
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12. Find a recursive rule that fits this sequence:

1, 3, 4, 2,−4,−12,−16,−8, 16 . . .

13. Find a closed-form rule that fits the sequence in problem
12. Uh-oh! See “Tough Stuff” for more.

14. (a) Toppum makes all 8 trains of length 4. How many We named the first one
Thomas, and the eighth one
Percy.

whites did he use?
(b) Same question, but about the 16 trains of length 5.
(c) Complete this table for the total number of whites

used in making all trains of length n:

1 2 3 4 5 6 7 8
1 2

(d) Alright, what’s the recursive rule here? Surely you
didn’t actually make all 128 trains of length 8.

(e) Find a closed-form rule, now that you know how.
Warning: messy radical arithmetic ahead! When Castro counts up all

his cigars. . . that’s radical
arithmetic!15. Find this sum exactly:

0 +
1

10
+

1

100
+

2

1000
+

3

10000
+ · · · + Fn

10n
+ · · ·

Here, Fn is the nth Fibonacci number, and the sum con-
tinues forever.

Tough Stuff.

16. Use a picture of the complex plane to explain just what
the heck is going on in problem 13.

17. Here’s a sequence that comes from a recursive rule:

1, 6, 45, 216, 891, . . .

Find the recursive rule and the closed-form rule. Isn’t that
interesting?

18. Find this sum exactly:

0 +
1

100
+

4

10000
+

9

1000000
+ · · · + n2

10n
+ · · ·

As a decimal, this is 0.0104091625 . . .. Everything gets all
jumbly after n = 10, but the sequence rule still works.
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6
Useful Stuff.

1. Where we’re going, we won’t need roads (but you will
need to look at the map on the board).
(a)  According to the map, how many ways are there to
get from Las Vegas to Salt Lake City in two steps?
(b)  According to the map, how many ways are there to
get from Park City to Las Vegas in exactly three steps?
(c)  According to the map, how many ways are there to
get from Las Vegas to Park City in exactly three steps?

2. Build a six-by-six table of numbers that you can use to
convey all the information from the map.  Be ready to
describe what you did in detail.

3. Use the table of numbers in problem 2, and not the
map, to build a six-by-six table of numbers that tells
you how many ways you can get from city A to city B
in exactly two steps.  Again, be ready to describe what
you did in detail.

Enter the Matrix…

PROBLEM

        Start with the recurrence

tn = 5tn-1 + 14tn-2

If t0 = 5 and t1 = 8, find a closed-form rule for tn or, if you
prefer, find Bowen’s laptop.  Oops, it’s found!  Guess
you’re stuck doing the box problem, then.

Can you get from
Vegas to Salt Lake
City faster if you
Excelerate?

If Train X is headed
from Seattle to Cinti at
70mph and Train Y is
headed from McAllen
to Cinti at 80mph,
what is the probability
that you get this
problem right?
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4. Pick a number and perform this operation repeatedly:

  

€ 

x a
14
x

+ 5

                           (a)  What happens in the long run?
                           (b)  Find all the numbers where the output equals the input.

5. Pick a number and perform this operation repeatedly:

  

€ 

x a 2x − 5

                           (a)  What happens in the long run?  Does it depend on the
number you start with?

                           (b)  Find all the numbers where the output equals the input.

6. Pick a number and perform this operation repeatedly:

  

€ 

x a1.015x − 420

                           (a)  What happens in the long run?  Does it depend on the
number you start with?

                           (b)  Find all the numbers where the output equals the input.

7. Pick a number and perform this operation repeatedly:

  

€ 

x a .75x + 46.8

                           (a)  What happens in the long jog?  Does it depend on the
number you start with?

                           (b)  Find all the numbers where the output equals the input.

                     Neat Stuff.

8. You invest $500 at 4% APR (Annual Percentage Rate).
(a)  How much money will you have at the end of five years?
(b)  To the nearest year, how many years will it take to double
your money?
(c)  Write a rule in the form   

€ 

x aK to describe the relationship
between how much money you have between one year and the
next.

TaB® is all we have to
say for now.  I hope
we’ve piqued your
interest.  Remember,
drink TaB® to keep
tabs on your diet!
Note: this sidenote
kept us from writing
good math problems
for like 15 minutes.

Pick a question and
perform the copy-paste
operation repeatedly…
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9. You invest $500 at 4% APR in an annuity.  Which means you

invest a new $500 at the start of each year, on top of what’s
already there.
(a)  How much money will you have at the end of five years?
(b)  To the nearest year, how many years will it take for you to
have $10,000?
(c)  Write a rule in the form   

€ 

x aK to describe the relationship
between how much money you have between one year and the
next.

10.  Recall this iteration on points:

                              

€ 

(x,y)a (y,x + y)

(a)  Pick a starting point.  What happens after 6 iterations?
(b)  If you start at (a,b), where are you after 6 iterations (in
terms of a and b)?
(c)  Bev chose the starting point (5, -3).  What happens after 6
Beverations?  What happens after 12 Beverations?
(d)  Can you find another starting point that (mis)behaves
similarly to Bev’s?
(e)  Tougher. Can you find another starting point that never
corrects its (mis)behavior?

11.  Find a recursive rule that fits the sequence 1, 3, 4, 2, -4, -12,
-16, -8, 16, …

12.  What happens when you try to find a closed-form rule for the
sequence in problem 11?  Is there anything that can be done
about this horror show?

13.  Say, here’s an interesting recursive rule:

tn = 10tn-1 - 25tn-2

       Find a closed-form rule when t0 = 2 and t1 = 25.  Hm, this
ain’t as easy as it was s’posed to be.

(0,0) doesn’t count,
neither does your
average one year old.
Ah, but does the
median one year old?
Represent this in a
stem and leaf plot.

TaB® is also a
beveration.
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Irrelevant Stuff.

14.  Ask Bowen for the vertical strips.  You’ll be glad you did.

15.  Or, ask Bowen for the world’s most fun Sudoku puzzle.
Maybe you won’t be as glad?  Wondering what Sudoku is,
aren’t ya?

16.  Or, ask Ben about how he likes to stack wood.  Don’t worry,
it’s nothing criminal.  It might even be relevant (Bowen says it
isn’t).

                     Tough Stuff.

17.  Use a picture of the complex plane to explain what on earth
went on in problem 11.

18.  You have a rental car with unlimited miles, so you start
taking random roads according to the map of the cities (well,
Eureka is putting “city” loosely to say the least) we presented.
At each city you pick a road at random that leaves the city.  In
the long run, find the probability that you find yourself in
Eureka.

19.  Find a closed-form rule for the recursive rule

tn = 9tn-1 - 27tn-2 + 27tn-3

                            with the sequence going 5, 30, 117, 378…  Heh, heh, heh.

20.  Make your own Tough Stuff problem and submit it to Bowen
and Ben.  We’ll take the best ones and put them on future
problem sets.  Or maybe we won’t, and we’re just making you
try The Open-Ended Approach.

Okay, it’s more
relevant than the
other two.  Maybe
even better than a
problem about
rabbits.
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This problem set was
compiled on a spiffy new
Lappy 486 computer! The
Lappy includes a whopping
one-half of ten minutes
battery life.PROBLEM

Start with a 30-60-90 triangle with hypotenuse 12. Attach another 30-
60-90 triangle so that its hypotenuse lines up with the longer leg of the
original (the new triangle is a little smaller).

Now do this, over and over again. . . over and over again. . .

1. What is the area of the sixth triangle?

2. What is the sum of the areas of all six triangles?

3. If you kept doing this forever, what would the sum of all
the triangles’ areas be? Include overlaps (double, triple,
etc. counting).

Useful Stuff.

1. Where we’re going, we won’t need skis (but you will need
to look at the map on the board).
(a) According to the map, how many ways are there to

get from Altavista to Payday in two steps?
(b) How many ways are there to get from Altavista to

Payday in exactly three steps?
(c) How many ways are there to get from the Lodge to

Ginny’s Slope in exactly two steps? Note: stumbling down the
side of the mountain on a
bike does not count as a
step.
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(d) How many ways are there to get from Canyon Pass
to Eagle in exactly three steps?

(e) How many ways are there to get from Altavista to
the Lodge in no more than three steps?

2. Build a six-by-six table of numbers that you can use to Use any order you like for
the six locations, but we will
present them using this
order: Payday, Canyon Pass,
Altavista, Ginny’s Slope,
Lodge, Eagle.

convey all the information from the map. This time, we’re
going to ask you to be consistent: each row across should
say how many ways there are to go from X to Y in a single
step.

3. Use the table, and only the table, to build another six-by-
six table for the two-step paths from X to Y. Be sure you
can describe this entire process; saying “I squared this” is
not what we’re looking for. Unfortunately, no one can

be told what a matrix is.
You have to experience it for
yourself.

4. Use the table of one-step paths and the table of two-step
paths to build a table of three-step paths.

5. Learn how to Enter The Matrix on a calculator, then tell
the calculator to square a matrix. Hey, check it out. Choose between a TI-83,

TI-83+, TI-84, TI-84
Platinum, TI-89, TI-89
Titanium, TI-92, TI-92+, or
a Voyage 200. Or better
yet, just use MATLAB.
Teaching note: most TI
calculators have a 9-by-9
limit on matrix size.

6. Using a calculator, determine the number of paths that
start and end at the Lodge that take no more than 5 steps.
It’s fine to just describe how to do it if you’re not interested
in actually performing the calculation.

Neat Stuff.

7. There are only two roads in Strong Badia: a one-way loop-
ing road that goes around the town, and a two-way road
to and from the airport.
As a taxi driver, Homsar needs to start and end in down- So, one option is “Travel to

the airport, then back, then
do the downtown loop 4
times, then to the airport,
then back, then the
downtown loop one more
time.” Homsar loves Sammy
Hagar tunes, by the way.

town, but he knows he’ll travel on roads 9 times. How
many options does he have?

8. A proposed change to the Strong Badia roads would add
four new one-way downtown loop options (giving a total of
five) and thirteen new one-way roads to the airport (giving
a total of 14 ways to go from downtown to the airport).
There will still only be the single road from the airport to
downtown.
If this change goes through, how many options will Homsar
now have if he’ll travel on 2 roads? 3 roads? 4 roads? 5
roads? Look familiar? What’s the deal?!

PCMI 2005: SSTP 25



Raft. Do not cite or quote, especially if falling out while going over the falls.

Exit the Matrix. . .

9. Say, what’s the result of this matrix calculation:

265, eh? I think we saw that
number recently.


 0 1

14 5




3

10. Luddite ALERT! Without using any technology more
advanced than the 20th-century ballpoint pen, calculate
this:


 0 1

1 1




9

Neat Stuff.

11. You invest $1,000 at 5% APR.
(a) Use the iteration rule x �→ 1.05x to determine how

much money you’ll have at the end of 10 years.
(b) Give a closed-form rule that says how much money

you’ll have at the end of n years.

12. You invest $1,000 each year at 5% APR, and will cash it
all out after 10 years.
(a) How much will the money you put in today be worth

in ten years? Give an “exact” answer, not some deci-
mal.

(b) Repeat the question for the money you invest one
year from now. How much will it be worth at the end
of the ten years? How long is this money

getting invested anyway?(c) Write a nice long expression for the total money you’ll
have at the end of the ten years.

(d) Any thoughts on simplifying this thing? cough cough
geometric sequence cough

13. Consider the iteration rule x �→ −0.75x + 12.
(a) Pick a number and iterate. What could happen?
(b) What are the fixed points, if any?

14. Consider the iteration rule x �→ −1.1x + 3.
(a) Pick a number and iterate. What could happen?
(b) What are the fixed points, if any?

15. Consider the iteration rule x �→ −x + 12.
(a) Pick a number and iterate. What could happen?
(b) What are the fixed points, if any?
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16. Consider the iteration rule x �→ 1.01x − 3.
(a) Pick a number and iterate. What could happen? Bored with these questions

yet? Too bad!(b) What are the fixed points, if any?

17. Consider the iteration rule x �→ Ax + B.
(a) Pick a number and iterate. What could happen?

Note: there are a lot of answers here, depending on
A and B — we want them all.

(b) What are the fixed points, if any? Can there ever be
more than one fixed point? Less than one?

Tough Stuff.

18. Homsar drives randomly about the town (now that all
these extra roads have been built). As a very long day
wears on, what’s the probability he’ll be on the way to the
airport at any given time? Assume all the roads take the
same amount of time to travel upon.

19. A bunch of skiers get on at Lodge, and they choose paths
at random (equally likely to take any path). As the day
continues, skiers start to fan out over the 6 mountain loca-
tions (assume no time between locations, so everyone is at
one of the 6 locations). What’s the probability of finding a
particular skier at Ginny’s Slope after, oh, say, 100 steps?
(The number of steps turns out to be unimportant as long
as it’s big enough.)

20. Consider the iteration rule x �→ x2 + B.
(a) For what numbers B will there be fixed points? (Here,

x is restricted to real numbers.)
(b) For what numbers B will there be attracting fixed

points?
(c) Take the starting number x = 0. As B changes, the

behavior that x = 0 follows in the iteration changes. For example, B = −10 fails,
since the iteration goes
0 �→ −10 �→ 90 �→ 8090 �→
BIG . . .

Describe the changes in as much detail as possible, and
find the smallest number B so that x �→ x2 + B won’t
eventually dive off to infinity when starting with x = 0.

21. Write your own problem that links matrices, maps, and
genomics. Or, steal a good one from some other book that
we can use in the next couple of days.
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8 Low-TeX Thursday?

PROBLEM

John credits his teaching success to drinking lots of TaB. Each can of
TaB has 46.8 mg of caffeine.

John (starting caffeine-free) drinks a can of TaB to start (time t = 0)
and every two hours after that. Suppose the body metabolizes 1

4
of the

caffeine in the bloodstream during each 2-hour period (really, that’s pretty
close). How much caffeine will John have in his body after 6 hours? 12
hours? in the long run? Assume John wakes up in the middle of the night
to drink TaB too.

Come on, don’t tell us
you’ve never even seen a can
of TaB. It’s the uncola! No,
it’s not. It’s refreshingly
crisp! No, wait, that’s
Fresca. Anyway. John also
says to spend no more than
5 minutes on this problem; if
you think you need more
time, move on and come
back later.

Instead, what would happen if John started with 500 mg in the blood-
stream, then continued drinking TaB every two hours?

Useful Stuff.

1. Consider the iteration rule

x �→ 0.75x + 46.8

(a) Find all numbers x where the input equals the output.
(b) Suppose you start with x = 500 and iterate. What

happens?

2. Consider the iteration rule

x �→ 6

x
+ 1
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(a) Find all numbers x where the input equals the output.
These are called fixed points for the iteration.

(b) Suppose you start with x = 3.01 and iterate. What
happens?

(c) Suppose you start with x = −2.01 and iterate. What
happens?

(d) Suppose you start with x = −1.99 and iterate. What
happens?

3. Here’s a recursive rule:

tn = tn−1 + 6tn−2

What happens to the ratio between terms
tn

tn−1

for each of

these starting points?
(a) (2, 1) There’s a reason we give 5

different ones here. We
want you to try them all.
Or, divide the work among
tablemates. Excelleration
will be tolerated, barely.

(b) (2, 5)
(c) (2, 6)
(d) (2,−4)
(e) (2,−3.999)

4. Find two functions where 9 is a fixed point.

5. A fixed point is called attracting if numbers near the fixed
point move closer to the fixed point. There is a more technical

definition involving
neighborhoods and the
letter ε, but... mep.

Which of these iteration rules have attracting fixed points?
(a) x �→ 0.75x + 46.8
(b) x �→ 0.75x − 12
(c) x �→ 1.1x + 2
(d) x �→ 6
(e) x �→ −0.9x + 10
(f) x �→ −1.3x − 12
(g) x �→ x + 4
(h) x �→ −x + 4

6. When will the iteration rule x �→ Ax+B have an attracting
fixed point? Does it depend on A, B, or both?

7. Here’s a rule defined on points:

(x, y) �→ (2x + 3y, 5x − 7y)

Find the point (x, y) that outputs the point (11, 13).

8. Solve this system of equations by any means necessary:

2x + 3y = 11
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5x − 7y = 13

9. Solve this system of equations: Yes, it really is a system of
equations. Perhaps you’ve
seen it recently? A little too
recently, maybe?


 2 3

5 −7





 x

y


 =


 11

13




Neat Stuff.

Skip problems 10 through 12 until we’ve done our L-shaped
demonstration.

10. Use graph paper to determine the effects of each of these
matrices on our happy little L:

(a)


 −1 0

0 1




(b)


 −1 0

0 −1




(c)


 2 0

0 2




(d)


 0 0.5

−0.5 0




(e)


 2.5 0

0 0.4




11. According to our discussion, how much time should you
be spending on this problem?

12. The area of the original L shape is 11 square somethings.
Find the area of the new L under each of the matrices in
problem 10.

13. Find the two fixed points for this iteration rule:

x �→ 2x2 − 3

What happens if you try iterating numbers that are near
each fixed point?

14. Find the two fixed points for this iteration rule:

x �→ x + 5
x

2
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(a) What happens if you try iterating numbers that are
near each fixed point?

(b) What might this iteration rule be used to do?

15. Consider this iteration rule:

x �→ x2

(a) What are the fixed points?
(b) Are any of the fixed points attracting?

16. Consider this iteration rule:

x �→ x3

(a) What are the fixed points?
(b) Are any of the fixed points attracting?

17. Explain why the iteration rule We can’t think of a funny
comment here, so consider
this as though it were some
kind of witty joke about Jar
Jar Binks or perhaps just
Steve.

x �→ p(x)

where p(x) is a polynomial of degree n, can’t have more
than n fixed points.

Tough Stuff.

18. Bill says that any iteration rule

x �→ p(x)

where p(x) is a cubic polynomial, must have a fixed point.
Is he right? Prove it!

19. Find an iteration rule with two attracting fixed points at
x = 2 and x = 8.

20. Find an iteration rule with exactly three attracting fixed
points.

21. Experiment with this recursion:

tn = 2x · tn−1 − tn−2

where the starting point is t0 = 1, t1 = x. Polynomials,
hey-o!
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This is the process to show a Web diagram for iteration on the
TI-83 or 84:

1. Select MODE, then select Seq (sequence) instead of Func
(function). This is done because the calculator considers
iteration to be a recursive sequence, like this:

u7 = 0.75 · u6 + 1.5

where the un are the iterates. Each iterate comes from the
previous one.
There is one significant difference: the calculator uses func-
tion notation for this. So, instead of un, it will use u(n)
throughout.

2. Now select Y=, and the menu has changed. It asks for
u(n) = instead of y =, and is asking for the recursive rule.
So, one potential rule is

u(n) = 0.75u(n − 1) + 1.5

Entering this rule will perform the iteration function u �→
0.75u + 1.5. The u button is 2nd-7 on

the TI-84, and n is the X/T
key.3. Enter the initial value, listed as u(nMin):

u(nMin) = {.1}
The calculator will add curly braces around any number you
type here.

4. On the FORMAT menu (2nd-ZOOM), select Web to dis-
play a Web diagram.

5. Other settings pertaining to the graph can be changed by se-
lecting WINDOW. For Web diagrams, xMin, xMax, yMin,
and yMax are the limits on the Cartesian coordinates dis-
played. For this example, try setting both x and y limits
between −10 and 10 to comfortably display the example
given here.

6. Select GRAPH, and two graphs should appear: the iteration
function and the line y = x.

7. Select TRACE, then push the right arrow key repeatedly.
This will draw the Web diagram step-by-step.
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9 It, or Eight?

PROBLEM

It’s graph paper time. Take a piece of graph paper, and draw a very

Graph paper time means
half-price hot chocolate in
the hall, and a free raffle
entry for one Zome.

large, accurate graph of y = x2 that goes from x = 0 to 2, and y = 0 to 4.
(Take points every 0.2 units if you need a guideline.)

Now, on the same coordinate grid, graph the line y = x.

Starting from the point (0.8, 0), move vertically to the graph of y = x2.
What are this point’s coordinates?

Then, move horizontally to the graph of y = x. Cawdinates?

Then, move vertically to the graph of y = x2. Cawds?

Continue moving vertically and horizontally. What happens?

Useful Stuff.

1. Tobey repeats what’s in the box, starting from the point
(1.1, 0). What happens?

2. Find all the fixed points for the iteration x �→ x2, and
determine whether each is attracting, repelling, or neither.

3. Watch our demonstration. Don’t do problems 4 and 5 until
you’ve seen it.

4. Stephanie is getting hooked on TaB. Use a calculator to It was either TaB or phonics,
and Stephanie chose TaB.make a Web diagram that illustrates what happens when

Stephanie starts drinking TaB every two hours. (She starts
caffeine-free.)
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5. Use a Web diagram to decide whether or not each of these
iteration rules has an attracting fixed point. Hey, we don’t care if you

already know the answer
here. Build a Web diagram.

(a) x �→ −.9x + 9.5
(b) x �→ 1.3x − 2
(c) x �→ x2 − 1

6. Use graph paper to determine the effects of each of these
matrices on our happy little L:

(a)


 3 0

0 3




(b)


 3 0

0 1




(c)


 1 0

0 0




(d)


 2 1

1 2




(e)


 2 4

1 2




7. For each new L in problem 6, find its area. The area of
the original L is 13 square Cals. Although the L has 13

square Cals, TaB has none.
Never had it, never will.8. Find a matrix that does each of these things to our happy

little L:
(a) Reflect across the line y = x.
(b) Reflect across the line y = −x.
(c) Rotate 90 degrees counterclockwise.
(d) Make an L with area exactly 100 square Cals.

Neat Stuff.

9. Consider all the iteration rules in the form

x �→ Ax + B

(a) Will there always be a fixed point?
(b) Find the fixed point(s) in terms of A and B.
(c) Can there be more than one fixed point?
(d) Based on what you’ve seen (with Web diagrams, TaB,

and annuities), determine when rules in this form will
have attracting fixed points.
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10. Consider the iteration rule

x �→ 6

x
+ 1

(a) Use a Web diagram to illustrate that x = −2 and
x = 3 are both fixed points.

(b) Use the ZOOM tools to zoom in around the fixed
point x = 3. And I mean ZOOM.

(c) Is the fixed point x = 3 attracting? Use the Web
diagram to tell.

(d) Repeat for the fixed point x = −2. ZOOM, zoom,
zoom in then decide whether it’s attracting from what
the Web diagram shows. Perhaps this fixed point is

broken? Oh, wait, now it’s
fixed.11. Consider the iteration rule

x �→ x + 5
x

2

(a) Use a Web diagram to illustrate that x = −
√

5 and
x =

√
5 are both fixed points.

(b) Use the ZOOM tools to zoom in around the fixed
point x =

√
5. And I mean ZOOM.

(c) Is the fixed point x =
√

5 attracting? Use the Web
diagram to tell.

(d) Repeat for the fixed point x = −
√

5. Send it to
ZOOM, then decide whether it’s attracting from what
the Web diagram shows. ZOOM, Box 350, Boston,

MA. . . 0 2 1 3 4. . .
12. Which of these iteration rules have an attracting fixed

point at x = 9?

x �→ 2x − 9 x �→ −2x + 27 x �→ 18
x

+ 7
x �→ 9 x �→ 9

x
+ 8 x �→ −x + 18

x �→ x2

9
x �→ x2 − 81 + x x �→ 2

3
x + 3

x �→ 4
3
x − 3 x �→ x2 − 72 x �→ x

13. What’s up with this iteration rule?

x �→ x + 17
x

2
Does it have any fixed points? Attracting fixed points?
Why would this rule have been useful before the calcula-
tor?
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14. Who would ever consider the iteration rule Alan would. Why, wouldn’t
you?

x �→ x2 − 15

2x + 8

(a) What are the fixed point(s) for this iteration rule?
(b) Which of the fixed points is attracting? Which is

repelling? What?

15. What’s the monthly payment on a car if it costs $10,000
and you’re paying it off at 6% APR, monthly (that means
0.5% interest monthly), for 48 months? Take a guess, then
make a better one.

Tough Stuff.

16. Use Newton’s Method to find an iteration rule with three
attracting fixed points (you can pick where).

17. Find the two fixed points for this iteration rule:

x �→ 2x +
1

x
Are they attracting or repelling?

18. Consider all the iteration rules in the form

x �→ Ax2 + Bx + C

(a) Will there always be a fixed point?
(b) Find the fixed point(s) in terms of A, B, and C.
(c) Can there be more than one fixed point? Can there

be more than one attracting fixed point?
(d) Determine when rules in this form will have attracting

fixed points.

21. (continued) What’s the common ratio for this iteration
rule? That’s not a typo, the first

output of the iteration rule
will be 2z − 1! The factorial
is not a typo either.x �→ 2z − 1!

x
Take the starting point x = 1 to begin with.
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10 Drinks and a Movie

PROBLEM

G is the graph All the paths go both ways.

Find:

1. The adjacency matrix, A

2. The matrix giving the number of 3 step walks

Useful Stuff.

1. Find all the fixed points for the iteration x �→ x2−0.5, and
determine whether each is attracting, repelling, or neither.

2. Here’s a rule that governs atrioventricular conduction in
mammals. No, really, it does:

tn =
375

tn−1 − 90
+ 100

Additionally, tn is restricted to be at least 90.
(a) Are there fixed points? Find them any way you like.
(b) Are the fixed point(s) attracting or repelling? Use a

Web diagram to decide. Hey, tn has to be greater than
90, fool.

(c) Describe what happens with initial condition t0 =
200.

3. Which of these iteration rules have an attracting fixed
point at x = 9?
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Break it up, break it up!
Among the group, we mean.x �→ 2x − 9 x �→ −2x + 27 x �→ 18

x
+ 7

x �→ 9 x �→ 9
x

+ 8 x �→ −x + 18

x �→ x2

9
x �→ x2 − 81 + x x �→ 2

3
x + 3

x �→ 4
3
x − 3 x �→ x2 − 72 x �→ x

4. Amy bought a house! She has a 15-year mortgage at a low Hurray for Amy!

rate of 6% APR. That means that every year, whatever
she owes grows by 6%. She owes $100,000 to start. Sadly,
the interest is added first, before any payment is made.
(a) If Amy pays $6,000 every year, explain why the rule

x �→ 1.06x − 6000

describes the balance between one year and the next. We are ignoring things like
monthly payments to make
it nicer. For now. Also, Amy
metabolizes TaB just as fast
as anyone.

(b) If Amy pays $6,000 every year, what happens?
(c) If Amy pays $7,000 every year, will she pay off the

$100,000 in 15 years? If not, how much is left at the
end?

(d) If Amy pays $8,000 every year. . . same questions.
(e) What of $9,000? Hey, you noticing anything? If

you’re not noticing anything other than “It’s getting
smaller,” try it for $10,000. SLOW DOWN! This is

important right here.(f) Figure out exactly how much Amy needs to pay ev-
ery month. Right now, no more guessing. Really, it’s
possible!

5. Do each of these matrix calculations, then figure out why
we asked you to do it. By this we mean we want

you to look at the results of
the calculations and track
down some general behavior.
Heck, you might even try
proving it with a general
case.

(a)


 2 5

−1 7





 4

7




(b)


 2 5

−1 7





 12

21




(c)


 2 5

−1 7





 0

0




(d)


 2 5

−1 7





 3

5


 +


 2 5

−1 7





 4

1




(e)


 2 5

−1 7





 7

6
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Neat Stuff.

6. Rey is the King of Math and the King of TaB. In fact, he
drinks two TaBs every two hours, both at the same time.
Chug, chug!
(a) Write an iteration rule for the amount of caffeine from

TaB running through Rey’s body.
(b) Suppose Rey starts caffeine-free, like Stephanie did.

Make two tables comparing Rey’s caffeine intake and
Stephanie’s. What’s the relationship?

(c) Joy learns that TaB can make singing voices even
better, and vows to drink three TaBs every two hours. If Joy keeps drinking like

this, she’ll run up quite a
TaB after a while. Thanks,
we’re here all week.

What happens to her, other than having to go to Al-
bertson’s every day? Compare to Rey and Stephanie.

7. So, let’s see, we’ve found that the iteration x �→ x2 − 0.5
has an attracting fixed point, and the iteration x �→ x2 −1
does not.
(a) What about x �→ x2 + 0.5?
(b) What about x �→ x2 + 0.25?
(c) Somewhere between x �→ x2 − 0.5 and x �→ x2 − 1 This third one was nearly

“Tough Stuff”, so feel free
to move on. There are a
couple ways to attack this,
but neither is easy.

is a place where stuff goes from happy-happy to not
happy-happy. Where’s that?

8. Describe what the matrix
 5 0

0 5




does to any point in the plane.

9. Not to be outdone, the matrix
 0 1

−15 8




says “You’re not so tough,


 5 0

0 5


. I can scale some

points, too. Maybe not all of them, but some.”
Find some points, other than (0, 0), that scale when mul-
tiplied by this matrix. In other words, solve this system:

 0 1

−15 8





 x

y


 =


 kx

ky
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Tough Stuff.

10. Suppose

A =

(
0 1

−6 5

)
and P =

(
1 1
2 3

)

Find:

(a) P−1AP (b) (P−1AP )
2

(c) (P−1AP )
5

(d) P−1AP (e) P−1A2P (f) P−1A5P

(g) A5 (h) A6 (i) An (n a positive integer)

11. Find an iteration rule with exactly three distinct attract-
ing fixed points. Or, prove no such rule exists.

12. Draw a picture in the complex plane to describe the fixed
point dynamics of the iteration rule

x �→ 2x +
1

x
13. Consider all the iteration rules in the form

x �→ Ax2 + Bx + C

(a) Will there always be a fixed point?
(b) Find the fixed point(s) in terms of A, B, and C.
(c) Can there be more than one fixed point? Can there

be more than one attracting fixed point?
(d) Determine when rules in this form will have attracting

fixed points.

21. (continued) Pafnuty shows you this recursive rule: Pafnuty? What kind of
name is that?! Course, it
could just be a hint of some
sort.tn = (2cosθ)tn−1 − tn−2

Start with the initial conditions t0 = 1, t1 = cosθ.
(a) Graph each tn: what happens?
(b) Write a closed form for tn using what you know about

two-term recurrences.
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11 What Affine Day. . .

PROBLEM

The government of a small country (Texas) has purchased 10,000 vials

After all, Texas can decide
at any time to divide up into
as many as five states. It
says so! Don’t mess with
Texas’ vaccine.

of vaccine, a 14-day supply. The living culture for the vaccine grows at
a rate that produces 5% more vials of vaccine each day. In order to be
efficient, it has been determined that the same amount of vaccine should
be distributed each day.

(a) Write an iteration rule that describes this situation.

(b) How much vaccine should be distributed each day to exhaust
the supply of vaccine in 14 days, when a new shipment will
arrive?

(c) Complete this table with different options for Texas’s buying
power:

Purchase Daily Distribution
9000
10000
11000
12000

Notice anything?

Useful Stuff.

1. Oscar buys a house. He takes out a 15-year mortgage on
the $200,000 cost of the house. The interest rate is 6.5%.
(a) If Oscar had an interest-only loan, how much would

he have to pay each year?
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(b) Instead, Oscar pays $16,000 per year. Will he pay off
the mortgage in 15 years? How much is left?

(c) Oscar jacks it up to $18,000 per year. Now what
happens? $20,000?

(d) Determine the correct annual payment Oscar should
make, based on these other results.

2. Judy considers the iteration rule x �→ 2x.
(a) What’s the fixed point?
(b) You start 16 away from the fixed point. After taking

the iteration once, how far are you away from the fixed
point? Sixteen away? Couldn’t that

be two numbers? Oh,
wouldn’t it be nice if they
both came out the same. . .

(c) After taking the iteration twice, how far are you away
from the fixed point?

3. Josue considers the iteration rule x �→ 2x + 3.
(a) What’s the fixed point?
(b) You start 16 away from the fixed point. After taking

the iteration once, how far are you away from the fixed
point?

(c) After taking the iteration twice, how far are you away
from the fixed point?

4. Susan drinks TaB while considering the iteration rule x �→
0.75x + 46.8. TaB. Wasn’t it delicious?

And no calories too! If only
there were caffeine-free TaB.

(a) What’s the fixed point?
(b) You start 16 away from the fixed point. After taking

the iteration once, how far are you away from the fixed
point?

(c) After taking the iteration twice, how far are you away
from the fixed point?

5. Tandy thinks about her mortgage while considering the
iteration rule x �→ 1.06x − 7000.
(a) What’s the fixed point?
(b) You start 16 away from the fixed point. After taking

the iteration once, how far are you away from the fixed
point? What is going on here?

(c) After taking the iteration twice, how far are you away
from the fixed point?

6. So, what is going on here? Describe the behavior on any
linear iteration rule x �→ Ax + B. Specifically, when will
x �→ Ax + B have an attracting fixed point? Bad affine joke here, and a

possible def.
7. Amy buys a $100,000 house, and pays off the mortgage at
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6% APR. She pays $9,000 per year.
(a) What’s the fixed point?
(b) How far is Amy starting from the fixed point?
(c) After taking the iteration once, how far is Amy from

the fixed point?
(d) After taking the iteration 15 times, how far is Amy

from the fixed point?
(e) Find a closed-form rule for the amount of money Amy

owes after n years, based on the “how far away from
the fixed point” idea.

8. Ben Affleck won an Oscar for what movie?

Useful Stuff from a Different Angle. Multiple solution methods?
What is this, the 11:00 hour
already?9. Allen reconsiders the iteration rule x �→ 2x, and starts

with x0 = 7.
(a) Write the next four terms, but don’t simplify any-

thing. No exponents neither. Lots of parentheses, this. The first one is 2(7). We’ll
leave the rest to you.(b) Alright, fine, now you can combine stuff. What do

you get?
(c) Write a rule for x10.

10. Claudia reconsiders the iteration rule x �→ 2x + 3, and
starts with x0 = 7.
(a) Write the next four terms, but don’t simplify any-

thing. No exponents neither. Yeck? The first one is 2(7) + 3.
We’ll leave the rest to you.(b) Alright, fine, now you can combine stuff. What do

you get? Uh oh, what you gonna do about all them
3s!

(c) Write a rule for x10.

11. Demian reconsiders the mortgage rule B �→ 1.06B−9000, Oh NO, not the letter B!
What do we do if it’s not x?
Close the schools!

starting with initial balance B0 = 100000.
(a) Write the next four terms, but don’t simplify any-

thing. No exponents neither. Messy, but lovely. The first one is
1.06(100000) − 9000.(b) Alright, fine, now you can combine stuff. What do

you get? What do you do about all them 9 grands?
(c) Write a rule for Bn.

12. What was Aki’s secret Iron Chef ingredient?
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Neat Stuff.

13. Show that the mortgage rules from problem 7 and 11 al-
ways give the same result.

14. Describe what the matrix

 7 0

0 7




does to any point in the plane.

15. Truly ticked at the other matrix’s superiority, the matrix

 0 1

−21 10




says “Yeah, big hotshot,


 7 0

0 7


. You’re not the only one

that can scale points, you know.”
Find some points, other than (0, 0), that scale when mul-
tiplied by this matrix. In other words, solve this system: There is more than one

“family” of points. What
does that mean? Heck if we
know, we just write these
sidenotes to distract you.


 0 1

−21 10





 x

y


 =


 kx

ky




Relatively Useless But Still Pretty Neat Stuff.

16. Consider the iteration rule

x �→ 2x2

x3 + 1
(a) Find all the fixed points.
(b) Classify each fixed point as attracting, repelling, or

neither.

17. Steve stares at a Rubik’s cube for a real long time without
realizing it’s been completed already. He starts looking A really long time, if you

ask us.at the red side, then flips to another (bordering) side by
turning the cube one of four directions at random. In the
long run, what’s the probability that Steve stops and finds
himself staring at the green side (which is opposite the
red)?
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12 Fun with Matrices

PROBLEM

Tristen buys a car. The car costs $12,000, and the financing is 6% APR,
divided into 0.5% every month. A car payment is due every month for 36
months.

We were going to write this
problem about Kelley,
but. . . nah. We also wanted
this to be an annuity
problem, but we didn’t want
anyone to lose interest.

(a) Suppose Tristen paid $300 per month. Show that this isn’t
enough to pay off the car. How much would be left?

(b) Suppose Tristen paid $400 per month. Show that this is
more than enough to pay off the car. How much extra was
paid?

(c) Find the correct car payment, to the nearest penny.

Useful Stuff.

1. A square lies with the corners (0, 0), (1, 0), (1, 1), and
(0, 1). Say, we could represent those points as the columns
in a 2-by-4 matrix. Hacksaw Jim Duggan was

once known for beating
people over the head with a
2-by-4 matrix. So were the
Three Stooges.

(a) Type that matrix into a calculator, but only if you feel
you could do everything without it. Call this matrix
George. No, wait, call it A.

(b) Compute


 3 0

0 3


 ·A. Draw the new shape and find

its area.

(c) Compute


 2 1

1 2


 ·A. Draw the new shape and find

its area.
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(d) Compute


 5 2

3 7


 · A. Same same.

(e) A little tougher: Find the area of the shape that re-

sults when you multiply by


 a b

c d


. You can assume

all of a through d are positive. Hurray for parallelograms. So about this area, can you
determine it?

2. Take the matrix B =


 0 1

−10 7


. Here’s a set of starting

Important! You may use a
calculator here, but not for
matrices. So, feel free to use
it as a crutch for adding and
multiplying, but there’s
something important in this
problem you might not catch
if you just slam slam slam
buttons. After all, we want
you to do things. . . over and
over again. . .

points P . For each P , calculate B · P , then B2 · P , then
B3 · P . Dude, read the side note.

(a) P =


 2

7




(b) P =


 0

3




(c) P =


 1

5




(d) P =


 1

2




(e) Hey, you. Look back. What’s the deal here?

(f) Answer the questions for P =


 3

12


 without doing

any matrix calculations.

3. Take the matrix C =


 0 1

−35 12


. Consider the starting

point P =


 1

r


.

(a) Write C · P in terms of r.
(b) What two values of r will make C · P a scaled copy Lynda points out that if this

was the last problem, the
answers would’ve been
r = 5 and r = 2.

of P? In other words, what makes C · P a multiple of
P?

4. Describe what the matrix

 4 0

0 4




does to any point in the plane.

5. The matrix
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D =


 0 1

8 2




can also scale points. Find some points, other than (0, 0),
that scale when multiplied by this matrix. In other words,
solve this system:


 0 1

8 2





 x

y


 =


 kx

ky




6. Pick any starting point and run it through matrix D of
problem 5. What happens after taking a high power of D?
Any relationship to the old recursive stuff we did?

Neat Stuff.

7. Lars can afford $450 per month for a car, now that he rules
the Park City math world (49 weeks per year). For 3 weeks, he has to

compete with Herb. . . and
that’s a tough one.

(a) A 3-year loan can be had at 3.9% APR. What’s the
price of the most expensive car he could get with $450
per month?

(b) A 4-year loan can be had at 4.9% APR. What’s the
price of the most expensive car he could get with $450
per month?

(c) A 5-year loan can be had at 5.9% APR. What’s the
price of the most expensive car he could get with $450
per month?

8. Find the two numbers k that can make this equation true:

 0 1

1 1





 x

y


 =


 kx

ky




Whoa, what’s up with that?

9. Look back at the ski map from Day 6. Back then, we built
a matrix saying how many ways there were to go from X
to Y for each location.
There’s another kind of matrix that can be built with the This means that each row’s

values should add up to 1,
since it’s the total
probability that you go from
X to anywhere.

probability of going from X to Y at any given time. So, say
you randomly decide where to go once you get somewhere.
Build a 6-by-6 matrix with the probability of going from X
to Y, given that you are already at X.
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10. Alright, now take the fourth power of the matrix you got
in problem 9. Interpret the meaning of this matrix. Does
it matter where you started?

11. Alright, now take the 50th power of the matrix from prob-
lem 9. What is happening? Warning! Slow calculators

stink!
12. Build a probability matrix for the map from the Good Will

Hunting problem (day 10). Take that matrix to the 50th
power. Does the same thing happen?

13. Hey, experiment with this iteration rule, where 0 ≤ x ≤ 1:

x �→ 2.5x(1 − x)

14. Same thing, except x �→ 3.1x(1−x). What’s up with that? Criminy, when will we stop
asking “What’s up with
that?” What is up with
that?

15. Algebraically, find the fixed points of this iteration:

x �→ kx(1 − x)

Tough Stuff.

16. Hey, take a cube with one vertex at (0, 0, 0), side lengths 1,
and all volume in the first “octant”. So, then you multiply Basically, the square from

the first problem in fabulous
3-D.

by a 3-by-3 matrix, and the volume changes. Describe how.
Bonus prizes if you build the 3-D parallelogram equivalent,
the “parallelpiped” if you will. Big bonus if you use Zomes.

17. Find the closed-form rule for


 0 1

−10 7




n

·

 x

y




in terms of x, y, and n.

18. Use a system of equations to find the exact probability of
being at the six different ski locations in the long run. Oh
yeah, same for Good Will.

21. Experiment with this recursion:

tn = 2x · tn−1 − tn−2

where the starting point is t0 = 1, t1 = x. Generalize the

zeroes of Pafnuty’s nth polynomial.

48 PCMI 2005: SSTP



Draft. Do not cite or quote unless you plan to pilot Algebra 2.

Uh Oh

13 Uh Oh

Is 13 unlucky? Who knows.
This problem set, though?
Definitely!

PROBLEM

Tomorrow is review day. Among your table, take between 10-15 minutes
to craft a problem for the review. As a reminder, we’ve had four major
topics:

• recurrence relations

• iteration

• bad humor

•matrices

Problems that connect topics are ideal here, but not required. The
biggest thing we’re looking to do tomorrow is show how far we’ve come in
three weeks.

Write your question on a card, and we’ll collect ’em all.

We reserve the right to
change your question in
order to improve its bad
humor potential, or possibly
some of the numbers or
what-not. We won’t change
it fundamentally at all.

Bioinformatical Stuff.

The problems in this section refer to the iteration rule

x �→ kx(1 − x)

Here, x represents a proportion (from 0 to 1) of the maximum
possible population that could be sustained for a generation
with the resources of a system, and k is a constant affecting
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reproduction rate. The idea here is that the current population
uses some of the resources, and depending on the population
this generation, the population of the next generation might be
larger or smaller. The value of k must be between 0 and 4. Borrrring. Borrrring. . .

The two parts of the rule x �→ kx(1−x) represent the potential
growth and decay of population from one generation to the next:

• the kx part represents reproduction, which is proportional
to the population and to a known growth rate. When the
growth rate increases, quicker population growth occurs. Man, that was long. If this

were the Gong Show, that
would’ve been gonged long
ago. And now, the Unknown
Conic, followed by Gene
Gene the Piano-Playin’
Machine.

• the (1 − x) part represents resource consumption, which is
proportional to how close the population is to the maximum.

1. Try k = 1.5 and initial value x = 0.1. Iterate. What
happens?

2. The graph of y = kx(1 − x) is a parabola. What are the
coordinates of the intercepts? The vertex? Feel free to test
values of k first.

3. Knowing what you know about the vertex, why does it Remember, it’s iteration.
Also remember Positive K’s
hit “I Got A Man”? Yeah,
me neither.

have to be a positive k? Why can’t k be larger than 4?

4. By hand, carefully draw a Web diagram that shows the
iteration for Build the coordinate grid to

include only values between
0 and 1 on both axes.

x �→ 2x(1 − x)

using the starting value x0 = 0.1. Find the value of the
fixed point, and determine whether or not it is attracting.

5. Consider k = 2.5. Find the value of the fixed point, and
determine whether or not it is attracting. Does anything
different happen? As a reminder, you can

switch from plotting a Web
diagram to plotting a time
series under the TI-83/84’s
FORMAT menu, or under
the “y = ” tool’s AXES
menu on the TI-89.

6. What happens when k = 0.5?

7. What happens when k = 3.0?

8. What happens when k = 3.2?

9. What happens when k = 3.5?

10. What happens when k = 4.0? Yeesh. As Stefani might
say, this is bananas. And all we did was change k a bit. If this didn’t make sense,

that’s probably a good
thing. Holla back!11. (a) What happens when k = 4.0 and the starting point

is exactly x0 = 5+
√

5
8

? Use the exact value and no
calculator. Time limit: 2 minutes.
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(b) Use a decimal approximation to x0 = 5+
√

5
8

. What
happens?

Amazingly Fantastic Stuff.

So, I guess we don’t know all there is to know about iteration.
But, fortunately, at least we know all there is to know about
recurrence rules, right? Uh oh.

12. Hey, check out this recurrence rule:

tn = 2tn−1 − tn−2

Start with t0 = 3 and t1 = 8. What happens? Try a
different starting point. What happens then? Oh, dear. Your powers are useless

against the recursive dark
side.13. Hey, check out this recurrence rule:

tn = 3tn−1 − 3tn−2 + tn−3

Start with t0 = 1, t1 = 4, and t2 = 9. What happens? Try
a different interesting starting point. What in the heck?

14. Alright, here’s another one:

tn = 4tn−1 − 6tn−2 + 4tn−3 − tn−4

Hm? Try the starting point (−1, 0, 1, 8) as t0 through t3.

15. Find a recursive rule that could generate a fourth-degree And you thought we’d be
able to avoid Blaise for three
weeks.

polynomial.

16. San Dimas High School has 480 seniors, 520 juniors, 550
sophomores, and 600 freshmen. Suppose that each year, San Dimas High School

football rules!the incoming freshman class is 10% larger than the class
which just graduated, and that otherwise, the size of each
class is constant from start to finish. So, for example, there
will be 520 seniors, 550 juniors, 600 sophomores, and 528
freshmen next year.
(a) Build a matrix to describe what happens year-over-

year.
(b) What will the school enrollment be 10 years from

now?
(c) Will there ever be a year that the senior class is the

largest? Explain why or why not.
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Tough Stuff.

17. The second iterate function is a function that takes x to the
result of 2 iteration steps. For example, if the function used
for iteration is x �→ x2, then the second iterate function is
x �→ x4. One way to think of this

uses function notation. If
f(x) is the function, then
f(f(x)) is the second
iteration function. If
f(x) = x2, then f(f(x)) =
f(x2) = (x2)2 = x4.

(a) Show that the second iteration function for x �→ x2−1
is x �→ x4 − 2x2.

(b) Find all the fixed points for x �→ x4 − 2x2 using
algebra, a calculator, or a computer.

(c) Show that the second iteration function for x �→ 2x(1−
x) is x �→ 4x(1 − x)(1 − 2x + 2x2).

(d) Find all the fixed points for the second iteration func-
tion for x �→ 3.3x(1 − x).

(e) Investigate some other second iteration functions, or
even some third (or higher) iteration functions to find
other cycles.

18. Find a value of k (0 ≤ k ≤ 4) so that the end behavior for

x �→ kx(1 − x)

using initial value x0 = 0.1 is:
(a) a 3-term cycle.
(b) a 4-term cycle.
(c) a 5-term cycle.
(d) a 6-term cycle.

19. A number C is in the M -set if the iteration rule

x �→ x2 + C

with starting point x = 0 does not go off to infinity. Put more mathematically,
the orbit of x = 0 is
bounded.

(a) Find all real numbers that are in the M -set.
(b) Find all pure imaginary numbers (x = 0 + bi) that

are in the M -set.
(c) Find all the numbers that are in the M -set.

20. Pafnuty randomly walks around the edges of a cube, start-
ing from a vertex on one corner. Find the probability that
he is at the opposite corner after exactly 8 steps (where a
step takes him from a vertex to any adjacent vertex of the
cube).

21. (continued) Connect all the problem 21’s together into a
cohesive whole. Or, just talk to Ben, he loves this crazy
junk.
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14 So Long, and Thanks

for All the Problems

Review Stuff.

1. Local celebrity claims that trees in the Park City Write your name in the
blank. Look! You’re finally
in the problem set! Now
quit whining and get back
to work.

and/or Cincinnati areas are being cut at a rate of 15% per
year. Authorities have decided to plant 2,000 trees every
year to try and counteract this effect.
(a) What is the fixed point?
(b) If there are 50,000 trees to start, what happens in the

long run?

2. (a) Find a recursive rule that fits this sequence:

2, 3, 11,−3, 119,−387, 2351, . . .

(b) Find a closed-form rule that fits the aforementioned
sequence.

3. Given the square with these vertices:

(2, 1), (4, 2), (3, 4), (1, 3)

(a) Find a transformation matrix A that rotates the square
so it has these vertices: Really, find it. It’s

somewhere in the room, like
those Where’s Waldo books.
Except this time, it’s
Where’s . . . eh, I got nothin’.

(−3, 1), (−4, 3), (−2, 4), (−1, 2)

(b) Find a transformation matrix B that undoes this pro-
cess.

(c) Calculate A · B.

4. Tougher: Find the closed-form rule for the sequence de-
fined by

tn = 10tn−1 − 31tn−2 + 30tn−3
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with initial values t0 = 3, t1 = 10, t2 = 38.

5. Here’s a 4-by-4 matrix: A hint? A hint? Oh, all
right. The matrix of paths
of length 3 is




4 12 7 3

12 4 7 3

7 7 5 4

3 3 4 3




X =




5 1 2 1

1 5 2 1

2 2 3 1

1 1 1 2




Matrix X gives you all the paths of length 2 for 4 points
A, B, C, and D on a map. Reconstruct the original map
of the connections between the four points.

6. Every day, Art decides he’s going to spend 5% less time in We didn’t get a problem
submitted from Table 6, so
we made up this one. Happy
trails, RAT TAT BOMB.

the classroom than the day before. However, he also ends
up missing another 3 minutes on top of that for laptop-
based reasons, perhaps. On the first day, he spends the
entire 120 minutes in class.
(a) Determine using these rules how much time he spends

in class on the second day. (111 minutes is the correct
answer.)

(b) So, does Art show up at all on Day 14?

7. Consider the recurrence rule

tn = 3tn−1 − 4tn−2

(a) Find a 2-by-2 matrix that could be used to model
this recurrence.

(b) Find two very different pairs of starting values of t0
and t1 that make tn a geometric sequence.

8. In Park City, teachers demand problems at all hours of
the night to avoid boredom, Algebra Al, Bioinformatics Boredom can also be

alleviated by Dance Dance
Revolution, kicking graduate
students out of places they
don’t belong, and by trying
to decide how much is 3.2%
by weight.

Bowen, and Bifurcation Ben all live in different condos
and create problems for everyone. Arithmetic Art delivers
problems to teachers in the three condos. Here’s a map
showing how likely Art is to go from one location to an-
other:
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(a) Write a 3-by-3 matrix of probabilities.
(b) Square this matrix. What does it mean?
(c) After a whole night of deliveries, what happens?

9. In Philadelphia, the city of brotherly cheesesteak, trains
leave on time. Hah. Tom wants to know how many trains W.C. Fields was once known

for saying he wanted on his
epitaph, “I’d rather be in
Philadelphia.” Fun fact of
the day!

he could build using only cars of lengths 1 and 4.
(a) Find the number of trains Tom can build of lengths

1 through 10.
(b) Find a recursive rule that can generate more trains

of longer lengths.
(c) Tougher: Tom’s buddy Damon Hunting says he can

solve the problem with matrices. Find a matrix that
could be used to make Tom’s calculations quick.

10. Theresa drinks too much TaB and falls into a saccharin-
induced coma. She dreams. . . of becoming a millionaire.
A teacher’s starting salary is $30,000. In her dreams,
salaries rise by 7% each year, and each teacher receives
an extra $1500 in Survival Bonus Pay at the end of each
year (which rolls into the salary).
(a) Theresa retires after 30 years. What is her salary

then?
(b) How long will it take Theresa’s salary to reach $1

million per year?
(c) Tougher: How many years does it take for Theresa

to earn a total of $1 million?

11. Here’s a map showing how people move to and from tables
in the morning session: How many paths are there

to Table 4 if you don’t start
at Table 4? Good thing,
that.

Starting at Table 2, how many paths of length 2 are there
to get to Table 4? Table 11? the Food Tent?

12. A figure in the coordinate plane is defined by this 2-by-4
piece of wood, uh, matrix:


 0 4 6 1

0 1 3 5
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Find more than one matrix that will transform this shape If 4 Texas teachers spend 4
hours a day playing double-4
dominos, how long will it
take them to make 4 times
their score?

into one of area 66.

13. See the extra handout sheet. Nice map, Cincinnati!

Barely Useful Stuff.

14. For each mapping problem, make a probability matrix in-
stead of an adjacency matrix. Then, determine which of
the starting points would have the greatest “PageRank” if
such a thing could be done.

15. Consider the iteration rule

tn = tn−1 + tn−2

with t0 = 5 and t1 = 12. Find the first pair of consecutive
terms that have a common factor greater than 1.

16. Can the sum of squares

12 + 22 + 32 + 42 + · · · + n2

ever be a square number (when n > 1)? If so, find all
possible values of n.

Tough Stuff.

17. The iteration rule x �→ x2 + C starting from x = 0 some-
times goes off to infinity, and sometimes it don’t.
(a) If C is a real number, find all possible values of C

that do not send the rule x �→ x2 + C off to infinity.
(b) If C is a pure imaginary number (0+bi), do the same.
(c) All the numbers C that “work” under this rule form

a set that covers part of the complex plane. How big
is that?

18. So, about this x �→ x2 + C.
(a) For what values of C will this have an attracting fixed

point? (We’re back to real numbers now.)
(b) What happens as C gets smaller? Test some values. The phrase “period-doubling

bifurcation” comes to mind.
Really, I hope that phrase
never comes to your mind.

19. Suppose n is a positive integer. Is there a right triangle
with rational numbers as its side lengths with area n?
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1 Good Morning PCMI

Hey, welcome to the class. We know you’ll learn a lot of math-
ematics here—maybe some new tricks, maybe some new per-
spectives on things with which you’re already familiar. A few
things you should know about how the class is organized:

•Don’t worry about answering all the questions. If
you’re answering every question, we haven’t written the
problem sets correctly. One question from a

previous year turned out to
be the unsolved Goldbach
Conjecture. Nobody got
that one.

•Don’t worry about getting to a certain problem num-
ber. Some participants have been known to spend the entire
session working on one problem (and perhaps a few of its
extensions or consequences).

•Have fun! Make sure you’re spending time working on
problems that interest you. Feel free to skip problems that
you’re already sure about. Relax and enjoy!

•Teach only if you have to. You may feel the temptation
to teach others at your table. Fight it! We don’t mean you
should ignore your tablemates (please!!) but try not to deny
anyone the chance to discover some Cool Math Stu!. You’ll
see what we mean.

•Each day has its Stu!. There are problem categories:
Sketch of the Day, Important Stu!, Neat Stu!, and Tough
Stu!. We’ll have you do Sketch of the Day first thing, but
after that you should check out Important Stu! first. We
try to make sure that the problems in Important Stu! can
be picked up regardless of how much or little work you’ve
done on prior sets.

On Day 3, go back and read these again. Will you remember? Maybe!
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Sketch of the Day

If you don’t have a computer with you, now is a good time to
make friends with those around you. Please share the comput-
ers! We encourage teamwork at PCMI.

PROBLEM

Get Sketchpad on your computer. The actual SotD will be done after the
break. Get Sketchpad on your computer!

The word of the day is
“logistical nightmare”.
Okay, I guess that’s two
words.

Important Stu!.

1. Factor.
(a) x2 ! 12x + 35
(b) 36m2 ! 72m + 35

2. Find all solutions to each equation. Which equation is
easiest to solve? Don’t sweat it if you’re not

feeling too familiar with
factoring problems. We’ll
get you there. Take some
guesses, try stu! out, ask a
tablemate for some pointers.

(a) (x + 3)(x ! 5) = !15
(b) (x + 3)(x ! 5) = 0
(c) (x + 3)(x ! 5) = 84

3. Find all solutions to each equation. Yes, you have to do
all six parts.
(a) x2 ! 12x + 32 = 0
(b) x2 ! 12x + 33 = 0
(c) x2 ! 12x + 34 = 0
(d) x2 ! 12x + 35 = 0
(e) x2 ! 12x + 36 = 0
(f) x2 ! 12x + 37 = 0

4. Get Sketchpad on your computer!

5. A rectangle has perimeter 24 and area 33. What are its
side lengths?

6. A rectangle has perimeter 24. What is its maximum pos-
sible area?

7. A rectangle has perimeter (4x! 8). What is its maximum
possible area?
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Neat Stu!.

8. It’s division time! Without a calculator, find the remainder
when 60953 is divided by 145. The long way? Yes.

9. It’s division time! Without a calculator, find the remainder
when 6x4 + 9x2 + 5x + 3 is divided by x2 + 4x + 5.

10. Find the remainder when each of these polynomials is di-
vided by x2.
(a) 5x2 + 7x + 9
(b) 3x3 + 5x2 + 7x + 9
(c) x4 + 3x3 + 5x2 + 7x + 9

11. Find the remainder when each of the polynomials from
problem 10 is divided by x2 + 1.

12. John says he can just look at a polynomial and tell you John once factored a
polynomial just for snorin’
too loud. Hey, it’s the Old
West.

what its remainder will be when you divide by x2 + 1.
He might be doing some arithmetic too, but absolutely no
division. Play around with a bunch of polynomials and see
if you can figure out what he’s doing.

13. Let p(x) = 3x3 + 4x2 + 5x + 7 and q(x) = x3 + 10x2 +
6x + 3. For each expression, find the remainder when the
expression is divided by x2 + 1.
(a) p(x)
(b) q(x)
(c) p(x) + 17
(d) p(x) + q(x)
(e) p(x) ! q(x)
(f) p(x) · q(x)

14. Which of these polynomials is a multiple of x2 + 1?
(a) 3x4 + 2x2 + 1
(b) x6 + 4x4 + 6x2 + 3x + 5
(c) x5 + 2x4 + 3x3 + 6x2 + 2x + 4
(d) x5 + 2x4 + 3x3 + 6x2 + 2x + 5

15. Which of these numbers is divisible by 101? Why would we even ask this
question here? Or this one?(a) 30201

(b) 1040635
(c) 123624
(d) 123625

16. Describe a method for testing whether a number is divis-
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Good Morning PCMI

ible by 9. We do not mean “Divide it
by 9 and see if there is no
remainder.”17. Describe a method for testing whether a number is divis-

ible by 11.

18. Describe a method for testing whether a number is divis-
ible by 99.

Sketch of the Day, Take 2

PROBLEM

Three cities get together to build an airport. They want to minimize the
lengths of the new roads that need to be built.

I

D
P

X?

Build this sketch, then use Sketchpad to figure out where the airport
(point X) should be placed. What’s so special about this point, anyway?

Tough Stu!.

19. (a) If (x + 3)(x! 5) = N has exactly one solution, what
is the value of N?

(b) If (x ! a)(x ! b) = N has exactly one solution, find
N in terms of a and b.

20. A triangle has perimeter 24. Find its maximum possible
area, and explain how you know that this must be it.

21. Describe a method for testing whether a number is divis-
ible by 101. (Yes, 101 is prime.)
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2 The PCMI Story

Sketch of the Day

Art (at point A) sets his tent on fire, and wants to tell everyone (at point
E) about his tragedy. However, he is extremely thirsty, and needs to run
to nearby ST creek.

Work on this sketch right
away. If you figure out
where point X should be,
start thinking about how
you could construct point X
more directly, or how you
could prove that point X
must be the right one.

E

A

S TX?

Where should he run toward (point X) to minimize the total distance
AX + XE?

Important Stu!.

1. Find all solutions to each quadratic equation. Aw man, 8 of ’em? If only
there were some sort of
shortcut.

(a) w2 ! 22w + 121 = 0
(b) w2 ! 22w + 120 = 0
(c) w2 ! 22w + 119 = 0
(d) w2 ! 22w + 100 = 0
(e) w2 ! 22w + 2 = 0
(f) w2 ! 22w ! 1 = 0
(g) w2 ! 22w ! 408 = 0
(h) w2 ! 22w + 130 = 0
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2. (a) A rectangle has perimeter 44 and area 100. What are
its length and width?

(b) A rectangle has perimeter 44 and area 2. What are
its length and width?

3. Two numbers add up to 64 and their product is 960. Given Why should we care that
322 = 1024 here? And how
does this make you feel?

that 322 = 1024, find the two numbers.

4. Let f(x) = x3 + 3x2 ! 8x ! 80. Find the remainder when
f(x) is divided by each of these. Feel free to uh, divide the

work on this one among
your group, there is no need
to do all five of these
yourself. But make sure you
record all five answers.

(a) (x ! 1)
(b) (x ! 2)
(c) (x ! 3)
(d) (x ! 4)
(e) (x ! 5)

5. Complete this table for f(x) = x3 + 3x2 ! 8x ! 80.
x f(x)
0
1
2
3
4
5

6. Find the remainder when f(x) = x12 + 3x ! 1 is divided
by each of these.
(a) (x ! 1)
(b) (x ! 2)
(c) (x ! 10)
(d) (x + 1)

7. Triangle BEV has points B(2, 1), E(4, 1), and V (4, 6).
(a) Draw triangle BEV in the plane.
(b) New points are created from the points in triangle

BEV according to the rule

(x, y) "# (!y, x)

Draw the new triangle created in this way in the same
plane, and describe how this triangle is related to the
original.

8. Transform triangle BEV according to the rule

(x, y) "# (!x,!y)

Draw the new triangle and describe how this triangle is
related to the original.
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Neat Stu!.

9. Jerry repeats the transformation in problem 7 a whole
bunch of times.
(a) What happens after the transformation is applied

twice?
(b) What happens after the transformation is applied

three times?
(c) . . . four times?
(d) . . . five times?
(e) . . . thirteen times?
(f) . . . 102 times? Poor Jerry. When your

favorite number is 102, it
can be tough.10. (a) Sketch the graph of y = x2 ! 10x + 29.

(b) Explain why the graph of y = x2 ! 10x + 29 cannot
cross the x-axis.

11. Josue thinks of two numbers with sum 8 and product 15.
What is the sum of the squares of these numbers?

12. Cathy thinks of two numbers with sum 12 and product 32.
What is the sum of the squares of these numbers?

13. The sum of two numbers is 12, and their product is 33.
What is the sum of their squares? We figured nobody would

think of these numbers.
14. The sum of two numbers is 23, and their product is 141

2 .
What is the sum of their squares?

15. The sum of two numbers is s, and their product is p. What
is the sum of their squares?

16. The sum of two numbers is 12, and their product is 73.
What is the sum of their squares?

17. Wait a sec. The sum of the squares is what now? How is
that even possible?

18. Roger takes triangle BEV and applies a wacky transfor-
mation:

(x, y) "# (x + y,!3x + 7y)

(a) Draw this new triangle ROG. . . if it is a triangle? Is
it even a triangle anymore?

(b) What is the area of this new shape? How does ROG
compare (in area) to BEV ?
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19. Function a(n) takes whole number inputs: A whole number is 0, 1, 2,
3, 4, etc. As opposed to a
hole number, which is only
0.a(n) = (

$
3)n + (!

$
3)n

(a) Tabulate a(n) for n = 0 through 6.
(b) Find a(10) and a(101).

20. The sum of two numbers is s and the product is p. Find
the sum of the cubes of the two numbers, in terms of s and
p.

Tough Stu!.

21. The quadratic equation x2 ! 10x + 22 = 0 has two roots.
(a) Find a quadratic whose roots are the squares of the

roots of x2 ! 10x + 22 = 0.
(b) Find a quadratic whose roots are the nth powers of

the roots of x2 ! 10x + 22 = 0.

22. Yesterday we found that there’s a point inside most tri-
angles that forms three 120! angles with segments to the
three vertices. A Matsuura triangle is a triangle whose side
lengths are all integers, and whose three interior segment
lengths from the 120! point are also integers. Find some
Matsuura triangles, or prove they do not exist. Apparently there was a call

to make the Tough Stu!
tougher; so, have fun!23. Find all integer solutions to this system of equations:

a + b = cd
c + d = ab
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3 Moon Over PCMI

As the title suggests, we
worked on this problem set
into the night! Don’t do
that yourself; enjoy your
afternoon o!!

Sketch of the Day

Equilateral triangle Y AM has point X inside it.

A

X?

M

Y

Where should point X be placed so that the three perpendicular seg-
ments to the three sides of the triangle have a minimum total length?

Important Stu!.

1. (a) Two numbers add up to 30, and their product is 161.
What are the two numbers?

(b) Two numbers add up to 30, and their product is 289.
What are the two numbers? Say, isn’t 289 a perfect

square? 8-15-17, or
something like that? Oh,
never mind. That’s not a
real problem, anyway.
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2. Let a(x) = !x3 + 2x2 + 3x + 5 and b(x) = 3x3 ! x2 + 8x!
8. Find the remainder when each of these expressions is
divided by x2 + 1.
(a) a(x)
(b) b(x)
(c) a(x) + b(x)
(d) a(x) ! b(x)
(e) 3a(x) + 3b(x)
(f) a(x) · b(x)

3. Let p(x) = x4!2x2+3 and q(x) is the remainder when p(x)
is divided by (x!2)(x!5). . . in other words, x2!7x+10.
(a) Complete this table of values for p(x):

x p(x)
0
1
2
3
4
5

(b) Complete this table of values for q(x):
x q(x)
0
1
2
3
4
5

Notice anything interesting?

4. Let f(x) = 3x2 ! 10x + 21. Find a linear function that
agrees with f(x) when x = 3 and when x = !5.

5. Let f(x) = 3x2 ! 10x + 21. Ooh, the same function.
(a) Use division to find g(x), a linear function that agrees

with f(x) when x = 3 and when x = 3. Who in the what now? This
isn’t a typo, everyone.(b) Graph f(x) and g(x) on the same axes, using Sketch-

pad or a graphing calculator. What do you notice?

6. Let a = 2 + 3i and b = 5 ! 7i be complex numbers. Find Do this like regular algebra,
except whenever you see i2,
replace it by !1. That’s the
big property of i, it’s the
square root of !1.

each of these.
(a) a + b
(b) a ! b
(c) 3a + 3b
(d) ab (the product)
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7. (a) Go back and do the “BEV ” problems (numbers 7
and 8) from Day 2 if you haven’t already.

(b) Anita takes triangle BEV and performs the transfor-
mation

(x, y) "# (3x ! 2y,!5x + y)

Draw the new shape; is it even a triangle? What is the
area of the new shape, and how does the area compare
to the area of BEV ?

Neat Stu!.

8. Look back at today’s SotD, and do it again with a generic
triangle TIM instead of the equilateral triangle used in
the original sketch. What happens?

9. Find the equation of the tangent line to f(x) = x3 at x = 2. If this doesn’t make much
sense, go back and check
out problem 5. It might give
you some help.

Do not use calculus!

10. Find the equation of a parabola that is tangent to the
function f(x) = x4 ! 2x2 + 3 at x = 1, and also intersects We were torn on this one,

it’s almost Tough Stu!.
Note our insistence.

f(x) at x = !1. Under no circumstances are you to use
calculus for this problem! We’ll know!

11. B(n) takes whole number inputs according to the rule Troy says that if 0 is a whole
number, then 8 should be a
two-whole number.B(n) = (1 +

$
2)n + (1 !

$
2)n

(a) Tabulate B(n) for n = 0, 1, 2, 3, 4, 5. Anything sur-
prising?

(b) Find an equation with integer coe"cients that has
1 +

$
2 as a root. (Say, what might another root need

to be?)
(c) B(n) can be tabulated according to a two-term re-

cursive rule:

B(n) = c · B(n ! 1) + d · B(n ! 2)

Find c and d. This term of B(n) is c times
the last one, plus d times
the one before that.12. C(n) takes whole number inputs according to the rule

C(n) = (2 + i)n + (2 ! i)n

(a) Tabulate C(n) for n = 0, 1, 2, 3, 4, 5. Anything sur-
prising?
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(b) Find an equation with integer coe"cients that has
2 + i as a root.

(c) C(n) can be tabulated according to a two-term recur-
sive rule:

C(n) = p · C(n ! 1) + q · C(n ! 2)

Find p and q.

13. The sum of two numbers is s and the product is p. Find
the sum of the. . .
(a) squares of the two numbers.
(b) cubes of the two numbers.
(c) fourth powers of the two numbers.
(d) . . . a generalization?

Tough Stu!.

14. Let ABC be a triangle with AB = 7, AC = 19, BC =$
313. Define function f on the plane by the rule

f(X) = AX + BX + CX

Find the minimum value of f(X) and describe where it
occurs.

15. On Day 1 we found that there’s a point inside most tri-
angles that forms three 120! angles with segments to the
three vertices. A Matsuura triangle is a triangle whose side
lengths are all integers, and whose three interior segment
lengths from the 120! point are also integers. Find some
Matsuura triangles, or prove they do not exist. We’ll keep these on the

problem sets until someone
gets ’em right!16. Find all integer solutions to this system of equations:

a + b = cd
c + d = ab

17. Given a positive integer k, there are a number of values
of b so that the quadratic x2 + bx + kb is factorable (over
the integers). Find a function that determines, based on
k, how many such values of b there are.
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4 Sleepless in PCMI

Sketch of the Day

Sketch a right triangle that stays a right triangle when you move its

Writing problem sets is hard
work, and making them
even remotely funny is
harder! Please, let us know
if you get a joke! We’d
really love to hear about it.

points around. (What would you need to construct first?)

Then, build three equilateral triangles on the outside of the right triangle
by using each side of the right triangle as the base for an equilateral
triangle.

Find a relationship between the areas of the equilateral triangles.

James: Please do knot use
PVC to make these
triangles. To everyone: Feel
free to play around with this
sketch a little if you like,
there is more to find.

Important Stu!.

1. Let w = 4 + i and z = 6 ! 5i. Calculate each of these.
Remember that i2 = !1.
(a) w + z
(b) w ! z
(c) 3w ! 2z
(d) w2

(e) wz

2. Here are two functions:

w(x) = x3 ! x2 + 2x + 3

z(x) = x3 ! 3x2 ! 4x + 3

Calculate the remainder when each of these expressions is “is”? Is what? I can’t stand
the suspense!divided by x2 + 1. Feel free to use any
shortcuts you’ve found
previously, on Set 1 or 3.

(a) w(x)
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(b) z(x)
(c) w(x) + z(x)
(d) 3w(x) ! 2z(x)
(e) [w(x)]2 = x6 ! 2x5 + 5x4 + 2x3 ! 2x2 + 12x + 9
(f) w(x) · z(x) = x6 ! 4x5 + x4 + 4x3 ! 20x2 ! 6x + 9

3. Find the remainder when each of these is divided by x2+1.
(a) x2

(b) x3

(c) x4

(d) x5

(e) x6

(f) x7

(g) x8

(h) x13

(i) x102

4. Here are some transformation rules for points or objects in
the plane. Describe what each rule does, as accurately as
you can. You might draw a figure

with your name on it, such
as triangle PEG. Poor Jo
can only draw a line segment
with her name on it.

(a) (x, y) "# (y, x)
(b) (x, y) "# (!x, y)
(c) (x, y) "# (y, x) and then that new (x, y) "# (!x, y)
(d) (x, y) "# (x ! y, x + y)
(e) (x, y) "# (4x ! y, y + 4x)

Neat Stu!.

5. Let f(x) = x3 ! 6x2 + 4x + 8. Find the remainder when
f(x) is divided by each of these.
(a) x2

(b) (x ! 1)2

(c) (x ! 2)2

(d) (x ! 3)2

6. On a graphing calculator (or Sketchpad), use the same Sketchpad can do this too?
Wahoo, it works!axes to graph f(x) = x3 ! 6x2 + 4x + 8 and, one by one,

the remainders from problem 5. What do you notice?

7. Find the equation of the tangent line to f(x) = x4 at x = 1.

8. A line segment is drawn from the point (0, 7) to somewhere
on the x-axis (p, 0), then from there to the point (13, 3).
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(a) Draw this situation. We’d do it, but we’re
supremely lazy. So now
you’re stuck with it.

(b) Debbie wonders if the total distance of these segments
can be written as a function of p. It would be

D(p) = · · ·

Use Mr. Pythagoras to figure it out.
(c) Use a graphing calculator to estimate or find the value

of p that gives the minimum total distance.

9. If you’re interested, revisit problem 8 from the perspective
of similar triangles, and find a general formula for the “best
point” in terms of the nonzero values given in the problem.

10. The graph of y = 1 ! x is a line. Describe what happens
when this line is transformed by each of these rules.
(a) (x, y) "# (x + 3, y)
(b) (x, y) "# (x, y + 3)
(c) (x, y) "# (x, 3y)
(d) (x, y) "# (!y, x)
(e) (x, y) "# (x2, y2)
(f) (x, y) "# (

$
x,
$

y)

11. In the SotD from Day 2, Art runs just as fast to the creek
as he does away from it. But in reality, Art runs twice as
fast when he’s thirsty as he does when he’s not. How does
this change the sketch and its solution? Can you model
this in Sketchpad? on a graphing calculator? by making
Art thirsty? On a related note, what is Snell’s Law?

12. B(n) takes whole number inputs according to the rule

B(n) = (1 +
$

2)n + (1 !
$

2)n

(a) Tabulate B(n) for n = 0, 1, 2, 3, 4, 5. Anything sur-
prising?

(b) Find an equation with integer coe"cients that has
1 +

$
2 as a root. (Say, what might another root need

to be?)
(c) B(n) can be tabulated according to a two-term re-

cursive rule:

B(n) = c · B(n ! 1) + d · B(n ! 2)

Find c and d.

13. C(n) takes whole number inputs according to the rule

C(n) = (2 + i)n + (2 ! i)n
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(a) Tabulate C(n) for n = 0, 1, 2, 3, 4, 5. Anything sur-
prising?

(b) Find an equation with integer coe"cients that has
2 + i as a root.

(c) C(n) can be tabulated according to a two-term recur-
sive rule:

C(n) = p · C(n ! 1) + q · C(n ! 2)

Find p and q.

14. The sum of two numbers is s and the product is p. Find
the sum of the. . .
(a) squares of the two numbers.
(b) cubes of the two numbers.
(c) fourth powers of the two numbers.
(d) . . . a generalization?

Tough Stu!.

15. So we’ve discovered that this 120! point gives the best
possible total distance to the three vertices. But what
about other points? They’re worse, but some are not much
worse. Indeed, the shape of the points that are equally bad
is interesting. What’s it look like? What’s it look like if
you move outside the original triangle?

16. Find several triangles that have integer side lengths (with
no common factors) and a 120! angle. Generalize?

17. Find some Matsuura triangles, or prove they do not exist.
(See previous sets for the definition.)

18. Given a positive integer k, there are a number of values
of b so that the quadratic x2 + bx + kb is factorable (over
the integers). Find a function that determines, based on
k, how many such values of b there are.

19. Find this sum exactly:

0 +
1

100
+

4

10000
+

9

1000000
+ · · · + n2

102n
+ · · ·
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5 Deep in the Heart of

PCMI

Sketch of the Day

Redo the construction of Day 4 using a scalene triangle as the starter,
building equilateral triangles along each side.

All together now: The stars
at night, are big and
bright. . .

This sketch can be used to construct the 120! point! See if you can
figure out how. If you’ve already built the construction one way, try to
find another. You might try using ideas from Day 3’s sketch!

Important Stu!.

1. Find the remainder when each of these is divided by x2+1.
(a) A(x) = x3 + 7x2 ! 11x + 12
(b) B(x) = x4 + 7x3 + 13x2 + 7x + 12
(c) C(x) = A(x) + B(x)
(d) D(x) = A(x) · B(x) What, you want us to

multiply it out for you
again? Or do we really need
to do that?

2. Simplify each of these seemingly nasty-looking expressions
that involve square roots of square roots of negative num-
bers. (Ew?)
(a)

!
(3 + 4i)(3 ! 4i)

(b)
!

(5 ! 12i)(5 + 12i)

(c)
!

(15 + 8i)(15 ! 8i)

(d)
!

(x + yi)(x ! yi)

3. How far is each of these points from the origin?
(a) (3, 4)
(b) (5,!12)
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(c) (15, 8)
(d) (x, y)

4. (a) Draw a graph of all the points (x, y) that are 5 units
from the origin.

(b) Write an equation for the graph you just drew.

5. Find all 12 complex numbers a + bi with integers a, b so
that A complex number with

integer a, b is called a
Gaussian integer. Knowing
is half the battle. Oh, and
we already gave you one of
the answers.

!
(a + bi)(a ! bi) = 5

Sergio watches Peter walk around a circle. The circle’s radius
is 1 meter. Sergio stands at the center, and Peter begins walk-
ing counter-clockwise. Consider a coordinate grid, with sergiO
standing at the origin O(0, 0) and Peter starting at the point
P (1, 0).

As Peter walks, Sergio watches Peter and keeps track of the
angle he’s turned. Sketchpad anyone?

6. (a) Explain why the distance between Sergio and Peter
is always 1.

(b) If Peter is at coordinates (x, y), write an equation to
express the fact that Peter is 1 unit away from (0, 0).

7. Describe, as completely as possible, how the y-coordinate
of Peter’s location changes as Sergio’s angle increases.

8. Complete this table, giving the coordinates of Peter’s lo-
cation when Sergio has turned each angle. Psst: Square root of 2 over

2!Angle Coordinates
0! (1, 0)
45!

90!

135!

180! (!1, 0)
225!

270!

315!

360!

405!

450!
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Neat Stu!.

9. Square IRMA has one vertex at A(1, 0). The center of the
square is the origin O(0, 0). Find the coordinates of the
other vertices.

10. Find all four solutions to the equation x4 ! 1 = 0.

11. Equilateral triangle BND has one vertex at B(1, 0). The
center of the triangle is the origin O(0, 0). Find the coor- As Jerry mentioned

yesterday, all four major
“center” points of an
equilateral triangle are the
same spot.

dinates of the other vertices.

12. Find all three solutions to the equation x3 ! 1 = 0.

13. Regular hexagon DUGLAS has one vertex at A(1, 0). The
center of the hexagon is the origin O(0, 0). Find the coor-
dinates of the other vertices. Nice job with that knotty

problem A1, Douglas!
14. Find all six solutions to the equation x6 ! 1 = 0.

15. Let z =
"

2
2 +

"
2

2 i. Take powers of z until you notice
something.

16. Find a complex number z so that z12 = 1 but no smaller
positive integer n has zn = 1. Oh, why not just find them
all instead.

It’s Friday Bonus Sketches!

17. A magic voice from Cincinnati said that if you draw the al-
titudes from any interior point to these other figures’ sides,
they add up to a constant. (Just like Day 3’s equilateral
triangle.) Can you prove ’em? Oh, we also threw in some
more that might not even be true, so you’ll have to figure
out which ones are for real.
(a) a square
(b) a rectangle
(c) a rhombus
(d) a parallelogram
(e) a regular pentagon
(f) an equilateral hexagon (not regular)
(g) an equiangular hexagon (not regular)
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18. Points A and B are inside a circle. Where should point X
be placed on the circle so that AX + XB is as small as
possible?

A

O

B

X?

Tough Stu!.

19. Complete this long division problem, where all the missing
digits are marked with an X. (There is no remainder.)

xxxx x x x

x x x

x x

x x x x

x x x

x x

x x x x

x x x x

x x 8 x x

20. Find several triangles that have integer side lengths (with
no common factors) and a 120! angle. Generalize?

21. Find some Matsuura triangles, or prove they do not exist.
(See previous sets for the definition.)

22. Suppose n is a positive integer. Is there a right triangle
with rational numbers as its side lengths with area n?
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6 WKRP in PCMI

Hey, welcome back to the class. We know you’ll continue to
learn a lot of mathematics here—some new tricks, some new
perspectives on things you might already know about. A few
things to recall about how the class is organized:

•Don’t worry about answering all the questions. If
you’re answering every question, we haven’t written the
problem sets correctly. Note: this is not a personal challenge! One question from a

previous year turned out to
be the Reimann Hypothesis.
Nobody got that one. Look
for it on Day 11.

Please spend time considering looking at groups of questions
for the connections and meaning of things, even between dif-
ferent sets or topics.

•Don’t worry about getting to a certain problem num-
ber. Some participants have been known to spend the entire
session working on one problem (and perhaps a few of its
extensions or consequences). There is no such thing as going
“too slow” on the problem sets.

•Have fun! Make sure you’re spending time working on At around midnight last
night we decided that
510,510 is a cool number.
We hope you agree.

problems that interest you. Feel free to skip problems that
you’re already sure about. Relax and enjoy!

•Teach only if you have to. You may feel the temptation
to teach others at your table. Fight it! It is far more useful
to discuss strategies or observations, even on a question you
might think you already know. We think you’ll be surprised
by what everyone in your group can come up with.

•Each day has its Stu!. We try to make sure that the
problems in Important Stu! can be picked up regardless of
how much or little work you’ve done on prior sets.

On Day 8, go back and read these again. Will you remember?
Probably not!
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Sketch of the Day

A golden rectangle is a rectangle whose length is exactly 1+
"

5
2 times its

width. (Among other properties.)

Construct a golden rectangle that stays a golden rectangle when you
move its vertices around. You’ll have to do something about that

$
5. . .

Important Stu!.

1. The conjugate of the complex number z = a + bi is z =
a ! bi.
(a) If z = 5 + 2i, what is z? What is z, the conjugate of

the conjugate?
(b) Let w = 3 ! 4i. Calculate w + w and ww. Just let it, it’s okay. By the

way, ww is just w multiplied
by w.

(c) Find a complex number v so that v + v = 14.
(d) Find a complex number v so that vv = 65.
(e) Find a complex number v so that v + v = 14 and

vv = 65.

2. Find two numbers whose sum is 14 and whose product is
65. We’re told you can solve this

problem by “looking it up”.
3. The magnitude of the complex number z = a + bi is |z| =$

zz.
(a) Find the magnitude of z = 5 + 2i and of w = 3 ! 4i.
(b) Rewrite the equation |z| =

!
(a + bi)(a ! bi) as some-

thing that doesn’t have i in it. And don’t just change the i
into some other letter like j,
that doesn’t cut it.

(c) Can the magnitude of a complex number ever be zero?
negative?

(d) Find a complex number whose magnitude is
$

65.

4. For each point, find its distance from the origin (0, 0).
(a) R(5, 2)
(b) U(3,!4)
(c) D(8, 1)
(d) Y (a, b)

5. Let z = 3+2i. Find the magnitude of each of these complex Why can’t z just pick a
value and stick to it? It’s
almost as bad as that x that
keeps changing.

numbers.
(a) z
(b) z2

(c) z3

(d) z4

22 PCMI 2006: SSTP



FREE SLURPEE DAY! FREE SLURPEE DAY!

WKRP in PCMI

Neat Stu!.

6. Consider the transformation rule

(x, y) "# (3x ! 2y, 2x + 3y)

For each point, calculate the new point created by this
transformation rule.
(a) R(1, 0)
(b) N(3, 2)
(c) E(5, 12)
(d) L(!9, 46)

7. Consider the numbers v = 4 + 6i, b = 2 + i, e = 4 + i. This “e” is not the
2.718. . . number, just a
letter used to represent the
number 4 + i.

(a) Calculate the results when each of v, b, and e is mul-
tiplied by i.

(b) Calculate the results when each of v, b, and e is mul-
tiplied by i twice. Multiplying by i twice is not

the same as multiplying by
2i!

(c) Calculate the results when each of these numbers is
multiplied by i three times, four times, five times, thir-
teen times, 102 times.

8. The notation |z| that is used for magnitude is the same Real numbers are complex
numbers, they’re just
numbers like 7 + 0i or
!
"

2 + 0i.

symbol as the notation used for absolute value. Does mag-
nitude work in the same way absolute value works? Put
another way, will real numbers have the same magnitude
as their absolute value?

9. Find a complex number w = a + bi with a, b positive inte-
gers and |w| = 65.

10. How many complex numbers a + bi have integer a, b and
magnitude

$
65?

11. A primitive Pythagorean triple is a set of three positive
integers a, b, c with a2 + b2 = c2 where a, b, c share no com-
mon factors besides the blatantly obvious. 6, 8, 10 is not one of these,

nor is 60, 80, 100.(a) Find a primitive triple with hypotenuse 65.
(b) Find both primitive triples with hypotenuse 85.

I

D PX?

Last week you learned that dividing by x2 + 1 and looking Polynomials are not to be
confused with the rare
disease polynomila, typically
caused by misspelling
mathematical words too
often.

at the remainders is very similar to working with the complex
number i. This next set of problems looks at remainders when
dividing by x2 +x+1, a slightly but significantly di!erent poly-
nomial.
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12. If A(x) = x3 +x2 +2x! 3 and B(x) = x3 !x+1, find the
remainder of each expression when dividing by x2 + x + 1.
(a) A(x)
(b) B(x)
(c) A(x) + B(x)
(d) A(x) · B(x) = x6 + x5 + x4 ! 3x3 ! x2 + 5x ! 3

13. Find the remainder when each of these is divided by x2 +
x + 1. For Algebra 2 teachers:

Have you seen the
expression x2 + x + 1
hanging around anywhere
before? Could this help
explain what is going on?
What do these weird
questions even mean,
anyway?

(a) x2

(b) x3

(c) x4

(d) x5

(e) x6

(f) x13

(g) x102

14. What connection could there be between x2 + x + 1 and
equilateral triangles?

Tough Stu!.

15. Find a number n that is the hypotenuse of exactly four
primitive Pythagorean triples.

16. Eight primitive Pythagorean triples?!

17. Describe what types of positive integers n can be written
in the form n = a2 + b2 for integer a, b. For example, 450
can be written this way: 450 = 212 + 32.

18. The number 450 has eight odd factors: 1, 3, 5, 9, 15, 25,
45, 75, 225. Odd factors can be split into factors in the
form 4k + 1 and 4k + 3. 450 has 6 odd 4k + 1 factors and
2 odd 4k + 3 factors.
Well, it turns out there’s a remarkable connection between
the number of these types of factors and the number of
di!erent ways 450 (or any positive integer) can be written
in the form n = a2 + b2 for integer a, b. 450 can be written
many di!erent ways (a = 3, b = 21 is one of them).
So, your task is to figure out what the rule is—then prove
that it works (harder). Don’t forget that a or b can be
negative or zero.

19. Matsuura triangles, anyone?
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7 Fear and Loathing in

PCMI

Sketch of the Day

Here are the vertices of a parallelogram: O(0, 0), N(5, 3), I(1, 4), C(6, 7).
Find the area of the parallelogram by any means necessary. This is a good Aki says hi.

topic for table discussions to see what people did, and what other ways
might be possible.

Generalize to find the area of a parallelogram with vertices O(0, 0),
L(a, b), E(c, d), D(a + c, b + d) in terms of a, b, c, and d.

More to look for: what
point P inside the
parallelogram minimizes the
total of the four distances
to the vertices?

Important Stu!.

1. Consider the complex numbers e = 4 + i, b = 2 + i, v =
4 + 6i.
(a) Plot and label e, b, and v in a complex plane. You mgiht be experiencing a

little deja vu here. Good!(b) Multiply each number by i, then plot and label each
of the new numbers in the same complex plane.

(c) Multiply each of e, b, and v by i twice, then plot and
label each of the new numbers in the same plane.

(d) Three times? Four times? Five times? Thirteen
times? 102 times? If only Jerry’s favorite

number had been 3 instead
of 102, everything would
have been so much easier. . .

2. Let z = 1 + i. Plot each of these in the same complex
plane, and find the magnitude of each.
(a) z
(b) z2

(c) z3

(d) z4
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(e) z5

3. Anastasia stands at the origin (0, 0) and stares at the pow-
ers of 1 + i as they are built. Describe what happens to
the powers from her perspective: where do they go? how
far away (magnitude, anyone)?

4. (a) Find the magnitude of 5 + 2i.
(b) Find the magnitude of (5 + 2i)2.
(c) Find a Pythagorean triple with hypotenuse 29.

5. Consider the complex number z = 3
5 + 4

5i. Plot and label
each of these on the same complex plane.
(a) z
(b) z2

(c) z3

(d) z4

(e) z5

6. Connie stands at the origin (0, 0) and stares at the powers
of 3

5 + 4
5i as they are built. Describe what happens as accu-

rately as you can. How does it compare to what happens
with the powers of 1 + i? Why is it di!erent?

7. If a = 4 + 3i and b = 5 + 12i, find the magnitude of
(a) a
(b) b
(c) 2a
(d) !b
(e) ab

Neat Stu!.

8. (a) Find the magnitude of w = 2 + i.
(b) Perform an operation to w that results in another

complex number that has magnitude 5. YES WE MEAN 5.

9. Do math to take each of these complex numbers and pro-
duce a primitive Pythagorean triple. Triples are fun, whee! Don’t

get lost on this problem.(a) 4 + i
(b) 8 + 3i
(c) 15 + 4i
(d) 16 + 7i
(e) 23 + 2i
(f) 42 + 9i
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10. Consider the transformation rule

(x, y) "# (
3

5
x ! 4

5
y,

4

5
x +

3

5
y)

Starting with the Peter point P (1, 0), what happens as you
apply this transformation repeatedly? How best could this
transformation be described?

11. So you know the magnitude of 3 + 4i is 5, right? Can you
find all the Pythagorean triples with hypotenuse 125?

12. Use the results of problem 7 to find a Pythagorean triple
with hypotenuse 1105. Then another one! What’s so special about

1105 anyway?
13. Let a be a complex number with magnitude 5, and b be a

complex number with magnitude 13. Consider a+ b: what
could its magnitude be? Could it be 10? 20? 0? 13? Is
there a theorem at play here?

14. If A(x) = x3 +x2 +2x! 3 and B(x) = x3 !x+1, find the
remainder of each expression when dividing by x2 ! x + 1. If you didn’t do the related

problems on Day 6, go back
and do those before trying
these. We hope they’re
interesting for ya.

(a) A(x)
(b) B(x)
(c) A(x) + B(x)
(d) A(x) · B(x) = x6 + x5 + x4 ! 3x3 ! x2 + 5x ! 3

15. Find the remainder when each of these is divided by x2 !
x + 1. For Algebra 2 teachers:

Have you seen the
expression x2 ! x + 1
hanging around anywhere
before? Could this help
explain what is going on?
Are you even reading this?

(a) x2

(b) x3

(c) x4

(d) x5

(e) x6

(f) x7

(g) x13

(h) x102

16. What connection could there be between x2 ! x + 1 and a
particular regular polygon?

Topological Stu!.

17. For each of these objects, count the number of vertices,
edges, and faces of the objects.
(a) a cube
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(b) a tetrahedron
(c) a cylinder
(d) a square pyramid
(e) a dodecahedron
(f) a football Not that football, PCMI is

an international conference.
Go Portugal or France, or
something.

(g) a shape provided by Joyce (bonus points available by
degree of di"culty)

18. Make a table with the number of vertices, edges, and faces
for these objects, or any others you enjoy. (A sphere, per-
haps?) Is there a meaningful relationship between these
numbers that holds no matter what solid you start with?

19. What about a graph in the plane, like Day 1’s sketch, or
even just a parallelogram? Is there some pattern to the
vertices, edges, and faces there? Here a face would just be an

enclosed area in the plane.

Tough Stu!.

20. J
RE + O

GI + Y
NA = 1. Here, each letter is a unique and

distinct number from 1 to 9. Find a solution! Wait, are you reading these
problems before doing and
grokking the rest of them?
Get back to the first page,
NOW!

21. As you keep taking powers of z = 3
5 + 4

5i, will they even-
tually wrap around onto themselves? In other words, are
there powers k and m with zk = zm for this z?

22. Describe what types of positive integers n can be written
in the form n = a2 + b2 for integer a, b. For example, 450
can be written this way: 450 = 212 + 32.

23. The number 450 has eight odd factors: 1, 3, 5, 9, 15, 25,
45, 75, 225. Odd factors can be split into factors in the
form 4k + 1 and 4k + 3. 450 has 6 odd 4k + 1 factors and
2 odd 4k + 3 factors.
Well, it turns out there’s a remarkable connection between
the number of these types of factors and the number of
di!erent ways 450 (or any positive integer) can be written
in the form n = a2 + b2 for integer a, b. 450 can be written
many di!erent ways (a = 3, b = 21 is one of them).
So, your task is to figure out what the rule is—then prove
that it works (harder). Don’t forget that a or b can be
negative or zero.

24. Matsuura triangles, anyone?
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8 PCMI Squares

Sketch of the Day

For each of these complex numbers, plot the number and its square in the

I’ll take Bill Phill to block,
please. Circle gets the
square? Anyone?

same complex plane. You might want to draw segments from the origin
to each number. If you need to measure lengths or angles, consider using
Sketchpad.

J = 3 + i
U = 1 + 2i

D =
"

3
2 + 1

2i
I = i

Keep doing examples until you can describe where the square is located
in relation to the original number.

Extension questions: what
about cubes? square roots?
reciprocals?

Important Stu!.

1. Let z = 12
13 + 5

13 i. Find and plot all of these on the same
complex plane. (Estimate to three decimal places if you
like.) You mgiht not be

experiencing deja vu here.
Oh well.

(a) z0

(b) z1

(c) z2

(d) z3

(e) z4

(f) z5

2. Use Sketchpad to find the angle that forms when you go You mean it’s the same
angle each time? Uh,
maybe. Or is it!

from one power of z = 12
13 + 5

13 i to the next.
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3. As the powers of z = 12
13 + 5

13 i grow, eventually the powers
work around the four quadrants, then back around into
Quadrant I. Find the first power of z that re-enters Quad-
rant I.

4. Eileen takes powers of z = 12
26 + 5

26 instead. What happens?
Does anything stay the same?

5. If the complex number w is multiplied by a real number
c (also called a scalar), what happens to the magnitude?
the direction? What if c is negative?

6. If the complex number w is multiplied by i (also called i),
what happens to the magnitude? the direction?

7. Let w = 1 + i and z =
$

3 + i. Find the magnitude and
direction of wz, and compare the results to the magnitude
and direction of w and z.

8. What, in general, is happening to magnitude and direction
when you multiply two complex numbers?

We interrupt this problem set to hear from Wolfgang Bolyai,
who sent this message to his son Janos:

For God’s sake, please give it up. Fear it no less than the
sensual passion, because it, too, may take up all your
time and deprive you of your health, peace of mind and
happiness in life.

Apparently he didn’t much care for Janos’s interest in hyper-
bolic geometry. We think Wolfgang was a

real estate agent.

Neat Stu!.

9. Can a regular octagon ever have eight 90-degree angles?
Mel wants you to explain.

10. Was there a time in Monte’s life when his weight in pounds
was exactly equal to his height in inches? (We don’t mean
rounding o! to the nearest inch or pound or anything,
either.) Unless Monte was an

incredibly small baby. We
don’t think so.11. Let a be a complex number with magnitude 5, and b be a

complex number with magnitude 13. Consider a+ b: what
could its magnitude be? Do you add magnitudes when you
add complex numbers, or what?
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12. Suppose m can be written as the sum of two squares, and
n can also be written as the sum of two squares. Prove
that mn can also be written as the sum of two squares.

13. Consider the equation y = x2 ! 12x + 41.
(a) Sketch the graph of the equation.
(b) Explain how you know (from the graph) that there

are no real solutions to the equation x2!12x+41 = 0.

14. The graph of y = x2!12x+41 is a parabola. Consider the
parabola with the same vertex that opens in the opposite
direction.
(a) Find the equation for this parabola.
(b) This parabola intersects the x-axis at what two points?
(c) The equation x2 ! 12x + 41 = 0 has two solutions

in complex numbers. Show that these solutions are
related to the x-intercepts of this reflected parabola.

15. Plot the solutions of each equation in the complex plane. As Tattoo might say... oh,
it’s too easy, never mind.(a) x2 ! 12x + 32 = 0

(b) x2 ! 12x + 35 = 0
(c) x2 ! 12x + 36 = 0
(d) x2 ! 12x + 37 = 0
(e) x2 ! 12x + 40 = 0
(f) x2 ! 12x + 85 = 0

16. Suppose a regular n-gon is placed with its center at the
origin and one of its vertices at (1, 0).
(a) For what values of n will (!1, 0) be a vertex of the

n-gon?
(b) For what values of n will (0,!1) be a vertex of the

n-gon?
(c) Find all points that are on the regular 12-gon but

aren’t on any smaller n-gon.

17. Take all the points on the regular 12-gon and square them.
What happens?

Topological Stu!.

18. For each of these objects, count the number of vertices,
edges, and faces of the objects.
(a) a cube
(b) a tetrahedron
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(c) a cylinder
(d) a square pyramid
(e) a dodecahedron
(f) a football Not that football, PCMI is

an international conference.
So who you got, France or
Italy?

(g) a shape provided by Joyce (bonus points available by
degree of di"culty)

19. Make a table with the number of vertices, edges, and faces
for these objects, or any others you enjoy. (A sphere, per-
haps?) Is there a meaningful relationship between these
numbers that holds no matter what solid you start with?

20. What about a graph in the plane, like Day 1’s sketch, or
even just a parallelogram? Is there some pattern to the
vertices, edges, and faces there? Here a face would just be an

enclosed area in the plane.

Tough Stu!.

21. Hey, it’s another division problem where we’ve provided
one of the digits, an 8. The other digits are unknown. No
leading digit is a zero, we swear we really mean it this time.

xxxx x x x

x x x

x x

x x x

x x

x

x

x

x x x x

8 x x

x

x

x x x x x

22. J
MI + O

GU + Y
EL = 1. Here, each letter is a unique and

distinct number from 1 to 9. Find a solution!

23. As you keep taking powers of z = 3
5 + 4

5i, they keep wrap-
ping around in a circle. But will they eventually wrap
around onto themselves? In other words, are there powers
k and m with zk = zm for this z?

24. Steve from Cincinnati promised Matsuura triangles, then
took it back! Who’s got ’em!

25. Sketch the graph of the equation xy = yx in the first quad-
rant.
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65 (to the) 1/2: Snakes on

a Hyperbolic Plane

Sketch of the Day

Use the narrowest part of a ruler to construct a triangle made up of
Ben is hyper for the
hyperbolic plane. Woo.

“straight” segments on the hyperbolic paper. How does the triangle com-
pare to one in the Euclidean plane?

Use a compass to make a circle on the hyperbolic paper.

Spread out that paper!
There’s plenty of real estate
to go around.

Important Stu!.

1. Working with a group (or perhaps a subgroup with more
than 1 element), discuss how the definitions of each of these Cathy and Kathleen could

form such a subgroup,
perhaps along with the
similarly-named participant
from Cincinnati?

terms might change in the hyperbolic plane. Be sure to
agree upon the definitions on the Euclidean plane before
talking about definitions in the hyperbolic plane.
(a) parallel
(b) perpendicular
(c) circle
(d) equilateral triangle
(e) midpoint
(f) congruent triangles

2. In the first week, we constructed an equilateral triangle
in the Euclidean plane using a straight edge and compass
(e!ectively, using the Sketchpad tools). Try to perform Is 651/2 close to route 66?

the same construction in the hyperbolic plane. Does it
work? Does it produce an equilateral triangle? Compare
the triangles you and others at your table made: are they
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congruent? similar?

3. In the Euclidean plane, two lines that are perpendicular to
the same line are parallel. Is this still true in the hyperbolic
plane?

4. If line MI is parallel to line CH, and that line is parallel
to line EL, is line LE parallel to line MI? Oh, this is in
the hyperbolic plane. If the world were hyperbolic,

would McAllen and
Cincinnati be closer or
further away?

Neat Stu!.

5. Is it possible for two triangles to be similar but not con-
gruent?

6. What’s a parallelogram?

7. Is the Midline Theorem true? This is the theorem that says
that if you take two midpoints in a triangle and connect
them, it’s parallel and half as long as the third side.

8. What happens to the Pythagorean Theorem?

9. How might you go about constructing a regular octagon
with 90! angles?

10. Construct a regular hexagon. Extra credit: construct a
regular hexagon with six right angles.

Tough Stu!.

11. Use the hyperbolic paper to solve and prove the equivalent
problem to Art’s tent problem on Day 2.

PROBLEM

Isn’t the hyperbolic plane wacky?
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9 A Tale of Cincinnati

and McAllen

Sketch of the Day

Use the provided Sketchpad model (and tools) to construct an equilat-
eral triangle. Find its side lengths and angle measures using the provided
hyperbolic tools and not the Measure menu.

What happens when you make the circle larger? smaller?

Careful, don’t make the
circle smaller than the
points you’ve defined. All
heck breaks loose. Oh, now
you’re going to do it for
sure.

Important Stu!.

1. Suppose complex numbers z and w are plotted. Describe
how you could use the picture to figure out where to plot
the sum z + w.

2. (a) Armando’s favorite complex number is 4 + 3i. Find
the magnitude and direction of the square of this num-
ber.

(b) Armando’s favorite complex number is 4
25 !

3
25 i. Find

the magnitude and direction of the square of this number. It’s okay if the direction isn’t
between 0 and 360!.(c) The two Armandos meet, and their numbers are mul-

tiplied together. What happens?

3. Here’s three complex numbers: m = 3+ i, e = 3+2i, i = i.
(a) Plot these three numbers in the complex plane.
(b) Multiply each number by 1+2i, then plot the results

in the complex plane.
(c) Describe how to relate the new numbers to the old.

4. (a) Find the magnitude and direction of w = 2 + i and
z = 3 + i.
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(b) Find the magnitude and direction of the product wz.
(c) How can the magnitude and direction of wz be de-

termined by the information about w and z?

5. Show that this is true: Sendhil says it must be true,
since it’s in the problem set.
Bah.(a2 + b2)(c2 + d2) = (ac ! bd)2 + (ad + bc)2

Neat Stu!.

6. Use the result in problem 5 to prove that when two complex
numbers are multiplied, their magnitudes are multiplied.

7. Suppose x and y are complex numbers where xy = 10i.
Find some numbers x = j + ui and y = a + ni where none
of j, u, a, n are zero. Find some more? A general rule?

8. Suppose z is a complex number with magnitude 1 and
direction !. Then z = a + bi with a = cos ! and b = sin !. If you’re not working with

trigonometry regularly, these
two will be extremely boring
problems.

(a) Calculate z2 directly by squaring z = a + bi. Notice
anything?

(b) Find a formula for cos 3!.

9. Suppose z and w have magnitude 1, z has direction " and
w has direction #. Let z = a + bi and w = c + di.
(a) Calculate zw.
(b) What can be said about the magnitude and direction

of zw?
(c) What’s the formula for sin(" + #)?

10. Use Sketchpad to construct a hyperbolic triangle. Then,
find the one point that minimizes the sum of the distances
to the three vertices of the triangle. Remember to mea-
sure distance using the provided tools and not the Measure
menu. What’s so special about this point, anyway?

Tough Stu!.

11. Construct a regular octagon in the hyperbolic plane.

12. Construct two di!erent triangles in the hyperbolic plane
with the same area, or prove that such a construction is
impossible.
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10 Once Upon a Time in

PCMI

Sketch of the Day

Plot the complex number z = 3
5 + 4

5 i in the plane. Then, use Sketchpad to
plot the powers of z: z2, z3, until they wrap around back into Quadrant
I.

Repeat the sketch starting with z = 2
3 + 2

3i. What changes? Why?

Important Stu!.

1. Use Sketchpad to show that the four vertices 0, z, w, and
z + w form a parallelogram in the complex plane.

2. Let z = 2 + i. Plot each of the following on the same Change the scale in
Sketchpad by dragging the
unit point (1, 0). Other
points should scale so they
keep the same coordinates.
For !z, what operation
might be best?

complex plane.
(a) z
(b) 2z
(c) 3z
(d) !z
(e) kz where k is any integer

3. What happens to the magnitude and direction of a com-
plex number when Dave multiplies it by i? You may as-
sume that Dave carries out the multiplication correctly.
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4. Let v be a complex number with magnitude 2. Here are some values of v
with magnitude 2:"

3 + i, 6
5 + 8

5 i,
"

2 +"
2i, 24

13 + 10
13 i. You want

more, ask Henri. Don’t
forget that Sketchpad allows
you to construct a point
“on” an object.

(a) Draw a shape to indicate where v could lie in the
complex plane.

(b) Pick a value of v and square it: where does it go?
Describe all the possible places where v2 could lie.

5. Find the magnitude and direction of z = 2 + i, of w =
3 + 2i, of zw. (Find exact values for the magnitude, and
approximate the direction to two or three decimal places.)

6. Guess the magnitude and direction of each of these, then
check a few of them. Remember, z = 2+ i and w = 3+2i.
(a) z2

(b) zw2

(c) zw3

(d) zw#1

(e) (z2w3)0

Neat Stu!.

7. Show that this is true: Brian says it must be true,
since it was also on Day 9.

(a2 + b2)(c2 + d2) = (ac ! bd)2 + (ad + bc)2

8. Suppose m can be written as the sum of two squares, and
n can also be written as the sum of two squares. Prove
that mn can also be written as the sum of two squares.

9. Use the result in problem 7 to prove that when two complex
numbers are multiplied, their magnitudes are multiplied.

10. If z2 = 11 + 60i, what is z? Is it possible for Matt and
Matt to get di!erent correct answers to this question? In
general, given a complex number’s magnitude and direc-
tion, find the magnitude and direction of all possible square
roots.

11. If z3 = !117 + 44i, what is z? Is it possible for Greg,
Carole, and Peter to all get di!erent correct answers to
this question? In general, given a complex number’s mag-
nitude and direction, find the magnitude and direction of
all possible cube roots.

12. Suppose the sum and product of two complex numbers z
and w are both real. Prove that either z and w are both
real numbers, or w = z.

38 PCMI 2006: SSTP



FREE SLURPEE DAY! FREE SLURPEE DAY!

Once Upon a Time in PCMI

13. Use multiplication of complex numbers to find a formula
for tan(" + #) in terms of tan " and tan #.

14. Find two values of tan " and tan # that make tan("+#) =
5.

15. Calculate this:
(5 + i)4

(239 + i)

What the heck could this possibly be useful for?

16. Hyperbolic Sketch of the Day! Use the Poincare
sketch to construct an equilateral triangle, then pick a
point inside. Construct the three altitudes from that point
to the three sides of the triangle. Notice anything?

17. Craig looks at a sequence of geometric shapes:

point, line segment, square, cube, hypercube (!)

These shapes have parts that have dimension 0 (points),
dimension 1 (edges / segments), dimension 2 (faces), di-
mension 3 (solids), dimension 4 (hypersolids?). How many
of each for each shape? Patterns, anyone? Dimension 5?
Dimension n?

Tough Stu!.

18. Let S be the set of complex numbers z with magnitude 2.
Find a function (such as z "# z2) that produces an ellipse
(and not a circle) as the output when S is used as the
input.

19. Complex number w is a member of set M if the rule z "#
z2 + w with starting point 0 never has |z| > 2.
(a) Find some numbers w that are in set M , and some

that aren’t.
(b) Prove that if |w| > 2, it cannot possibly be in set M .
(c) What does set M look like if it is graphed in the

complex plane?

20. What shapes tesselate in the hyperbolic plane?

21. (a) Evaluate tan 89! to two decimal places.
(b) How many degrees are in 1 radian? Give your answer

to three decimal places.
(c) What is going on here? Is this a coincidence? Coincidence? I think not!
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11 The Devil Went Down

To PCMI

Sketch of the Day

Let z be a complex number with magnitude 2. Draw a shape to indicate

Today’s title could also have
been “The Devil Wears
PCMI” but we decided
against that.

where z could lie in the complex plane, then describe and plot the path
z3 takes through the complex plane.

Move z around to the three di!erent places that are solutions to the

Today’s correct use of the
word “di!erent” is brought
to you by Neat Stu’s
Important Stu!.

equation z3 = 8. Where are they located in relation to one another?

Important Stu!.

1. (a) What do the powers of z = 3
4 + 3

4i look like in the
complex plane? Richard says it looks like a

buncha points. Not a very
exciting answer.

(b) What do the powers of w = 2
3 ! 2

3i look like in the
complex plane? Why does it go that way instead of
that way?

2. (a) Find the three solutions to x3 ! 1 = 0. (Factor?)
(b) Find the three solutions to x3 = 64.

3. Without Sketchpad, graph the line y = 4x + 2. On the
same axes, graph the output of each function when that
line is used as input. A table of values might help. So this is a function that

takes a line and outputs
another... line? shape? I
guess it depends!

(a) (x, y) "# (2x, y)
(b) (x, y) "# (x, y

2)
(c) (x, y) "# (x ! y, x + y)

4. Let S be the circle of all the complex numbers with magni-
tude 2. (Plot one of them and call it z.) Nagwa and others
have seen what the function z "# z2 will look like when you
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use this circle as input. So what about a di!erent function:

z "# z2 + z

What does the output look like when S is the input?

5. Describe how you could use the picture in problem 4 to
explain that z = 2 is a solution to the equation

z2 + z = 6

Neat Stu!.

6. Let z = 34 + i and w = 55 + i. The product zw can be 34 and 55, you say? Never
seen those numbers before.
Perhaps the answer is 89.

written as a scalar multiple of another complex number in
the form (something) + i. What’s the something? (Oh,
what about z

w?)

7. Let a = 2 + i, v = 5 + i, r = 13 + i, y = 21 + i. Find the
direction of the product avry. Can this be generalized?

8. (a) Expand the expression (x + 2)3.
(b) How many faces are there on a cube? How many

edges? How many vertices? Wacky.
(c) Does this pattern continue at all, in lower or higher

dimensions?

9. Je! challenges you to find the three solutions to x3 = i.
What do you say to this!

10. (a) Multiply out (a + bi)3.
(b) If z is a complex number with magnitude 1 and di-

rection !, what are its coordinates? (If you’re not a
trig fan, just move along, nothing to see here.)

(c) Write rules for cos 3! and sin 3! based on the first two
parts of this problem.

(d) The rule for cos 3! is 4 cos3 ! ! 3 cos !. ¿Que pasa?

11. Take a number z in the complex plane. How can you Take a number? Is this a
deli?construct the conjugate z?

12. Let S be the set of complex numbers z with magnitude 2.
Find a function that produces an ellipse (and not a circle)
as the output when S is used as the input.

13. Hyperbolic Sketch of the Day! Use the Poincare
sketch to investigate Art’s tent problem on Day 2. Is the
solution the same? Is the construction the same?
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14. Sketchy Sketch of the Day! Debbie did some division
in the complex plane yesterday. Take w = 6+8i and start
dividing it into stu!: lines? segments? triangles? circles?
Use a “Locus” construction in Sketchpad to see what the
results look like. When you divide w by a triangle, what
does the new shape remind you of? This is today’s Rorschach

test of the day, I guess.
15. Suppose tan A = 1

x and tan B = 1
y , where x and y are

integers. Is it possible for tan(A + B) to also be in the
form 1

z for some other integer z? If so, where?

16. Let z be a complex number with magnitude 1. If z = x+yi
and y > 0, explain how you know that y =

$
1 ! x2.

17. Let z = x + (
$

1 ! x2)i as in the last problem. So you
think you’ve seen it all, eh? The TI-89 can handle this,

believe it or not. Good ole
89.

(a) Expand z2 and look at the real part. Hm? Zeros?
(b) Expand z3 and look at the real part. Hmmm? Zeros?

Connection to some earlier question, perhaps?
(c) Expand z4 and look at the real part. Hmmmmm?
(d) Graph the real part of z2, z3, z4 as a function of x.
(e) What might zn look like? Okay, this really should’ve

been Tough Stu!, but too bad. Pafnuty says hi. Who’s
that? Look it up!

Tough Stu!.

18. Find some connections between what we’ve been doing
with tangent and Taylor series.

19. Ask Peg about the Hyperbolic Law of Cosines.

20. Use the Taylor series for sin x, cos x, and ex to show that
ei! + 1 = 0. Woo!

21. What is the value of ii? (Use a TI-89 in radian mode.)
How on earth would one arrive at such a thing?

22. Ooh, calculus: Let fn(x) = cos x cos 2x . . . cos nx. For
which n in the range 1, 2, . . . , 10 is the integral from 0 to
2$ of fn(x) non-zero?

23. Solve the problem available online at
http://www.claymath.org/millennium/Riemann Hypothesis/
then claim your prize.
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12 My Own Private PCMI

Important Stu!.

1. Let z be a complex number with magnitude 3. Plot a circle What? The Important Stu!
is first? Guess you better do
that first, then!

that contains z, allowing for the radius to be changed. If
set S is this circle, find the output when S is the input to
the rule

z !" z2 # z

2. Use the sketch from the last problem to find one solution
to each equation.
(a) z2 # z = 6
(b) z2 # z = 12
(c) z2 # z = #9 (approximate quick)
(d) z2 # z = 20 As Roy Scheider might say,

“We’re going to need a
bigger circle.”3. Let S be a circle with magnitude 2. What’s the output

look like when S is the input to the rule

z !" z3 + z + 2

4. Adapt the sketch in the last problem to find or approxi-
mate the three di!erent solutions to the equation

z3 + z + 2 = 0

5. Consider the rule

z !" z2 + 4z + 5

(a) Susan uses a really small circle S as input. What
does the output look like? By small we mean small.

(b) Ralph uses a really large circle S as input, and grabs
Susan’s circle, dragging it until it’s huge. What hap-
pens? Does the output ever cross the origin? How
many times?
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Sketch of the Day

Go back and do the Important Stu!. Oh you’re done? Fine then, find
(approximately) the five complex numbers that make z5 = 1. Don’t do
this by factoring, it’s the Sketch of the Day! While you’re at it, find the
five complex numbers that make z5 = #1. That’s all.

Not So Critically Important Stu!.

6. (a) Plot the two solutions to x2+6x = #25, using Sketch-
pad or otherwise.

(b) Plot the two solutions to 4x2 + 12x = #25.
(c) Plot the two solutions to 9x2 + 18x = #25.
(d) What’s going on, is there a pattern here?

7. Prove that any quadratic equation with real coe"cients
must have exactly two roots in the complex plane, except
when those roots are the same point.

8. Consider the function f(x) = x3 + 6x + 3. Don’t worry,
we’re not going to ask you anything about the complex
plane in this problem.
(a) Find a number a so that f(a) > 0.
(b) Find a number b so that f(b) < 0.
(c) Explain how you know that there must be a real num-

ber c so that f(c) = 0.

9. Suppose a function g(x) has g(a) > 0 and g(b) < 0. Must
there always be a c so that g(c) = 0? Explain or provide
examples.

Neat Stu!.

10. Do some division! Build a triangle in the complex plane,
then a point outside the triangle. Using locus construc-
tions, divide the point into the triangle. You’re going to So to do the division, click

on the isolated point first,
then the point on the edge
of the triangle.

need 3 locuses, loci, loca, whatever, one for each segment
of the triangle. What does the resulting shape look like?

11. What changes when the origin is inside the triangle? Why?

12. What changes when the origin is on the triangle? Why?
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13. What about angles in that last construction? How would
angles even get measured in these absurd new shapes? There should be plenty of

Neat and/or Tough Stu! to
go around from Set 11, too.
Feel free to try any group of
these problems. Although
many are related to the core
goals of the course, most are
side quests to try whenever.
Enjoy!

14. The function f(z) = z3 + 4z is an odd function. What
would an odd function look like under these complex map-
pings we’ve been doing?

15. While you’re at it, what about even functions?

16. Use the results from the Sketch of the Day to find the ten
numbers that make z10 = 1.

17. Let f(x) = x # x3

3 + x5

5 # x7

7 + · · ·. The domain of f(x) is Look out, it’s a Taylor
series! RUN! Oh, sorry, it’s
only a Maclaurin series.
False alarm.

real numbers with #1 $ x $ 1.
(a) Approximate f(1

5) to six decimal places. You might
need to take a few terms.

(b) Approximate f( 1
239) to six decimal places. More terms,

or less terms?
(c) Evaluate 16f(1

5) # 4f( 1
239) to five decimal places.

(d) Hey, we forgot: find the direction of the complex
number

(5 + i)4

239 + i
Wacky.

18. Consider this set of polynomials: P0(x) = 1, P1(x) = x
to start. From then on, polynomials are generated by the
rule

Pn(x) = 2x · Pn!1(x) # Pn!2(x)

Investigate these polynomials: what is their behavior? What
roots do they have?

19. Last night’s Pizza & Problem Solving o!ered a question
about numbers like 101, 10101, 1010101, etc. Try squaring
these numbers and see what happens. Can you prove it?

Tough Stu!.

20. Turns out that x5 # 1 = (x # 1)(x4 + x3 + x2 + x + 1).
That’s not tough. The tough part is to factor that quar-
tic piece into two quadratic factors, where each quadratic
factor might have real coe"cients (not just integers or frac-
tions). Does this give you any insight into how to construct
a regular pentagon?
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Sweet Home PCMI!

Sketch of the Day

Investigate the behavior of the function f(z) = z2
−2z+4 as it operates

Today’s problem set is
inspired by Lynyrd, not
Reese, and is brought to you
by the letter i, and the
number i.

on different “magnitude circles” (circles centered at 0). Estimate with very
poor accuracy the two solutions to z2

− 2z + 4 = 0. (They are both on
the same magnitude circle.)

Investigate the same behavior for the function f(z) = z2
− 4z + 4.

Not to worry, the plague of
locus is almost complete.

Important Stuff.

1. What two numbers have a sum of 2 and a product of 4?

2. Consider the function f(x) = x3 +6x+3. Estimate f( 1

100
)

and f(100).

3. Consider the function f(z) = z3 + 6z + 3. Say, this is the same
function we used in the last
problem!

(a) What does the output of f(z) look like when you use
a very small magnitude circle? If you can’t tell, your circle

isn’t small enough yet.(b) What does the output of f(z) look like when you use
a very large magnitude circle?

(c) Explain how you know that there must be a magni-
tude circle that contains a point z with f(z) = 0.

4. Let f(x) = x3 + 12x − 4. Give a good, quick estimate for
each of these. Emphasis on “quick”.
(a) f( 1

100
)

(b) f(− 1

100
)

(c) f(100)
(d) f(−100)
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5. Shenaz considers the function f(z) = z3+12z−4. Without

using Sketchpad, she and the rest of you shall answer the
questions of problem 3 about this other function.

6. Convince yourself, Rebecca, and everyone else that this is
true:

Let f(z) be a polynomial of degree n. Then there “Degree n” just means that
the polynomial starts
f(z) = azn + · · ·

must be at least one solution to the equation f(z) =
0 in the complex plane.

Neat Stuff.

7. Consider the function f(z) = z2
− z.

(a) Find a solution to z2
− z = 1 using Sketchpad.

(b) Find a way to use this sketch to build a golden rect-
angle. Is there more than one length in this diagram
that could produce a golden rectangle?

8. Use Sketchpad to approximate the five solutions to x5 +
2x2 + 10 = 0. How many of the roots are real numbers?

9. Use Sketchpad to approximate the four solutions to x4 +
3x2 + 1 = 0. Yes, there are four solutions and not two.
What happens, in general, to even functions? (Tougher:
Find the roots by factoring.)

10. Track down the solutions to x3
−7x2 +15x−9 = 0. What

does a “double root” look like in the complex plane? How
many solutions does this equation have?

11. Once you calculate the roots of a given polynomial, try What’s a “winding
number”?plotting them as points in the complex plane, then seeing

how the function behaves as it wanders by them. Or you
could try working with circles that aren’t centered at the
origin. Check out

http://www.keypress.com/sketchpad/general resources/recent talks/
complex ictmt6/downloads/complex functions.pdf

12. Continuity! On Saturday Donald woke up at 8 am,
climbed to the top of Mt. Timpanogos, then camped out
there overnight. On Sunday, Donald woke up at 8 am,
then climbed down the same trail he climbed up. He didn’t
climb at any consistent speed, and stopped to take in the
views many times. Was there definitely some time during
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the day that Donald was in the same spot (on the trail) at
the same time on both Saturday and Sunday?

13. The current record for calculating π is into the trillions
of digits. One completely wacky formula for calculating π

comes from this calculation:

(N + i)12
· (57 + i)32

· (110443 + i)12

(239 + i)5

Oh wait, we forgot N . Find the integer N so that this
entire product has direction exactly 45◦. This formula was
discovered by a high school teacher in 1982. Perhaps you
could find some more?

Review Your Stuff.

Historically the final day is considered review. Because this is
a self-reflective process of discovery, we think that an end prod- Is there really such a thing

as a “self-reflective process
of discovery”? (Google says
no.)

uct of this discovery might be some summarizing questions of
what you might find valuable in this course. We would like these
to get at what you think are important mathematical themes in
our course, and also themes that might apply to what you teach
in your own school. We hope this will be a valuable journey,
but mostly we’re just lazy and want your (table) to

•write two problems on any subject that has cropped up this
year, and Hey, creativity counts! We’ll

include many of the best
problems on Day 14’s set,
and the best title. Feel free
to poke fun at easy targets
like Art or Steve.

•write a potential title for Day 14’s problem set.

Your table’s problems will be judged on a sliding scale that
includes “Important”, “Neat”, “Wacky”, and “Useless”, among
others.

Tough Stuff.

14. Break x5
− 1 into quadratic factors, then use the factor-

ization to construct a regular pentagon with straight edge
and compass (or, use the Sketchpad tools).

15. Investigate the behavior of the function z 7→ z + 1

z
in the This paper includes some

references to previous works
by some guy from
Washington.

complex plane. An interesting paper on this and related
topics can be found online at:

http://jwilson.coe.uga.edu/olive/Joukowski.Web/Joukowski.Paper.html
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Escape From PCMI

Our Stuff.

0. Is there any reason that a polynomial of degree n can’t Or, “The PCMI
Redemption.” Or, “Raiders
of the Lost Arctan.” Or,
“2006: A PCMI Odyssey.”
Or, “i, Robot.” Or, “A
PCMI Too Far.” Or. . .

have more than n roots?

0. So, a cubic equation has at least one solution. Explain
how factoring could help you show that there are a total
of three solutions to the cubic equation. Here a “repeated root”

might be counted twice or
more.

Polynomial Stuff.

1. Find all solutions to each quadratic equation.
(a) w2 − 26w + 169 = 0
(b) w2 − 26w + 168 = 0
(c) w2 − 26w + 167 = 0
(d) w2 − 26w − 1 = 0
(e) w2 − 26w + 170 = 0

8, 11. Let f(x) = −8x4 − 9x3 + 4x2 + 3x + 8 and g(x) =
9x3 − x2 − 6x− 2. Find the remainder when each of these
is divided by x2 + 1.
(a) f(x)
(b) g(x)
(c) f(x) + g(x)
(d) f(x) − g(x)
(e) g(x) + 19
(f) f(x) · g(x)

9. (a) Construct a quadratic equation with roots 2 + i and
2 − i. (Sum and product?)

PCMI 2006: SSTP 49



No mathematicians were harmed during the making of this course.

Escape From PCMI

(b) Harder: construct a quadratic equation with roots
2 + i and −2 + i.

7. The graph of y = x2 + 10x + 27 is a parabola. Look back
at problem 14 from Day 8 and answer the same questions
about this graph.

Geometric Stuff.

11. Use Sketchpad to build a triangle OIL. Then plot each of
these: Since all three of each type

intersect in the same point,
you only need to plot two,
then find the intersection.
Whoomp, there it is.

• the orthocenter, intersection of the altitudes
• the centroid, intersection of the medians
• the incenter, intersection of the angle bisectors
• the circumcenter, intersection of the perpendicular bi-

sectors
Which one is the odd man out?

8. Triangle A(2, 3), R(4, 7), T (−5, 1) needs to transform into
triangle P (8, 18), E(18, 40), G(−3,−11).
(a) Write a transformation in the form (x, y) 7→ (ax +

by, cx + dy) that does this.
(b) Is there only one such transformation?

2. • Cut a strip of paper about 1.5 cm wide.
• Tie a knot near the end of the strip.
• Flatten everything to form a polygon. Where have you

seen this shape? (Powers of z?)
• Fold the strip around the polygon.
• Tuck the end in. Our hope is that Table 2

will prepare an example of
this construction.

• Puff up the shape by pressing the midpoint of each
side using a fingernail.

1. Slider Man, governor of Hyperbolia, wants to build thhe
WTC (Wormhole Transit Center) somewhere between the
three cities of Hyperion, Balloonium, and Averium. (Tri-
angle BAH?)
Given the space is hyperbolic, where should the WTC be
built so as to minimize the total length of the three new
geodesic roads? This problem seems familiar

somehow, I just can’t place
it. . .6. Does the Pythagorean Theorem carry over into the hy-

perbolic plane? What about the Side-Angle Inequality
(longest side opposite longest angle)?
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Complex Stuff.

8. Describe in detail how the locus sketch is used to solve
equations in the complex plane. Include:
(a) What’s the meaning of the green circle?
(b) What’s the meaning of the red locus?
(c) Which is first, magnitude or direction of solutions?
(d) Why wouldn’t we do that in reverse order?

5. (a) Find the 12 solutions to x12 − 1 = 0.
(b) If one vertex of a regular dodecagon is (1, 0) and the

center of the dodecagon is (0, 0), what are the others?

9. How many complex numbers a + bi have integer a, b and
magnitude

√
325 = 5

√
13? What of

√
1105?

10. Approximate the three solutions to the equation

x3 + ix2 − 2x = i

3. Solve z5 + 2z4 − 3z3 + 2 = 0 in any way you can. (Must do it graphically.)

4. (a) Take a complex number z, then continue squaring it.
What could happen, depending on what z is?

(b) (Tougher.) Start with a complex number c. Square
it, then add c. Then square that, and add c. Keep
doing that. What could happen, depending on c?

Wacky Stuff.

0. What number is this?

1 +
1

1 + 1

1+
1

1+ 1

1+

...

0. What number is this?

2 +
1

1 + 1

2+
1

1+ 1

1+ 1

4+

...

Here the numbers on the outside go 2, 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, 8, 1, 1, 10, . . ..

7. Amanda’s favorite function is A(x) = x4 − 3x2 + x2 + 2.
Find a cubic function, a quadratic function, and a linear
function that are all tangent to A(x) at x = 1.
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10. (a) Find a third or fourth-degree polynomial tangent to
y = x5 − x3 + 3x − 7 at x = −1 and x = 2.

(b) Find the one fourth-degree polynomial that is tan-
gent at x = −1 and x = 2, and also passes through
the point (0,−7).

11. Consider the following:

72 + 212, 92 + 272, 132 + 392, . . . , n2 + (3n)2

72 + 142, 92 + 182, 132 + 262, . . . , n2 + (2n)2

Do you notice any patterns? Can these patterns be used
to generate Pythagorean triples?

11. Check these out:

452 + 462 =?, 372 + 672 =?, 532 + 252 =?

Is there a pattern? Can you generalize or prove it?

5. How many Reidemeister moves does it take to untangle
f(z) = z5 + z4 + z3 + z2 + z + 1 where z is a complex
number on the function f(x) = cos x? Assume that the
ends of f(z) are connected by a straight line. What’s a Reidemeister

move, you say? And how do
we know which parts of the
path are over or under other
parts? Uhhh.

8. Extend the sketches from the third week to allow for mag-
nitude circles that aren’t centered at the origin. Try this
with f(z) = z3 + 1 and see what happens. (Where might
be a good place to center the circle, then?)

Tough Stuff.

12. Build a polygon in the complex plane, then a point outside
the polygon. Using locus constructions, divide the point
into the polygon. What could the resulting shape look like You will need several loci,

one for each segment. Or
try merging? Ben might be
lying about this.

for different polygons?

5. Consider the dodecagon from problem 14. If each vertex
of the dodecagon is transformed by the rule

(x, y) 7→ (3x − 2y, 4x + 5y)

find the exact area of the new shape formed.

6. Assuming that Matsuura triangles exist, prove that one
side length of the triangle must be a multiple of 24. Thanks, everyone! It’s been

a real treat teaching the
class and meeting you all.
See you again soon.
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2007.1 Head Games

Hey, welcome to the class. We know you’ll learn a lot of mathe-
matics here—maybe some new tricks, maybe some new perspec-
tives on things with which you’re already familiar. A few things
you should know about how the class is organized:

• Don’t worry about answering all the questions. If
you’re answering every question, we haven’t written the
problem sets correctly. One question from a

previous year turned out
to be the unsolved Twin
Primes Conjecture. Nobody
got that one.

• Don’t worry about getting to a certain problem
number. Some participants have been known to spend
the entire session working on one problem (and perhaps a
few of its extensions or consequences).

• Stop and smell the roses. Getting the correct answer to
a question is not a be-all and end-all in this course. How
does the question relate to others you’ve encountered? How
did others at your table think about this question?

• Teach only if you have to. You may feel the temptation
to teach others at your table. Fight it! We don’t mean
you should ignore your tablemates but give everyone the
chance to discover. If you think it’s a good time to teach
your tablemates about integration by parts, think again:
the problems should lead to the appropriate mathematics
rather than requiring it. The same goes for technology used
in the course. The problems should lead to the appropriate
use of technology rather than requiring it.

• Each day has its Stuff. There are problem categories:
Game of the Day, Important Stuff, Neat Stuff, and Tough
Stuff. We’ll have you do Game of the Day first thing (most
of the time), but after that you should check out Important
Stuff first. We try to make sure that the problems in
Important Stuff can be picked up regardless of how much or
little work you’ve done on prior sets. All the mathematics
that is central to the course can be found and developed in
the Important Stuff. Hey, it’s important stuff. Everything
else is just neat or tough.

On Day 3, go back and read these again. Will you remember?
Maybe!

And now, on with the show . . .

IT’S OVER!!! (arrow’d) 1
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Game of the Day: “Fake It, Make It”

1. With a partner or two, fake the results of flipping a coin 240 times.
Write heads as 1, tails as 0. Seriously, fake it: no technology, no dice,
nothing.

2. Now, with the same partnerortwo, make the results of flipping a
coin 240 times. Write heads as 1, tails as 0. Seriously, make it: no
technology, no dice, just flip a coin 240 times and write down what
it says. Identify the two lists in some way that you would recognize,
but a neighbor would not.

3. Create a test you could use to decide whether a list someone gave
you was real or fake. Now exchange lists with a neighbor and run
your test. Did it work?

Important Stuff.

4. (a) Pick two integers between 1 and 5 (inclusive). Find
the probability that the two numbers picked do not
share a common factor greater than 1. Be clear about any assump-

tions made in how you
chose to do the picking—
there is more than one way
to do it, and they will yield
different results that we’ll
talk about.

(b) Repeat for picking between 1 and 6, 1 and 7, 1 and
8, 1 and 9.

5. (a) If you flip a fair coin 240 times, how many heads
would you expect?

(b) Take a guess: what is the probability of getting exactly
this many heads? Don’t take more than 10

seconds to guess!
6. (a) If you roll a fair die 240 times, how many ones would

you expect?
(b) Another guess: is it more likely to get exactly this

many ones, or to get exactly the number of heads
from the last problem? Dude, just take a guess and

move on.

7. Jocelyn has a piece of paper. She tears it into three equal
pieces and hands one piece to Connie, another to Mario,
and keeps the third piece for herself.

She continues to do this; tearing the paper she has left
into three equal pieces, handing one piece to Connie, one
to Mario, and keeping the third.

(a) After two tears, how much paper does Jocelyn have
left? How much do Connie and Mario each have?

(b) After three tears?

2 IT’S OVER!!! (arrow’d)
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(c) After four tears?
(d) After 10 tears?
(e) Forever?
(f) Write two different expressions for the amount of

paper Connie has after this is over.

8. Mary has a piece of paper. She tears it into four equal
pieces and hands one piece to Manuel, one piece to Kim,
one piece to Sandra, and keeps the fourth piece for herself.

She continues to... aw, do we have to write the rest of
this? Fine.

(a) After two tears, how much paper does Mary have left?
How much do Manuel, Kim, and Sandra each have?

(b) After three tears?
(c) After four tears?
(d) After 10 tears?
(e) Forever?
(f) Write two different expressions for the amount of

paper Sandra has after this is over.

Neat Stuff.

9. What’s the probability that an integer picked from 1 to
n is a perfect square if

(a) n = 10?
(b) n = 100?
(c) n = 1000?
(d) n = 10000?
(e) What is happening “in the long run” (as n grows

larger without bound)?

10. A gambler offers you these two games:

Game 1: You roll a die four times. If you hit a 1 any of
the four times, you win.

Game 2: You roll a pair of dice 24 times. If you hit double
1s any of the 24 times, you win.

Aside from the length-of-game issue, which of these games
would you rather play to win? Or are they the same?

11. The new toy craze is Mega Men, where kids buy a Mega
Man in a box without looking to see which one it is, then
open it up when they get home. There are ten toys in all,
each equally likely when you buy a box. If you collect all
ten, you can make Ultra Mega Mega Man!

IT’S OVER!!! (arrow’d) 3
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On average, how many boxes will you have to buy for
your kid before he can finally collect them all? Sadly, eBay is not an

option, since the only cool
Mega Men are the ones still
in their original packaging.

12. Okay, so there’s this game. You get 1 point every time you
flip heads. But, anytime you flip tails you’re in “danger”.
If you flip tails a second time consecutively , you “bust”
and lose all your points (but continue playing). So, don’t flip tails twice

in a row. Otherwise it’s all
good.(a) The game lasts 10 flips. What is the probability that

you survive all 10 flips without busting even once?
(b) What is the average score you could expect after 10

flips?
(c) What happens in a longer game? Will the average

score increase? Is there a limit?

Tough Stuff.

13. Remember Yahtzee? Sure, you remember Yahtzee. You
get three rolls and you’re looking to get all 5 dice to be
the same number. You can “save” dice from one roll to
the next. There are other goals, but people really only
care about getting the 5-dice Yahtzee.

(a) Find the probability that if you try for it, you will
get a Yahtzee of all 6s in any given turn.

(b) Tougher: find the probability of getting any Yahtzee
by trying for it—that is, you always play toward the
nearest available Yahtzee.

14. Build a data set with at least 5 elements such that if m
is the mean and n is the median, then |m − n| is larger
than the standard deviation of the set. Since this is Tough Stuff,

we don’t have to tell you
how to calculate standard
deviation.

4 IT’S OVER!!! (arrow’d)
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2007.2 Games People Play

Game of the Day: “Bingo Hi-Lo”

Bill is a contestant on a game show. On this show, an integer between 1
and 75 is picked (at random). Then you are asked whether the next number
(picked from the remaining numbers) will be higher or lower. If you are
correct, you’ll be paid $100 times the number that comes out. Your plan is For example, if the first

number is 25 and you say
“Higher”, and the next
number is 35, you’d win
$3500. Easy money!

to make the decision that makes as much money as possible.

1. (a) Say the first number is 25. What should you do?
(b) Okay, first number 38. What should you do?
(c) Okay, first number 42. What should you do?
(d) So, what’s your overall strategy? State it clearly.

Important Stuff.

2. Describe, in complete detail, a test you could perform on
a set of 240 coin flips that would help you decide whether
it is real or fake.

3. Use your test on each of these four data sets to decide
whether each is real or fake.

They could all be fake;
or they could all be real;
or . . . If you want more
of these, we have them
and will happily give you
another page of them.

(a)

IT’S OVER!!! (arrow’d) 5
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(b)

This one is read vertically;
see the arrow. Go down
each column. The others
are read horizontally.

(c)

6 IT’S OVER!!! (arrow’d)
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(d)

4. (a) Pick two integers between 1 and 6 (inclusive). Find
the probability that the two numbers picked do not
share a common factor greater than 1. There is more
than one possible correct answer.

(b) Repeat for picking between 1 and 7, 1 and 8, 1 and
9, 1 and 10.

5. (a) If you flip a fair coin 240 times, how many heads
would you expect?

(b) Take a guess: what is the probability of getting exactly
this many heads? Don’t take more than 10

seconds to guess! Make
sure your table has a
conversation about this at
some point if they haven’t
already.

6. (a) If you roll a fair die 240 times, how many ones would
you expect?

(b) If you roll a fair die 240 times, what’s the expected
sum of the 240 die rolls?

7. Jocelyn has a piece of paper. She tears it into three equal
pieces and hands one piece to Connie, another to Mario,
and keeps the third piece for herself.

IT’S OVER!!! (arrow’d) 7
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She continues to do this; tearing the paper she has left
into three equal pieces, handing one piece to Connie, one
to Mario, and keeping the third.

(a) After two tears, how much paper does Jocelyn have
left? How much do Connie and Mario each have?

(b) After three tears?
(c) After four tears?
(d) After 10 tears?
(e) Forever?
(f) Write two different expressions for the amount of

paper Connie has after this is over.

8. Mary has a piece of paper. She tears it into four equal
pieces and hands one piece to Manuel, one piece to Kim,
one piece to Sandra, and keeps the fourth piece for herself.

She continues to... aw, do we have to write the rest of
this? Fine.

(a) After two tears, how much paper does Mary have left?
How much do Manuel, Kim, and Sandra each have?

(b) After three tears?
(c) After four tears?
(d) After 10 tears?
(e) Forever?
(f) Write two different expressions for the amount of

paper Sandra has after this is over.

Neat Stuff.

9. What’s the probability that an integer picked from 1 to
n is a perfect square if

(a) n = 10?
(b) n = 100?
(c) n = 1000?
(d) n = 10000?
(e) What is happening “in the long run” (as n grows

larger without bound)?

10. A gambler offers you these two games:

Game 1: You roll a die four times. If you hit a 1 any of
the four times, you win.

Game 2: You roll a pair of dice 24 times. If you hit
double 1s any of the 24 times, you win.

8 IT’S OVER!!! (arrow’d)
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Aside from the length-of-game issue, which of these games
would you rather play to win? Or are they the same?

11. The new toy craze is Mega Men, where kids buy a Mega
Man in a box without looking to see which one it is, then
open it up when they get home. There are ten toys in all,
each equally likely when you buy a box. If you collect all
ten, you can make Ultra Mega Mega Man!

On average, how many boxes will you have to buy for
your kid before he can finally collect them all? Sadly, eBay is not an

option, since the only cool
Mega Men are the ones still
in their original packaging.

12. You want to roll 15 as the sum of dice. How many dice
do you pick to max your chances?

13. Okay, so there’s this game. You get 1 point every time you
flip heads. But, anytime you flip tails you’re in “danger”.
If you flip tails a second time consecutively , you “bust”
and lose all your points (but continue playing). So, don’t flip tails twice

in a row. Otherwise it’s all
good.(a) The game lasts 10 flips. What is the probability that

you survive all 10 flips without busting even once?
(b) What is the average score you could expect after 10

flips?
(c) What happens in a longer game? Will the average

score increase? Is there a limit?

Tough Stuff.

14. Remember Yahtzee? Sure, you remember Yahtzee. You
get three rolls and you’re looking to get all 5 dice to be
the same number. You can “save” dice from one roll to
the next. There are other goals, but people really only
care about getting the 5-dice Yahtzee.

(a) Find the probability that if you try for it, you will
get a Yahtzee of all 6s in any given turn.

(b) Tougher: find the probability of getting any Yahtzee
by trying for it—that is, you always play toward the
nearest available Yahtzee.

15. Build a data set with at least 5 elements such that if m
is the mean and n is the median, then |m − n| is larger
than the standard deviation of the set. Since this is Tough Stuff,

we don’t have to tell you
how to calculate standard
deviation.

IT’S OVER!!! (arrow’d) 9
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Three More Data Sets

If you want them.

(e)

(f)

(g)

10 IT’S OVER!!! (arrow’d)
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2007.3 Game On!

Game of the Day: “¿Vas o No Vas?”

A popular game show involves opening suitcases with different dollar
amounts in them. Every so often, the player is offered a deal to walk away
instead of continuing the game. If the player refuses all deals, they get to
keep whatever is in the final suitcase.

1. There are four suitcases left: $5, $25, $10,000, and $50,000.

(a) The show offers you $9,000 to walk away. Should you take the
deal? Why or why not?

(b) What if the show offered you $12,000? Would you take that deal?
Why or why not?

2. There are five suitcases left: $1, $5, $5,000, $30,000, and $125,000.
You are a representative of the show. What deal amount would you
offer, and why?

3. The actual show begins with these 26 suitcase values: If you’re expecting a $1
million suitcase, you’ve got
the wrong show.$.01 $.25 $1 $5 $10 $25

$50 $75 $100 $200 $300 $400

$500 $1,000 $1,250 $2,500 $5,000 $7,500

$10,000 $25,000 $30,000 $40,000 $50,000 $100,000

$125,000 $250,000

What would a fair deal be worth at the start of the game? Describe
how the calculation was made.

Important Stuff.

4. This is G5, the Godmother sequence of order 5: This is opposed to the
Godfather sequence, which
is {I, II, III}.{

0

1
,
1

5
,
1

4
,
1

3
,
2

5
,
1

2
,
3

5
,
2

3
,
3

4
,
4

5
,
1

1

}

The sequence G5 is all fractions from 0 to 1, inclusive,
with denominators less than or equal to 5, and is written
in increasing order with all fractions written in lowest
terms.

Write out G6, G7, and G8.

5. How many elements are in each of G1 through G8?

IT’S OVER!!! (arrow’d) 11
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6. Here is a geometric shape: This follows up on some
of the geometric discussion
we had Tuesday.

(a) If the length and height of each stair is 1 foot, find
the area of the shape.

(b) Show how two staircases of this shape could be com-
bined into a rectangle, and find the area of the rect-
angle.

(c) Suppose the staircase was 9 steps instead of 5. Could
two such staircases still form a rectangle? Use this to
find the area of one such staircase.

(d) Suppose the staircase was 75 steps. Could two such
staircases still form a rectangle? Use this to find the
area of one such staircase.

(e) Find a rule for the sum of the first n integers

1 + 2 + 3 + · · · + n

7. Pick one of the coin sets from Tuesday that you haven’t
worked on yet, and determine whether it is real or fake.
We are likely to have a discussion about the different tests
people have been designing. There were seven on

Tuesday’s set, three on
an appendix page. We have
more, just ask.

8. After the parade, Alan was stuck with a giant piece of
paper. He tears it into five equal pieces and hands one
piece to Caroline, one piece to Jim, one piece to Philip,
one piece to RoseMary, and keeps the fifth piece for
himself.

He continues to do this with his remaining piece, dividing
it into five equal pieces.

(a) After two tears, how much paper does Alan have left?
How much do the others each have?

(b) After three tears?
(c) After 10 tears?
(d) Forever?
(e) Write two different expressions for the amount of

paper Caroline has after this is over.

12 IT’S OVER!!! (arrow’d)
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Neat Stuff.

9. On the hit show Italian Mathematical Bingo Night, the
bingo machine is filled with balls for the Fibonacci num-
bers:

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233

How would the player’s strategy in Tuesday’s “Game of
the Day” be altered by this change?

10. The formula for the sum of the first n squares can be
modeled with blocks of wood! Here’s a picture of two
blocks.

(a) Explain why the volume of each block of wood pic-
tured above is

12 + 22 + 32 + 42 + 52

(b) Show how six blocks in this shape can be fit together
to form a solid box (or, better yet, build it). Then,
find the dimensions of this box.

(c) Describe how this process could be generalized to
show that

12 + 22 + 32 + · · · + n2 =
n(n + 1)(2n + 1)

6

11. What’s the probability that an integer picked from 1 to
n is a perfect square if You’ll notice a few retreads

from earlier sets. Skip ’em
if you already did ’em, but
they’re still neat if you
haven’t seen them yet.

(a) n = 10?
(b) n = 100?
(c) n = 1000?
(d) n = 10000?

IT’S OVER!!! (arrow’d) 13
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(e) What is happening “in the long run” (as n grows
larger without bound)?

12. A gambler from France offers you these two games:

Game 1: You roll a die four times. If you hit a 1 any of
the four times, you win.

Game 2: You roll a pair of dice 24 times. If you hit
double 1s any of the 24 times, you win.

Aside from the length-of-game issue, which of these games
would you rather play to win? Or are they the same?

13. The new toy craze is Mega Men, where kids buy a Mega
Man in a box without looking to see which one it is, then
open it up when they get home. There are ten toys in all,
each equally likely when you buy a box. If you collect all
ten, you can make Ultra Mega Mega Man!

On average, how many boxes will you have to buy for
your kid before he can finally collect them all? Sadly, eBay is not an

option, since the only cool
Mega Men are the ones still
in their original packaging.

14. Okay, so there’s this game. You get 1 point every time you
flip heads. But, anytime you flip tails you’re in “danger”.
If you flip tails a second time consecutively , you “bust”
and lose all your points (but continue playing). So, don’t flip tails twice

in a row. Otherwise it’s all
good.(a) The game lasts 10 flips. What is the probability that

you survive all 10 flips without busting even once?
(b) What is the average score you could expect after 10

flips?
(c) What happens in a longer game? Will the average

score increase? Is there a limit?

Tough Stuff.

15. Do the Yahtzee problem! This shorter version has saved
almost 100 pieces of paper, which will all be cut into equal
pieces later.

16. Build a data set with at least 5 elements such that if m
is the mean and n is the median, then |m − n| is larger
than the standard deviation of the set. Since this is Tough Stuff,

we don’t have to tell you
how to calculate standard
deviation.

17. The “Game of the Day” for Tuesday is a shorter descrip-
tion for the actual game. The player has 17 turns to earn
500 points playing the game (1 point times the ball num-
ber picked). How would you find the probability that a
player would win this game?

14 IT’S OVER!!! (arrow’d)
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2007.4 It’s Not How You Play The Game, It’s How
Often You Win Or Lose

Game of the Day: “Two Heads Up”

Time limit: 10 minutes.

Here’s three games.

Game 1: Flip two coins. If you get exactly two heads, you win.

Game 2: Flip three coins. If you get exactly two heads, you win.

Game 3: Flip four coins. If you get exactly two heads, you win.

1. Which game gives you the highest probability of winning? Next week is “The Price Is
Right” week on Game of
the Day. Be prepared.

Important Stuff.

2. (a) Calculate 1 + 2 + 3 + 4 + 5 + 6.
(b) Here is a geometric shape Peg built from some rods.

If the width and height of each step is 1 cm, find the
area of the shape.

3. Calculate the sum of the first 100 positive integers.

4. Take a coordinate grid with 0 ≤ x ≤ 10, 0 ≤ y ≤ 10.
Plot all points (x, y) in this range where x and y are both
positive with x ≥ y. Don’t do it yet! If x and y share
a common factor greater than 1, color them one way; if
not, color them another way. Okay, now you can do it. Yes, use green and red!

Yes, use pen and pencil!
Just make it clear which is
which.

It’s safe. It’s very safe.

5. Let x and y be two integers between 1 and 10, inclusive,
with x ≥ y. Use your graph from problem 4 to determine
the probability that any such pair has no common factor
greater than 1.

IT’S OVER!!! (arrow’d) 15
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6. Write out F10, the Farey sequence of order 10. Yesterday If this doesn’t make sense,
ask Flora, Fauna, or
Meriweather. Or just watch
Cinderella.

we called this the Godmother sequence. Today, John did
a five-minute short on this sequence.

7. Take a coordinate grid with 0 ≤ x ≤ 10, 0 ≤ y ≤ 10. Plot
all points (x, y) in this range where the fraction y

x
is in

the Farey sequence. Hmmm? For example, you’d plot the
point (5, 3) since 3

5
is in

the Farey sequence. Don’t
plot (3, 5), though.

8. Use your graphs to complete this table. Here, “relatively
prime pairs” refers to the pairs plotted in problem 4 that
have no common factors greater than 1. Some of the
numbers have been included to aid you.

n Number of elements in Fn Relatively Prime Pairs

1 2

2

3 4

4

5 11

6

7 18

8

9

10 33

9. Calculator skill time. Here are some explicit directions
on how to expand the expression (h + t)2 on the calcula-
tors.

• Hit the HOME button then select option 5 to get a
new document.

• When it asks you what kind of page you want, select
Calculator.

• Type out the word expand then the expression you Use the green buttons:
E-X-P...want to expand. There are two sets of parentheses,

one for the expand function and one for the expres-
sion. The exponent button is on the left side two be-
low CTRL. Your calculator line should look like

expand((h+t)2)

• Hit the enter key in the bottom right and enjoy the
magic. You could also hit CTRL

then N for a new docu-
ment. Lots of the typical
command letters work the
way they’re supposed to.

(a) Expand (h + t)2, (h + t)3, and (h + t)4.
(b) What does this have to do with the Game of the Day?

16 IT’S OVER!!! (arrow’d)
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Neat Stuff.

10. Use the expansion of (h + t)6 to find the total number of
ways you could flip 4 heads and 2 tails in a sequence of
six coin tosses.

11. Pick a data set of 240 coin tosses, and lump them in
80 groups of three. For each group, count the number
of heads: it will be zero, one, two, or three.

(a) How many of each category would you expect? There
are 80 total groups.

(b) How does your data set compare? What might make
you suspect a fake?

12. Find the number of elements in F30, the Farey sequence
of order 30. Try to find some shortcuts to help your work:
your goal is only to find the number of elements, not list
them all.

13. (a) Find the fraction with smallest integer denominator
(and integer numerator) that is between 7

17
and 5

12
.

(b) If the answer to the last question is a
b
, find the frac-

tion with smallest integer denominator (and integer
numerator) that is between 7

17
and a

b
.

14. On the hit show Avery’s Bingo Night, the bingo machine
is filled with balls for the powers of 2:

1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048

How would the player’s strategy in Tuesday’s “Game of
the Day” be altered by this change?

15. Today’s “Game of the Day” asks you to find the best
number of coins to flip to get two heads. What about
three heads: what’s the number of coins that gives you
the best chance of flipping exactly three heads?

16. Draw a histogram with the number of coins flipped on
the horizontal, and the probability of flipping exactly four
heads on the vertical.

17. It’s the weekend: surely you’ve missed some earlier Neat
Stuff problems. If you’re interested, check them out.
They’re neat—but remember that we’ll make sure to
cover anything really important in... well, yeah.
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Tough Stuff.

18. The Price is Right game called “Spelling Bee” asks you
to pick five cards from a board containing 30 cards: Actually, the player needs

to answer some easy
questions about cutlery
or MP3 players to earn the
five cards, but we’ll assume
they get them all.

11 cards say C

11 cards say A

6 cards say R

2 cards say CAR

The goal is to spell CAR in any way possible: if you pull
either of the 2 “CAR” cards, you win immediately. But
you can also win by picking at least one of each of the
three categories C, A, R. Several video clips of this

game are available on
YouTube.(a) What is the probability of winning this game?

(b) Remarkably, someone actually managed to spell CAR
three times during the same game. How likely was
this?

19. Henri and Tatyana play a very long game. They flip a coin:
if it’s heads, Henri gets a point. If it’s tails, Tatyana gets
a point. What makes it such a long game? Well, in order
to win, you have to be 20 points ahead of your opponent.

How long, on average, will this game last?

20. A person is standing at the edge of a pool, and they’ve
had one too many. Each step they take, they have a 1

3

chance of stepping toward the pool, and a 2
3

chance of
stepping away from the pool.

What is the exact probability that they eventually fall
into the pool? Note that this probability will be more
than 1

3
since the first step could take them into the deep

end.

21. We’ve chosen not to repeat any problems on this set. So,
if you want some other challenges, go back and look at the
other Tough Stuff problems. We’d love to see a few people
come back next week with a solution to the Yahtzee
problem, or a data set where the difference between the
mean and median is greater than the standard deviation.

18 IT’S OVER!!! (arrow’d)
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2007.5 We’ve Got Game

Game of the Day: “Race Game”

Alice, Bev, Craig, and Dawn sit at a table for four in no particular order.
Rey, the guest of honor, tells them their seats are assigned at the table and Rey is getting an award as

the King of Math.shows them the chart.

Twelve minute time limit!

1. (a) What is the probability that all four of them are in the right
seat?

(b) What is the probability that all four of them are in the wrong
seat?

2. On average, how many of the four will be sitting in the right seat?

Important Stuff.

You can use rods of integer sizes to build “trains” that all share Using Cuisenaire rods
helps. Unless you are told
otherwise, you have an
unlimited supply of all the
rod types, even beyond the
10 that is the normal limit
of the Cuisenaire set.

a common length.

A “train of length 5” is a row of rods whose combined length
is 5. Here are some examples:

Notice that the 1-2-2 train and the 2-1-2 train contain the
same rods but are listed separately. If you use identical rods in
a different order, this is a distinct train.

3. (a) How many distinct trains of length 4 can be made?
(b) How many trains of length 4 can be made with one

rod? two rods? three? four? five? A 1-1-2 train counts
as three rods, by the way. Five rods? Eh? Let’s just

say this shouldn’t be that
hard.4. Repeat problem 3 for trains of length 5. The work on the

previous problem might be helpful!
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5. (a) Make a table for n = 2 to 8 for the number of trains
of length n that use exactly two rods.

(b) Repeat for exactly three rods.

6. Physically make all five trains of length 6 that use exactly
two rods, and (separately, without destroying the two-rod
trains) all ten trains of length 6 that use exactly three
rods.

7. Calculator skill time. Here are some explicit directions
on how to evaluate

(
5
2

)
on the calculators. Not sure what

(
5
2

)
means?

No worries, we shall
discuss.

• Hit the HOME button then select option 5 to get a
new document.

• When it asks you what kind of page you want, select
Calculator.

• Type out the word ncr then, in parentheses: (5, 2).
Your calculator line should look like this:

ncr(5,2)

• Hit the enter key in the bottom right and enjoy the
magic. The letter C will be capitalized in the display,
which will appear as nCr(5,2).

(a) Calculate
(
5
2

)
,
(
6
2

)
, and

(
7
2

)
.

(b) The calculator can work with variables, too. What
does the calculator give for

(
x+1

2

)
?

(c) What does the calculator give for
(

x
k

)
?

Neat Stuff.

8. Billy is in the sixth grade, and he estimates that the books
he carries to school weigh about 25 pounds. He figures he’s
right to within 3 pounds, give or take.

Billy’s dog Woody weighs about 18 pounds, give or take
2 pounds. It depends on how many

Milk-Bones Woody’s been
eating lately.(a) Billy says the books and the dog combined should

weigh about 43 pounds, but how accurate could this
be in “give or take” terms?

(b) One day, Billy decides to carry Woody in his school
bag instead of his books. A lighter load! Give an
estimate for the difference in the weights, in “give
or take” terms.
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9. Make a game that is about one-third likely to be won. So, one game would be
“Roll a die and if it comes
up 1 or 2, you win.” But
you can make something
more interesting!

Explain clearly how the game is played, and what the
winning condition is. The best games are simple to play
but complex in their potential outcomes. Don’t worry too
much about making the winning probability exactly one-
third.

10. Devise an experiment using one or more six-sided dice
with exactly a one-fifth probability of success. Ack! Stupid dice and their

six sides.

11. With 240 coin flips come 120 pairs of flips.

(a) The four outcomes for a pair of flips are HH, HT,
TH, TT. Given 120 pairs of flips, how many of each
outcome would you expect?

(b) Find a 240-flip data set and determine the number of
each paired outcome that occurred. Do you find any
grounds to suspect that the data is fake?

12. What’s the probability that an integer picked from 1 to
n is a perfect square if

(a) n = 10?
(b) n = 100?
(c) n = 1000?
(d) n = 10000?
(e) What is happening “in the long run” (as n grows

larger without bound)?

13. What’s the probability that an integer picked from 1 to
n is square free if An integer is square free

if it has no square factors
greater than 1. So 4 isn’t
a factor, 9 isn’t, and so
on. 30 is square free; 60
isn’t. You might need some
technology help for this
one.

(a) n = 10?
(b) n = 100?
(c) n = 1000?
(d) n = 10000?
(e) What is happening “in the long run” (as n grows

larger without bound)?

14. Some of the terms in the Farey sequence have consecutive
Fibonacci numbers as numerator and denominator. One
such fraction is 5

8
, while another is 21

34
.

Where do these fractions appear within the Farey se-
quence? Can you find any justification?

15. Show that there must be a sequence of 100 consecutive
non-prime positive integers.
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16. On average, how far is it from one prime number to the
next? How would you go about measuring such a thing?

Useless Stuff.

17. How many ways are there to use white and red Cuisenaire This is a very nice problem,
but we’re not kidding: it’s
useless stuff.

rods to build a cube, two units on a side? You are allowed
to place red rods in any direction, including vertically.

Tough Stuff.

18. What’s the average length of car used when you make
all the trains of length 5? Is there a general rule at work
here? Can you justify it?

19. Find a generalization to the problems in today’s “Game
of the Day” that can work for n people or prizes instead
of 4. Specifically, what happens to the probability that
everyone ends up in the wrong seat?

20. Henri and Tatyana play a very long game. They flip a coin:
if it’s heads, Henri gets a point. If it’s tails, Tatyana gets
a point. What makes it such a long game? Well, in order
to win, you have to be 20 points ahead of your opponent.

How long, on average, will this game last?

21. A person is standing at the edge of a pool, and they’ve
had one too many. Each step they take, they have a 1

3 Must be coming back
from the Margarita-Off
or something.

chance of stepping toward the pool, and a 2
3

chance of
stepping away from the pool.

What is the exact probability that they eventually fall
into the pool? Note that this probability will be more
than 1

3
since the first step could take them into the deep

end.

THIS SPACE INTENTIONALLY LEFT BLANK

Well, not really, but we’ve already asked 21 questions and had extra space.
Anybody want a spatula?

22 IT’S OVER!!! (arrow’d)
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2007.6 For the Love of the Game

Game of the Day: “Shell Game”

In the Shell Game, a prize ball is placed under one of four shells. The player Once, the player acciden-
tally looked under the
shell instead of placing
the marker. The prize
ball wasn’t there. They
placed the marker there
anyway . . . brilliant!

is asked four true-false questions: for each one they get right, they get to
place a marker next to any of the four shells. If they place a marker next
to the prize ball, they win.

1. (a) Assuming that the true-false questions are all answered with 50-
50 likelihood, what is the probability that the player answers all
four questions right (and automatically wins)?

(b) Find the probability that the player gets 0 right, 1 right, 2 right,
3 right, 4 right.

(c) Use expected value to find the probability that the player wins
the Shell Game. For example, if the player gets 3 true-false
questions right, they will then have a 3

4
chance of winning the

game. Mmm, symmetry.

Important Stuff.

2. If you have not yet done problem 7 from yesterday, do so
now. Either way, use the calculator to find nCr(4,k) for
each k from 0 to 4; also find the value of

(
10
3

)
and

(
10
7

)
. Shouldn’t we have said

“values” here?
3. There are 16 trains of length 5. Lars, apparently imper-

sonating Butch Cassidy, steals one of the trains at ran- Or David Cassidy, we forget
which. Come on, get happy!dom. What is the probability that the train he stole was

made from exactly 3 rods?

4. Flip four coins. What is the probability of getting exactly
two heads?

5. Herb stands at the corner of Center St and Main in
beautiful downtown Logan, Utah. Assume for the sake
of this problem that Logan is a grid of streets (pretty
close, actually). Center goes east-west, while Main goes
north-south.

Herb flips a coin. If he flips heads, he goes east one full
block on Center. If he flips tails, he goes west one full
block. Then he flips again.

(a) After two flips, where could Herb be and with what
probability?
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(b) After three flips, where could Herb be and with what
probability?

(c) After four flips? Five?
(d) Find the probability that Herb is back at the corner

of Center and Main after ten flips. You’ll probably
want to use that nCr thing for this.

6. Quick calculator skill today: to get a fraction to appear in
the entry window of the calculator, hit ctrl (the blue but-
ton) then the division key. Then you can type whatever
you want in the numerator and denominator.

Use the calculators to expand this expression: The other templates were
found with ctrl then the
multiplication key. Look
back to Session 4 for
instructions on how to
expand stuff; but keep in
mind you can type out
the word expand like a
function.

(
x +

1

x

)4

Any thoughts? What about the 10th power?

7. What’s the probability that a randomly chosen positive
integer is

(a) divisible by 3?
(b) divisible by 5?
(c) not divisible by 3?
(d) not divisible by 5?
(e) not divisible by either 3 or 5?
(f) divisible by either 3 or 5?

8. Pick two positive integers at random, and call them m
and n.

(a) What is the probability that m is even? What is the
probability that both m and n are even?

(b) What is the probability that m and n do not share
a common factor of 2? You can use the result from
part (a) to solve this.

(c) What is the probability that m and n do not share a
common factor of 3? What’s the chance that

they do share the factor?
(d) What is the probability that m and n do not share a

common factor of 5?
(e) What is the probability that m and n do not share

any of the common factors 2, 3, or 5?

24 IT’S OVER!!! (arrow’d)
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Neat Stuff.

9. This table gives the number of elements for the Farey
sequence of order n. The third column gives the difference
between consecutive terms. The notation |Fn| just

means the number of
elements in Fn. As an
example of how ∆ works,
look at 19, 23, and the
4. Either 23 − 19 = 4, or
19 + 4 = 23. When you go
from F7 to F8, four terms
get added for a new total
of 23. Hm, this table must
be useful if it’s taking up
half a page . . .

n |Fn| ∆

1 2 1

2 3 2

3 5 2

4 7 4

5 11 2

6 13 6

7 19 4

8 23 6

9 29 4

10 33

11

12

13

14

15

Continue this table to F15 by considering how many So, what would this look
like as a graph?elements get added to the Farey sequence each time.

10. So, there are 16 trains of length 5 and 16 ways to flip 4
coins. Can you think of a way to match them up? It would
be something like “this coin flip corresponds to this train”. This is usually called a one-

to-one correspondence and
is a typical solution method
in counting problems.

11. Using your correspondence from problem 10, what train
is represented by this sequence of heads and tails?

HHTTTTHTHHHHH

Note there may be more than one correct answer here
since it depends on the correspondence used.

12. In yesterday’s Cross-Program Activity, an interview pro-
cess was mentioned. Candidates come in, and you must
decide to accept them immediately or reject them for-
ever. The goal is to have the best chance of finding the
one best candidate among the group. One strategy is to
reject the first n candidates out of hand, then accept the
next candidate that is better than anyone seen so far.

Another application of
this process is finding a
good parking space: you
might pass up the first few
spaces you find expecting
to see a better one later,
or take a spot only to find
a closer one you could’ve
had. Could also apply to
relationships . . .
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Suppose there are 5 candidates to be seen.

(a) Oscar decids to accept the first candidate. What
is the probability that Oscar gets the best possible
candidate?

(b) Judy decides to reject the first candidate, then take
the next one that beats everyone so far . What is the
probability that Judy gets the best candidate this
way?

(c) Same question, but Allen throws out the first two
candidates before looking for the best of the rest.

With technology you might consider expanding the prob-
lem to larger groups . . .

13. On average, how far is it from one prime number to the
next? How would you go about measuring such a thing?

14. Today’s Game of the Day is a little simplified, since the
player usually does better than 50-50 on the true-false
questions in Shell Game.

(a) Suppose the player gets a true-false question right
with probability p = 0.75. What is the chance that
they win the Shell Game?

(b) Find a formula, in terms of p, for the probability that
the player wins the Shell Game if they get questions
right with probability p. Check that the formula gives
the right answers for p = 0, p = 0.5, p = 1.

Tough Stuff.

15. Take the harmonic series and remove all the terms with
the number 1 in their denominators: Sadly this means the

fraction 1
231

is missing.

1

2
+

1

3
+ · · · + 1

9
+

1

20
+

1

22
+

1

23
+ · · ·

The normal harmonic series diverges (gets larger with no
maximum). So, what about this one?

16. Take the harmonic series but consider only terms with
prime denominators:

1

2
+

1

3
+

1

5
+

1

7
+

1

11
+ · · ·

Does this sum converge? If so, to what? If not, can you
prove it?
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2007.7 Bored Games?

Game of the Day: Plinko!

Plinko is a favorite: all a player has to do is drop a chip, and they can win
up to $10,000. Here’s a graphic of a simplified version of the Plinko board: Dude, it’s Free Slurpee Day.

Go get one. Or several.
10

0

50
0

10
00 0

10
00

0 0
10

00 50
0

10
0

DROP CHIP HERE

Whenever the chip hits a Peg, it has a 50-50 chance of going left or right Poor Peg, continually
getting beaned by Plinko
chips.

to the next one. At the bottom, it will fall into one of nine slots with dollar
amounts on them, from $0 (d’oh) to $10,000 (woo hoo).

1. (a) Describe the relationship between the falling Plinko chip and
coin flipping.

(b) Find the probability of falling into the center slot for a $10,000
win.

(c) Find the probability of falling into a $0 slot. Careful: there are
two of them.

(d) Find the probability of falling into $1000, $500, $100.
(e) How much, on average, will you win per chip if they let you keep

playing this game for a long, long time?
(f) The “real” Plinko is typically played with 5 chips. How much,

on average, should players expect to win if they have 5 chips to
work with?
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Important Stuff.

2. Pick a random integer between 1 and 21, inclusive. What
is the probability that this number is . . .

(a) divisible by 3?
(b) divisible by 7?
(c) not divisible by 3?
(d) not divisible by 7?
(e) not divisible by 3, and also not divisible by 7?
(f) divisible by either 3 or 7?

3. Suppose we changed problem 1 to be numbers from 1 to
210, inclusive. Would anything change in the probabili-
ties?

4. Pick any random positive integer. What is the probability
that this number is . . . Ben says, “This is the

counting numbers.” Bowen
says, “Naturally.”(a) divisible by 3?

(b) divisible by 7?
(c) not divisible by 3?
(d) not divisible by 7?
(e) not divisible by 3, and also not divisible by 7?
(f) divisible by either 3 or 7? What were we thinking,

not using 7 and 11 on Free
Slurpee Day?5. Calculator skill time. Here’s how to make a scatter plot

for the Farey sequence data from yesterday. This one is
longer! We will be using this again later in the week(s)
ahead.

• Hit the HOME button then select option 5 to get a
new document.

• When it asks you what kind of page you want, select
Lists & Spreadsheet.

• In the first column type out the numbers 1 through
10.

• In the second column type out the number of ele-
ments in the Farey sequence of orders 1 through 10. Find this data in yesterday’s

Neat Stuff or your earlier
notes.

• Now go to the top of Column A to a small cell right
next to the letter A, and type the word order. Do
the same at the top of Column B and type the word
farey. This step adds these columns as list data to
be used in the other types of page.

• Take a breath for a sec as you flip to the next page.
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• Hit the HOME button then select option 2 to get a
new Graphs & Geometry page. Note that this should
not be a new document. If you need to move

between pages, hit the
ctrl button then the left or
right wheel arrow.

• Hit the MENU button then select option 3, “Graph
Type” and choice 3, “Scatter Plot.” (Hit enter.)

• Hit enter to bring up a list of x variables, and select
“order”. Then hit tab. Do the same to select “farey”
as the y variable. The scatter plot should appear. Are we there yet? Are we

there yet?• Hit the MENU button then select option 4, “Win-
dow” and choice 9, “Zoom - Stat”, to fit the window
to your data.

• Hit the MENU botton then select option 5, “Trace”,
to move along the data points.

• Celebrate with your favorite dance.

6. Herb stands at the corner of Center St and Main in
beautiful downtown Logan, Utah. Assume for the sake
of this problem that Logan is a grid of streets (pretty
close, actually). Center goes east-west, while Main goes
north-south.

Herb flips a coin twice. The first flip tells Herb whether
he’s going to move north-south or east-west. The second
flip tells Herb which direction to go: heads for east or
north; tails for west or south. All moves are one block.

Basically all four directions are equally likely with proba-
bility 1

4
. After moving a block, Herb decides where to go

next. Poor Herb forgot to pack
his tetrahedral dice or Shell
Game cups.(a) After two flips, where could Herb be and with what

probability?
(b) After three flips, where could Herb be and with what

probability?
(c) After four flips?
(d) Find the probability that Herb is back at the corner

of Center and Main after six flips. This one is pretty
hard without finding a pattern, so feel free to skip.

7. Ben says that yesterday’s problem 6 included a wacky This comment was partially
censored; Ben actually
said . . . oh well. Ask him
yourself.

polynomial meant to describe Herb’s first walk. Do prob-
lem 6 if you haven’t. Can you find an even more wacky
polynomial that models Herb’s second walk?
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Neat Stuff.

8. Why would they put the $10,000 space in the middle Think mathematically!

surrounded by two zeros, instead of the other way around?

9. Pick an integer between 1 and 900, inclusive. Find the
probability that this integer is square free; that is, it has
no square numbers greater than 1 as factors: no 4, no 9,
no 16, and so on.

10. Pick two integers, each between 1 and 30, including dupli-
cations and order. There are 900 possible sets, including
(21,17) and (17,21). Find the probability that the two
numbers do not share a common factor greater than 1.

11. The number of Plinko chips a player actually plays with is
1, plus 4 more they can win at a pricing game. Typically
players get 80% of the pricing game questions right. Find
the expected payout the show pays for one game of Plinko.

12. Herb moves to Cubertville where the streets have no
name. But they run in all directions: east, west, north,
south, up, down. Herb rolls a die and moves a block; now
there are six choices for where he’s going to move. But
the questions remain:

(a) After two flips, where could Herb be and with what
probability?

(b) After three flips, where could Herb be and with what
probability?

(c) Find the probability that Herb is back at the corner
of Center, Main, and Pogo Blvd (the street that goes
up and down) after five flips. Alright, only these three

streets have names.

Tough Stuff.

13. Take the harmonic series and remove all the terms with
the number 2 in their denominators: Sadly this means the

fraction 1
231

is missing.

1 +
1

3
+

1

4
+ · · · + 1

19
+

1

30
+

1

31
+

1

33
+ · · ·

The normal harmonic series diverges (gets larger with no
maximum). So, what about this one?

14. Take the harmonic series but consider only terms with
prime denominators. Will that converge? If so, to what?
If not, can you prove it?
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2007.8 Shall We Play A Game?

Game of the Day: “The Big Wheel”

After three contestants on The Price is Right comes the Showcase Show-
down, where the player who earns the most moves on. In this simplified
version, each player spins twice on a wheel with the numbers 25, 50, 75,
100 on it. For this version, there is no “busting” by going over 100.

1. Find all the possible outcomes of spinning this wheel twice, and the
probability that each occurs.

2. What is the average number of points Mary could expect to earn in
one spin? two spins? Mary gives it a good spin

and is proud of how it keeps
turnin’.3. Expand this:

(
x25 + x50 + x75 + x100

)2

What’s going on with the exponents and coefficients?

Important Stuff.

4. (a) Find the probability of flipping exactly 4 heads in 8
coin flips. This is the probability of

paying Amy $10,000 . . .(b) Use your mad Plinko skillz to answer this question
from Day 1 without guessing:

What is the probability of getting exactly
120 heads in 240 coin flips?

5. Let x and y be integers from 1 to 15, inclusive. There are We have provided grids for
these in the back if you
need them. Need more?
We got more. All part of
our attempts to achieve
plentiful sufficiency.

225 possible ordered pairs (x, y). For each (x, y), plot it if
the greatest common factor of x and y is 1.

6. On a separate grid and in a different color plot all the
(x, y) where the greatest common factor is 2. Now stare
at the grids for a bit.

7. Pick a random integer between 1 and 52, inclusive. What
is the probability that this number is . . .

(a) divisible by 4?
(b) divisible by 13?
(c) not divisible by 4? Would this better be called

indivisible? With liberty
and justice for all?

(d) not divisible by 13?
(e) not divisible by 4, and also not divisible by 13?
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(f) divisible by either 4 or 13?

8. Calculator skill time. This builds on yesterday’s sketch,
and shows how to plot a best-fit function to data, some-
times called a regression. Take a deep breath . . .

• Completely complete yesterday’s problem 5. You
should now have two pages: a spreadsheet page with
the Farey sequence data, and a graphing page with This is the godmother of

all calculator skill tasks. If
you’re lucky, you picked up
an nSpire with yesterday’s
task already finished.

the scatter plot.
• Go back to the spreadsheet page by hitting the ctrl

button then the left wheel arrow.
• Position the cursor in cell D1 of the spreadsheet.
• Hit the MENU button then select option 4, “Statis-

tics”, then option 1, “Stat Calculations . . . ”, then
choose either option 6 or option A for a quadratic or
exponential fit. Which fit to pick? You

decide. Maybe do both.• A dialog box should come up. For “X List” choose
count, then hit the TAB button. For “Y List” choose
farey. Then hit enter twice and watch the magic. The
spreadsheet page should now contain the coefficients
of the fit in its columns, and the variable f1 should
now store the fit equation.

• Go back to the graphing page by hitting the ctrl
button then the right wheel arrow.

• Hit the MENU button, then option 3, “Graph Type”,
then choice 1, “Function”.

• Hit the up wheel arrow once to select function f1 if it
isn’t already. You should see the regression equation
here, perhaps with a few too many digits.

• Hit enter, and the fitting curve will display.

One great thing about
nSpire is that if you
went back to add more
data to the spreadsheet,
everything immediately
updates to reflect the
changes. The list variables,
the scatter plot, the fit
coefficients, the regression
plot... everything!

So which is better: a quadratic fit or an exponential one?
How could you decide?

9. Variance is a measure of spread of data: a large variance Spread ’em.

indicates a wide spread, while a small variance indicates
data is tightly packed. In this problem, we’re going to
show you how to calculate the variance of a data set.
Variance is less often called the mean squared deviation,
but that name describes how to calculate it:

• Find the deviation for each element, compared to the
mean of the data.

• Take all the deviations and square them.
• Find the mean of all these values.
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Consider the data {1, 7, 13, 25, 34}. The mean is... hm.

(a) What is the mean?
(b) Complete this table to find the variance of the data

set. Some of the numbers have been filled in for you. Psst: try doing this on
the nSpire spreadsheet.
The “Mean” column will
contain the same number
each time.

Data Mean Deviation Square

1 −15

7

13 9

25

34 324

Variance = mean of squares = · · ·
(c) The standard deviation of a data set is the square Standard deviation occurs

when you teach something
not on “the list”.

root of the variance. So, what is it for this set?

Neat Stuff.

10. (a) Find the variance and standard deviation for the data
{25, 50, 75, 100} as seen in today’s Game of the Day. You calculated the mean

for one and two spins in
problem 2.

(b) Find the variance and standard deviation for the data
set from two spins of the wheel. Note that duplicates
should be included: there are 3 ways to make 100,
and count them all.

(c) Notice anything interesting? “Yes” is not a complete
answer here.

11. The real “Big Wheel” has twenty numbers from 5 to 100,
in increments of 5. Also, you bust if you go over 100
combined from two spins.

(a) Find a polynomial that could be used to represent
the wheel. No, you don’t have to write it all out.

(b) Hey, try this on the calculator: Bah, I guess you might
have to expand it too.

x105 − x5

x5 − 1

(c) Find the probability that you bust if you spin twice,
even including the idiotic move of spinning again if
your first spin was 100.

12. Pick a card from a deck of 52. What is the probability
that this card is . . .

(a) a spade?
(b) an ace?
(c) not a spade?
(d) not an ace?
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(e) not a spade, and also not an ace?
(f) either a spade or an ace?
(g) This remind you of anything?

13. Problem 7f is kind of interesting: the probability of an
integer being divisible by either 4 or 13 is 4

13
. Does this

ever happen again? If so, find the general case.

Tough Stuff.

14. So, the “Big Wheel” problem has a little more to it, in
terms of strategy. When you spin the wheel the first time,
you actually can stop with what you’ve got, or take a
second spin. The goal is to be the closest to 100 without
going over. The tough part is reading

this all the way through.
There is a lot of cognitive
demand here. But hey, it’s
Tough Stuff, deal with it.

But what’s interesting is that only the last player has full
information: they know exactly what amount they need
to beat, so it’s clear when they should stop or keep going.
But the second player doesn’t have this.

Suppose the first player busted out, and the second
player’s first spin comes up 50 (on the real wheel that
goes from 5 to 100). Should they keep going, or stop?
Neither option is really desirable, but which is better?
Find a cutoff that says the second player should stop if
they spin X or above, and keep going below that.

An even more challenging question is to analyze the first
player’s decision, since the later players could each beat
them. Say the first player’s first spin comes up 60. Should
they keep going, or stop? If they stop they’re pretty likely
to get beat by someone, but if they keep going, they are
more likely to bust than to improve. Find a cutoff that
says the first player should stop if they spin X or above,
and keep going below that.

15. There is a continuous analog to the “Big Wheel.”, where
any real number between 0 and 100 is equally likely to
be “spun”. The rules remain the same: go over 100 and
you’re out, and only the best score is a winner.

Develop strategies for the second and first players to
determine their first spin cutoffs. You will need some
calculus techniques to attack this problem.

34 IT’S OVER!!! (arrow’d)



From the PCMI studios, see you next time on . . . Wheel of Fish! 2007.8 Shall We Play A Game?

15-by-15 grids

Graph paper also a good idea.
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2007.9 Big Game Hunter

Game of the Day: “Golden Road”

Golden Road is the richest game available on The Price is Right. Players
start given (for free!) a small prize, and try to win bigger and bigger prizes.

Consider a game of Golden Road with three possible outcomes: If your actual Golden
Road game ended with
only a $6,000 prize, you’d
be ticked. Most large
Golden Road prizes are
over $50,000.

• One-fifth of the time, the player wins a lousy spatula worth $5.

• Two-fifths of the time, the player wins a lovely designer rug worth
$500.

• Two-fifths of the time, the player wins the big prize, a trip to Banff
worth $6,000.

1. Find the average payout for this game in the long run.

2. Variance is a measure of spread of data: a large variance indicates a As a spread, you might
say “I can’t believe it’s not
variance!” But really it is.

wide spread, while a small variance indicates data is tightly packed.
Variance is less often called the mean squared deviation, but that
name describes how to calculate it:

• Find the deviation for each element, compared to the mean of
the data. Deviation can be positive or negative.

• Take all the deviations and square them.
• Find the mean of all these values.

So, let’s calculate the variance for one play of “Golden Road”.

(a) Complete this table to find the variance for one play. Some of
the numbers have been filled in for you. The “Mean” column will Psst: try doing this on

the nSpire spreadsheet.
The “Mean” column will
contain the same number
each time.

contain the value you found in problem 1.

Data Mean Deviation Square

5 −2596

500

500 4414201

6000

6000

Variance = mean of squares = · · ·
(b) Wow, that variance sure seems big. The standard deviation of Standard deviation occurs

when you teach something
not on “the list”.

a data set is the square root of the variance. So, what is the
standard deviation for one play of “Golden Road”?
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Important Stuff.

3. Peter plays a game with five outcomes, but only remem-
bers a few things about its probabilities. One of the five
outcomes is the most likely of all five, so he calls its prob-
ability p. Two of the four other outcomes have probability It’s unclear whether Peter

named the variable after
himself.

two-thirds of p, and the remaining two outcomes are even
less likely, only one-sixth of p.

Peter wants to calculate p. What is it? He’s listed all five
outcomes. If you’re not sure where to

start, try a value for p and
see how it goes. Eventually,
set up an equation to solve
for p.

4. Work with your tablemates to fill out four transparencies,
each of which is a 15-by-15 grid.

• Using the blue pen on the first transparency, plot all
ordered pairs (x, y) with 1 ≤ x, y ≤ 15 such that x
and y have no common factors greater than 1. (This
was problem 5 on yesterday’s set.)

• Using the red pen on the second transparency, plot
all ordered pairs (x, y) with 1 ≤ x, y ≤ 15 such
that the greatest common factor between x and y
is exactly 2.

• Using the green pen on the third transparency, plot
all ordered pairs (x, y) with 1 ≤ x, y ≤ 15 such
that the greatest common factor between x and y
is exactly 3.

• Using the black pen on the fourth transparency, plot
all ordered pairs (x, y) with 1 ≤ x, y ≤ 15 such
that the greatest common factor between x and y
is exactly 4.

5. Now pile all the transparencies together one atop another.
What do you notice? Can you explain this?

6. Count the number of dots on the blue and red transparen-
cies. Roughly how many times more blue dots are there
than red dots?

7. This data comes from a 240-by-240 grid instead of a 15-by-
15 grid. It gives more information about long-term trends. We thought about having

you fill out the 240-by-240
grid and count it up, but
it’s only a two-hour class.

Color Dots (out of 57,600)

blue 35,087

red 8,771

green 3,931

black 2,203
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(a) Roughly how many times more blue dots are there
than red dots?

(b) Roughly how many times more blue dots are there
than green dots?

(c) Roughly how many times more blue dots are there
than black dots?

8. Check out the zone on the blue transparency with x and Check, check, check . . .
check it out!y between 1 and 7. See it anywhere else? Is anything like

this going on for other colors? Can you use this to explain
the patterns in problem 7? They say if you stare at

these long enough, you’ll
see a sailboat or a dolphin.9. Pick any point (x, y) in a very large grid. Let the proba-

bility that (x, y) is a blue dot be p.

(a) Give an approximate value for p based on the data in
exercise 7.

(b) If the probability of picking a blue dot is p, what is
the probability of picking a red dot?

(c) If the probability of picking a blue dot is p, what is
the probability of picking a green dot?

(d) Suppose this went on forever: what is the probability,
compared to p, that the pair (x, y) will have greatest
common factor n?

10. Let p be as in exercise 9. Explain why

p +
1

4
p +

1

9
p +

1

16
p + · · · = 1

then use this to write an expression for the value of p.

Neat Stuff.

11. Calculate each of these to six decimal places: These are the results from
problem 10, cut off after
5 terms, 25 terms, and so
on. Hit the blue ctrl button
before entering if you’d
like an approximate answer
instead of an exact one.

Apologies for a slight
technical glitch. Each
denominator should look
more like

5∑
n=1

1

n2

(a)
1∑5

n=1
1
n2

(b)
1∑25

n=1
1
n2

(c)
1∑100

n=1
1
n2
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(d)
1∑1000

n=1
1
n2

(e)
1∑10000

n=1
1
n2

What do you notice about the accuracy here?

12. You remember Herb’s one-dimensional walk, east-west
along Center St? Of course you do! If not, go back and
work it out.

(a) Find the variance and standard deviation for how far
away from the start Herb is after two steps. After two steps, Herb is

either 0 or 2 blocks from
the start.

(b) Find the variance and standard deviation for how far
away from the start Herb is after three steps. Include
all eight possible ways.

(c) Repeat for four steps. Wow, that works out nicely for
four steps, doesn’t it?

(d) What happens in general?

13. Repeat problem 12 for the two-dimensional case where This is a pretty amazing
result if you ask me. But
I guess you didn’t! Still,
pretty cool.

Herb goes north, south, east, or west. What happens
now? Consider Herb’s distance from his starting point in
Euclidean terms—so, after two steps, he is either 0, 2, or√

2 blocks from where he started.

14. What about Plinko from the top of a tetrahedron with
6 rows? How would this work, and what numbers would
come from the Pascalization? What numbers appear at
the bottom of the tetrahedron? What numbers appear on
the lateral faces?

15. Expand this using the nSpire:

(a + b + c)6

What’s up with that? Bonus problem. If train A
leaves Chicago at 50 mph,
and train B leaves Denver
at 60 mph, what is the
probability that you’ll get
this problem right?

Tough Stuff.

16. Repeat problem 12 for the three-dimensional case where
Herb goes north, south, east, west, up, or down. What
happens now? Again, consider Herb’s distance from his
starting point in Euclidean terms—after three steps, he
could be 1, 3,

√
5, or

√
3 units from the start.
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15-by-15 grid

Please use these transparencies, not graph paper. You’ll see
something interesting! Use blue for 1, red for 2, green for 3,
black for 4. 1,2,3,4, do this or we’ll sing

some more!

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

40 IT’S OVER!!! (arrow’d)



From the PCMI studios, see you next time on . . . Wheel of Fish! 2007.10 This Tastes Game-y

2007.10 This Tastes Game-y

Game of the Day: “M&M Survivor”

Gather up 40 M&Ms together in a cup and toss them on a plate. Some will
be M-side up, count these and return them to the cup. Eat the others. i can has m&m?

If using other things such
as pennies, ignore this last
step.

Repeat a total of six times, and see how many survive. Survivors
ready . . . go!

1. Complete this table with the number of survivors from your experi-
ment: We decided it would not

be appropriate to play this
with people, what with the
eating and all. Plus if you
weren’t wearing a shirt with
an M on it, you’re in real
trouble.

# Tosses Survivors

0 40

1

2

3

4

5

6

2. What type of fitting curve might you expect for this data? If time
permits, use technology to find and display the fitting curve. Would Gloria Gaynor enjoy

this game?

Important Stuff.

3. (a) Pick two positive integers at random. What, approx- Using positive integers feels
natural.imately, is the probability that the two integers do

not share a common factor greater than 1?
(b) We looked at this equation on Friday:

p +
1

4
p +

1

9
p +

1

16
p + · · · = 1

What’s this p stand for? This has no affiliation to
the Sue Grafton book “P
is for Peril.” Yes, we know
how to use the internets!

4. Evaluate this on the nSpire:

Say what? There’s an
infinity button?? Use ctrl
and the weird book thing
on the right.

1
∞∑

n=1

1

n2

Holy moly. This page has set the record
for Most Wacky Sidenotes.
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5. Calculator skill time. Your calculator should be loaded
with a document called “farey50”, but if it isn’t, here’s
what you do. I can only imagine the

graphing calculator games
of this new generation. It
will put “Drug Wars” to
shame.

• Go to the top-level menu by continually hitting the
ctrl button and the up arrow. This should take you
to a list of documents.

• Find another calculator with “farey50” on it. This
document is located in the “Examples” directory.

• Get a link cable. Attach the side marked A to the
calculator you are transferring from, and the side
marked B... well, yeah.

• On the calculator you are transferring from, highlight
the “farey50” document. Don’t let your godmother

catch you doing this.• Select the TOOLS menu by hitting the ctrl button
and hitting the HOME button in the very top right.

• Select option 1, “File”, then option 5, “Send”.
• Watch the magic as you now have “farey50” in the

Examples directory on your own calculator.

Okay, everybody got it? Now open the “farey50” docu-
ment within the Examples directory by clicking on it. The Hit ctrl and up to get

to the menu, then open
the Examples directory if
necessary. If it asks you to
save the current document,
make like Nancy Reagan.

first page is a spreadsheet with the data and the coeffi-
cients for a best-fit quadratic. The second page is a scatter
plot of the data with the best-fit quadratic overlaid. Wow,
that’s close!

In any case, decide how you would estimate the number
of elements in F100, the Farey sequence of order 100, and
for F200. Once your group comes up with answers, we’ll
let you know how close they are.

6. The best-fit quadratic for the first 50 Farey data points
seems to be

f(x) = .3056x2 + .2388x + 1.608

(a) As x gets larger, what terms become more important
or less important in this quadratic?

(b) At the top of the next page is a plot of the points
in F50: if y

x
is in the Farey sequence, then (x, y) is

plotted. Give an estimate for the probability that if I
pick one of the 2500 points in the square 1 ≤ x, y ≤
50, it is in the Farey sequence. Maybe a picture of F15

would be more helpful?
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Neat Stuff.

7. Here’s an interesting sequence of, uh, sequences.

Index Sequence

1 1, 1

2 1, 2, 1

3 1, 3, 2, 3, 1

4 1, 4, 3, 2, 3, 4, 1

5 1, 5, 4, 3, 5, 2, 5, 3, 4, 5, 1

Each sequence inserts the index number n in all places
where two consecutive terms in the sequence above add
to n. The 5s are placed between 1 and 4, then 3 and 2,
then 2 and 3, then 4 and 1. Anywhere it adds to 5.

(a) Build the next three sequences. In the first, insert 6s
anywhere you see consecutive terms adding to 6.

(b) How many elements are in each sequence? Wowzers. The heck, there was
supposed to be a 17.

8. Look back at the lists of Farey sequences from earlier in
the course. For some students, this

is their most favoritest
fraction problem evah!(a) What is the first fraction placed between 2

5
and 1

2
?

(b) What is the first fraction placed between 2
7

and 1
3
?

(c) What is the first fraction placed between 2
5

and 3
7
?

(d) What is the first fraction placed between 3
5

and 5
8
?

(e) What is the first fraction placed between a
c

and b
d
?
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9. Suppose you were standing at the origin (0, 0) and there Sheesh, a Reagan and Bush
reference on the same
problem set? What have
we come to? Still it’s better
than the “Over and Ova-
Reagan” reference from
2005.

were 2500 points of light, one at every point (x, y) with
integer coordinates 50 or less. You pan across from the
east to the north, and in between you see a whole lot of
points. You can’t see any point blocked by another one:
for example, you can’t see (10, 6) because (5, 3) is in the
way.

(a) Approximately what percentage of all 2500 points do
you see?

(b) What are the very first points you see?
(c) What is the first point you see that doesn’t have y-

coordinate 1?
(d) What point do you see exactly halfway along this

panning? By this we mean in terms of points seen,
not in terms of angle.

(e) What point is halfway through the “first half” of the
panning? Can you explain why? You might want to
consider some simpler cases first. Again, this is in
terms of points seen, not the point at a 22.5◦ angle.

10. Find the variance and standard deviation for the number
of heads tossed when rolling

(a) ... four dice.
(b) ... five dice.
(c) ... nine dice.
(d) ... n dice.

11. You spin a wheel with the numbers 25, 50, 75, 100 on
it. Find the variance and standard deviation for the total Go on, spin it! You know

you want to. Just be sure
to make appropriate “boop
boop boop” noises as it
goes around.

score from spinning the wheel

(a) ... once.
(b) ... twice.
(c) ... four times.
(d) ... 100 times. (Guess?)

12. Find the probability that a positive integer chosen at
random is square free; that is, it has no factors greater
than 1 that are perfect squares.

Tough Stuff.

13. Pick three positive integers. Find the probability that
they do not all share a common factor greater than 1. For example, the set

{15, 21, 35} do not share a
common factor.
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2007.11 Oh, The Games You’ll Play!

Game of the Day: “Wheel of Fish”

On the classic show “Wheel of Fish”, players spin a wheel and earn a
number of fish based on their spin. The four stops on the wheel are They can then exchange

their fish for the contents
of a mystery box, but that’s
really beside the point. We
realize you know how to
play, but we’re going to
invite contestants up here
just for the halibut.

one fish

two fish

three red fish

ten blue fish

1. Find the mean, variance, and standard deviation for the number of
fish earned from one spin of this wheel.

2. Find the mean, variance, and standard deviation for the number
of fish earned from two spins of this wheel, with the 16 possible
outcomes Avery points out that 24

and 42 are the same. Wow!
Impressive. If only it worked
for 5.2, 3, 4, 11, 3, 4, 5, 12, 4, 5, 6, 13, 11, 12, 13, 20

3. Expand this on the nSpire:

(f + f2 + f 3 + f 10)3

Find the probability that you earn exactly 6 fish in three spins.

Important Stuff.

4. (a) How many numbers less than or equal to 15 do not
share a common factor with 15? In our “Dead Giveaway”

department, the numbers
for 4(a) are: 1, 2, 4, 7,
8, 11, 13, 14. Oh and by
“common factor” we mean
“not 1”.

(b) How many numbers less than or equal to 35 do not
share a common factor with 35?

(c) How many numbers less than or equal to 91 do not
share a common factor with 91?

(d) Multiply this out:

(
1 − 1

3

) (
1 − 1

5

)
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5. Consider the numbers 1 through 35. Usually people stop at 10 or
20 or 100, so the numbers
1 through 35 rarely get
proper consideration. Not
much to say about 35 really.
It’s one more than that
miracle street, and one less
than a square triangular
number. Poor guy. At least
35 is the highest number
you can reach counting on
your fingers in base 6.

(a) What fraction of these numbers are divisible by 5? by
7?

(b) What fraction of these numbers are not divisible by
5? by 7?

(c) Write down the numbers 1 to 35. Cross out any
number that is divisible by 5. What fraction of the
original 35 numbers remain?

(d) Now cross out any number that is divisible by 7.
What fraction of the numbers that survived part (c)
also survived this second cut?

(e) What fraction of the original 35 numbers survived
both cuts?

6. So there’s this function φ that takes positive integers as Naturally it would. This
function is pronounced
“fee” of n, which you might
hear if a giant approaches
an Englishman.

input. You take the input and find all its prime factors.
For each prime factor, you multiply through by (1 − 1

p
).

For example, take 15. The primes are 3 and 5, so the result
is

φ(15) = 15

(
1 − 1

3

) (
1 − 1

5

)

(a) Calculate φ(15), φ(35), and φ(91).
(b) Calculate φ(105) and φ(231).
(c) Calculate φ(9) and φ(27). Watch out!
(d) Calculate φ(8675309). The nSpire can factor

numbers if you need it
to. It also makes Julienne
fries.

(e) Describe what φ measures in your own words.

7. Complete this table for φ(n) along with the cumulative
total of all φ values from 1 to n.

n φ(n)
∑

φ(n)

1 1 1

2 1 2

3 2 4

4

5

6 12

7

8

9

10 32
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How many elements are in F8, the Farey sequence of order
8? What about F9? Hm.

8. Describe and explain some connections between the φ
function and the Farey sequences.

Neat Stuff.

9. Look back at the lists of Farey sequences from earlier in
the course. Kids like adding fractions

this way. But then again,
they also like paste and
Pokemon.

(a) What is the first fraction placed between 2
5

and 1
2
?

(b) What is the first fraction placed between 2
7

and 1
3
?

(c) What is the first fraction placed between 2
5

and 3
7
?

(d) What is the first fraction placed between 3
5

and 5
8
?

(e) Prove that if a
c

< b
d

for positive a, b, c, d, then

a

c
<

a + b

c + d
<

b

d

10. Suppose you were standing at the origin (0, 0) and there
were 900 points of light, one at every point (x, y) with We refuse to do a Madonna

joke.integer coordinates 30 or less. You pan across from the
east to the north, and in between you see a whole lot of
points. You can’t see any point blocked by another one:
for example, you can’t see (24, 21) because (8, 7) is in the
way.

(a) Approximately what percentage of all 900 points do
you see?

(b) What are the very first points you see?
(c) What is the first point you see that doesn’t have y-

coordinate 1?
(d) What point do you see exactly halfway along this At this point, Sendhil might

sing, “Whoa, we’re halfway
there . . . ”

panning? By this we mean in terms of points seen,
not in terms of angle.

(e) What point is halfway through the “first half” of the
panning? Can you explain why? No trig is needed. At this point, Sendhil

might sing, “Whoa, we’re
approximately one-fourth
of the way there . . . ”

11. (a) You spin the Wheel of Fish four times. What’s the
most likely number of fish you’ll win? Note that this
is not the same as the mean, or even the median.

(b) What’s the most likely number of fish from ten spins
of the wheel? Guh! What a mess! And

I’m just talking about the
big pile of fish.
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11. Cathy imagines an “infinite stairway”, created by lining And she’s buying a stairway
to 11. Or, maybe this would
be better as a Spinal Tap
reference?

up an infinite number of squares. The first square is 1 by
1, the second is 1

2
by 1

2
, the third is 1

3
by 1

3
, and the nth

is 1
n

by 1
n

So, what’s the perimeter and area of this infinite stair-
case?

Tough Stuff.

12. Build a histogram for the number of ways (or the proba- A bar graph is unaccept-
able!bility, take your pick) you can get each possible outcome

from 10 spins of the Wheel of Fish. For example, there are
49,905 ways to spin the wheel 10 times and earn exactly
36 fish.

13. Can φ(n) ever be less than n
10

? Explain.

14. So now you know (perhaps from the calculator) that

∞∑
n=1

1

n2
=

π2

6

What about the sum of reciprocals of odd squares only?
That is,

1 +
1

9
+

1

25
+

1

49
+ · · ·

or in summation form

∞∑
n=1

1

(2n − 1)2

Try figuring this out without the use of technology.

15. So 24 = 42, and that’s interesting: it’s the only pair of
positive integers x and y with xy = yx and x �= y. When What a cool slash for not

equal. Is that the same
slash as the one in GnR?

else does xy = yx when x �= y for positive reals x and y?
Never? Ever after? Graph?
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2007.12 The Crying Game

Game of the Day: “Who Wants To Be A Millionaire?”

In 2000 it was on four times a week, and it was routinely the #1 through Question 1 was usually
really easy, but it didn’t
stop someone from saying
that Hannibal crossed the
Alps on llamas. Oops!

#4 shows in the ratings. On the show, multiple-choice questions with four
options are presented.

Picture yourself on Millionaire and totally spooked by the cameras. You
guess at each question. Ignore (for now) the fact that if you get a question
wrong, you’re off the show. Well, you got the first

question wrong . . . here,
have another chance!1. You get asked two multiple-choice questions and take a guess at each.

Find the mean and variance for the number of questions you will get
right. There are 16 possible outcomes here, and they are Are you sick of this

particular fraction yet? It
sure comes up often.

0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 2

2. Same for three questions: what is the mean and variance for the
number of questions you will get right? Say, this would be a pretty

good $1 million question.

3. Expand the polynomial (r + 3w)4 and use it to find the mean and
variance for the number of questions you get right in four tries. Or
use your own method. Some Millionaire-style

math problems are available
at www.ams.org/wwtbam/archive.

Important Stuff.

4. Pick two positive integers at random. What is the prob-
ability that they do not share a common factor greater
than 1? Give your answer to six decimal places.

Here’s a table of the 36 ordered pairs of numbers (x, y) with
1 ≤ x, y ≤ 6. Looks like what you could

get from rolling two dice to
me.(1, 6) (2, 6) (3, 6) (4, 6) (5, 6) (6, 6)

(1, 5) (2, 5) (3, 5) (4, 5) (5, 5) (6, 5)

(1, 4) (2, 4) (3, 4) (4, 4) (5, 4) (6, 4)

(1, 3) (2, 3) (3, 3) (4, 3) (5, 3) (6, 3)

(1, 2) (2, 2) (3, 2) (4, 2) (5, 2) (6, 2)

(1, 1) (2, 1) (3, 1) (4, 1) (5, 1) (6, 1)

5. Look for a pattern to these answers.

(a) What fraction of these ordered pairs have both num-
bers divisible by 2? How can there be a pattern

when there’s only one
question?

IT’S OVER!!! (arrow’d) 49



PCMI 2007 From the PCMI studios, see you next time on . . . Wheel of Fish!

(b) What fraction of these ordered pairs do not have both
numbers divisible by 2? Oh. Two pages.

(c) What fraction of these ordered pairs have both num-
bers divisible by 3?

(d) What fraction of these ordered pairs do not have both
numbers divisible by 3?

(e) Cross out any of the 36 ordered pairs where both This is the obligatory
reference to Christopher
Cross and/or the unrelated
duo Kris Kross. This
problem is totally krossed
out!

numbers are divisible by 2. What fraction of the
original 36 ordered pairs remain?

(f) Now cross out any remaining ordered pair where
both numbers are divisible by 3. What fraction of
the numbers that survived part (e) also survived this
second cut?

(g) What fraction of the original 36 ordered pairs sur-
vived both cuts?

6. Build a grid with the numbers 1 through 15 as labels on
the sides. You now have 225 ordered pairs.

(a) How many of the 225 ordered pairs do not have 3
as a common factor (in both numbers)? For example,
(9, 6) has 3 as a common factor, but (10, 12) does not.

(b) How many of the 225 ordered pairs do not have 5 as
a common factor (in both numbers)?

(c) How many of the 225 ordered pairs do not have either
3 or 5 as a common factor (in both numbers)?

(d) If Gloria picks an ordered pair at random, what is the
probability that it does not have either 3 or 5 as a
common factor (in both numbers)?

(e) Multiply this out:

(
1 − 1

32

) (
1 − 1

52

)

7. Calculator skill time. Using a calculator page, it is
possible to define custom functions.

• Get a new calculator page by hitting HOME, option
5 (New Document), then selecting Calculator.

• Hit MENU, then select option 1 “Tools”, then option
1, “Define”. You could also type out

the word d-e-f-i-n-e, then a
space (next to Z). Nah.

• Type: f(n) = 1− 1
n2 . Your calculator line should look

like

Define f(n) = 1 − 1

n2
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• Hit enter, and watch no magic as the calculator just
says “Done”.

• Now type f(3) and hit enter. Hey hey! I feel a sense
of deja vu. It’s either deja vu or

something I ate.
Find this product using your new function:

(
1 − 1

22

) (
1 − 1

32

) (
1 − 1

52

)

and give your answer as a decimal using the blue ctrl
button. Will you still need me, will

you still feed me... when
I’m...8. Here is a coordinate plane, 15-by-15, with an open circle

at each point (x, y) with integer coordinates.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

(a) Using a red pen, color in the circles for any point
where both x and y share a common factor of 2. What, you ate your red

pen? Fine, do what you
like! But use the same
easily seen color.

(b) Using the same pen, color in any additional circles
for any point where both x and y share a common
factor of 3.

(c) Using the same pen, color in any additional circles
for any point where both x and y share a common
factor of 4. Oh, okay. Well, that was easy. Next page!
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(d) Using the same pen, color in any additional circles
where both x and y share a common factor of 5.

(e) Do it again for 7; for 11; for 13. Oh my.

Neat Stuff.

9. Calculate this product as long as necessary:

∏
p prime

(
1 − 1

p2

)

The giant π just means multiply, so this is the same exact Mmmm, giant pie. Man,
there’s a lot of food
references today. By the
way, it’s sigma for sum and
pi for product, if that helps
to remember them.

thing as

(
1 − 1

22

) (
1 − 1

32

) (
1 − 1

52

) (
1 − 1

72

) (
1 − 1

112

)
· · ·

where each denominator is a prime. Say, I think you have This is a pretty interesting
result, though, wicked
awesome as they say. Take
enough terms until you’re
happy. The primes are 2,
3, 5, 7, 11, 13, 17, 19, 23,
29, 31, 37, 41, 43, 47, and
maybe a few more.

a calculator function to simplify this work. When you
multiply all these “slightly less than 1” things together,
what happens?

10. A parallelogram has vertices (0, 0), (c, a), (d, b), and (c +
d, a + b). Find its area in terms of the variables given.
Also, find the area of a few parallelograms formed by
consecutive “Farey fractions”. Take your pick. This is not a subtle refer-

ence to Pick’s Theorem.
But, that would’ve been a
good idea.

11. Ah, back to Millionaire. Let’s say that you’re not totally
terrible at answering the questions. You can answer any
of the first 5 questions with 90% probability, any of the
middle 5 questions with 75% probability, and any of the
last 5 questions with 60% probability. Find the mean and Bookkeeping can be tricky

here, so feel free to
approximate a bit.

variance for the number of questions you get right before
missing one. Sorry, no lifelines!

12. What’s the probability that a positive integer is square
free? That is, 4 is not a factor, and 9 is not a factor, and
16 is not a factor.... I guess we can skip 16 because of 4.

Tough Stuff.

13. Use Pick’s Theorem to show that if a
c

and b
d

are consecu- Ask around about Pick’s
Theorem or look it up. It’s
a great Geoboard theorem.

tive “Farey fractions”, then bc − ad = 1 every time.

14. Show that if a
c

and b
d

are consecutive “Farey fractions”,
then the fraction with least denominator between a

c
and

b
d

is a+b
c+d

.
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2007.13 End Game

Game of the Day: “Press Your Luck”

On “Press Your Luck” players take turns at a board filled with fabulous Check out these dice! We’re
really being constructivist
now.

cash and prizes. But they’ll have to avoid the whammy. On the show, the
whammy killed off all your money. In this version, the whammy is worth
−$5000. The other possible outcomes are 3000, 6000, 7000, 9000, and 10000,
all equally likely. Actually we’ll look at the data without the thousands. Rumor has it that the

whammy killed the radio
star, too.1. Find the mean, variance, and standard deviation for one “spin” (or

roll). The data set is
3, 6, 7, 9, 10,−5

2. Find the mean, variance, and standard deviation for two “spins” (or Union rules prohibit us from
telling you how to break
up the labor. Intersection
rules, too.

rolls). There are now 36 possible outcomes. Divide the labor if you
like.

3. Fill in the missing pieces here to build an expression you could use
to find the distribution for three “spins”.

(x + x + x7 + x + x + x )

By the way, the mean score for 3 spins is 15 and the variance is 75.
(So what’s the standard deviation, then?)

4. Use the results from the first three problems to predict the mean,
variance, and standard deviation for four spins, 25 spins, 100 spins. Having to do this 100 times

by hand would be a dicey
situation.

Important Stuff.

5. (a) You spin the Wheel of Fish once. What is the mean Please, no more fish!!! I
thought we were done with
the fish!!!

and variance for what comes? (The possible outcomes
were 1, 2, 3, 10.)

(b) You roll a standard die once. What is the mean and
variance for what comes? (The possible outcomes are
1, 2, 3, 4, 5, 6.)

(c) In the Wheel of Fish bonus round, the player spins
the wheel, then also gets to roll a die. They earn the
total number of fish from both results. What is the
mean and variance for these 24 possible outcomes?
The table at the top of the next page might prove
useful.
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1 2 3 4 5 6

1

2

3

10

6. Expand this product:

(x + x2 + x3 + x10)(x + x2 + x3 + x4 + x5 + x6)

Any thoughts? Please only include
thoughts about this math
problem.7. The actual Wheel of Fish bonus round has the player roll

12 dice at once, then spin the Wheel of Fish six times.
The total number earned from all of this is the amount the
player will take home, in pounds of fish. Use the properties
of mean and variance to find the mean, variance, and
standard deviation for how much fish a player stands to
win in the bonus round. ¡No mas pescados!

8. Flip a coin. If it comes up heads, record a 1. If it comes
up tails, record a 0.

(a) If you flip the coin once, what is the mean, variance,
and standard deviation for the total count (aka the
number of heads)?

(b) Two coin flips?
(c) Three coin flips?
(d) Twenty-five coin flips?
(e) 240 coin flips? Hm, 240? That sounds

familiar somehow. And yet
so long ago.

(f) n coin flips?

9. Answer a multiple-choice question with four options with-
out looking. If you were right, record a 1. If you were
wrong, record a 0.

(a) If you answer one question, what is the mean, vari-
ance, and standard deviation for the total count (the
number of questions answered correctly)? Most of the answers can be

found in yesterday’s work
on the Millionaire game.

(b) Two questions?
(c) Three questions?
(d) Four questions?
(e) 48 questions?
(f) n questions?
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Neat Stuff.

10. You run an experiment that has probability p of success.
The probability of failure is 1 − p.

(a) Find the mean and variance for performing the ex-
periment once, in terms of p. The last two problems de-

scribe two such experi-
ments: rolling a die (p = .5)
and answering a trivia ques-
tion (p = .25).

(b) Two runs of the experiment?
(c) n runs?
(d) Many statistics books include the rule for standard

deviation for “Bernoulli trials” which are experiments
with probability of success p and failure q. Explain
how you know the rule for the standard deviation σ
is Apparently the stat books

want you to mind your p’s
and q’s.σ =

√
npq

11. (a) Find the probability that if you guess at 3 multiple
choice questions, you will get exactly 2 of them right.
Each question has four possible answers.

(b) Expand this and figure out what is up with that:

(0.25r + 0.75w)3

12. Wheel of Fish runs a “Tournament of Champions” where To qualify for the Tour-
nament of Champions, you
must perform the Macarena
while eating a fish.

all fish values are doubled: the wheel has 2, 4, 6, and
20. What happens to the mean, variance, and standard
deviation for the number of fish in one spin? (They were
4, 25

2
, and 5√

2
in the original game.)

13. Wheel of Fish once ran a Celebrity Week where all fish For the love of Pete, please,
please, NO MORE FISH.
Celebrity week on “Wheel
of Fish” featured Todd
Bridges, Florence Stanley,
and Abe Vigoda. What,
you don’t get it?

values were 5 more than normal: the wheel had 6, 7, 8, and
15. What happened to the mean, variance, and standard
deviation then?

14. Spin two spinners, and look at the sum of what comes.
The first spinner is your generic 1-2-3 spinner with three
equal zones. The second spinner has only two zomes,
labeled 0 and 3.

(a) Find the mean and standard deviation for the sum
you get from the two spinners. As featured in the upcom-

ing Tom Clancy novel “The
Sum of All Spinners”.

(b) Multiply this out:

(x + x2 + x3)(1 + x3)

Any thoughts?
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Review Your Stuff.

The final day of this course is mostly taken up by review
problems. So we think it would be a good idea for groups to
form some summarizing questions that come out of whatever
you might find valuable in this course. So, we want your table
to write two problems on any subject that has cropped up in
the course.

Here are some topics you might consider writing problems
about.

Farey sequences Common factors or lack thereof

Pascal’s triangle Expected value

Variance Standard deviation

Counting with polynomials General probability

The goal is to create a review whose problems get at the
fact that we’ve come a long, long way in three weeks. The
problems should help others synthesize their learning of the
aforementioned topics. Ooh, “aforementioned”.

That’s like a three-dollar
word.So, don’t write any stumpers; consider yourself writing two

problems that could both fit into “Important Stuff.” If your
table wants to write more than two, that’s fine, and the extra
questions can be a little more “Neat” or “Tough” or even
“Game”-y. We reserve the right to pile your problem(s) into So if your table wants to

submit a game suggestion
for the final day, go ahead,
but you’re still on the
hook for two straight-away
review problems. No tricks
plz!

a category called “Random Stuff”; no offense is intended. And
it’s okay to be funny, as long as it doesn’t get in the way of the
math.

Tough Stuff.

15. Let z = x+(
√

1 − x2)i be a complex number with |x| < 1.
Use the nSpire to help here unless you really want some
tough algebra.

(a) What’s the magnitude of z?
(b) Expand z2 and look at the real part. Hm? Zeros?
(c) Expand z3 and look at the real part. Hmmm? Zeros?

Connection to some earlier question, perhaps?
(d) Expand z4 and look at the real part. Hmmmmm?
(e) Graph the real part of z2, z3, z4 as a function of x.
(f) What might zn look like? Pafnuty says hi. Who’s

that? Look it up! And you
thought you’d get through
the whole course without
hearing from him.
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Bonus Tracks

This section is reserved for a few things we weren’t able to get
to in the course. Have a look, play around if you like.

16. It’s possible to make two different, distinct dice that don’t
have 1 through 6 on them, but their sums behave the same
as the sums from regular dice. The rules for these dice are

• All numbers on each face must be positive integers.
• When the two dice are combined, there is 1 way to

get a sum of 2, 2 ways to get a sum of 3, ... 6 ways
to get a sum of 7, ... 1 way to get a sum of 12.

What’s the only other way to make dice do this? Can
factoring help you?

17. Can you make 3 distinct dice that behave like 3 regular
dice would? What about 4 dice?

18. Prime numbers seem to get rarer and rarer as the numbers
get higher.

(a) How many primes are there between 1 and 100?
(b) ... between 101 and 200?
(c) ... between 201 and 300?
(d) Make a long table of prime numbers, along with the

“gap” between them. For example, there is a gap of
6 between 23 and 29.

19. Show that there is no limit to the size of the “gap”
between consecutive primes.

20. The gaps between primes seem to not be very well-
behaved. But, neither are the primes. One way of try-
ing to smooth this is to look at the average gap between
primes. For example, the average gap among the first 5
primes is The first 5 primes are 2, 3,

5, 7, 11; the four gaps are
1, 2, 2, 4.

1 + 2 + 2 + 4

4
=

9

4

Calculate the average gap for

(a) the first 10 primes
(b) the first 50 primes (the 50th is 227, starring Jackee)
(c) the first 250 primes (the 250th is 1579)
(d) the first 1250 primes (the 1250th is 10,177)

Any thoughts?

21. The function p(n) takes in n and returns the nth prime.
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(a) Show that p(n)
n

gives the probability that a positive
integer less than or equal to n is prime.

(b) What happens to this function as n gets larger? Does
it approach a limit... or...?

22. The function p(n) takes in n and returns the nth prime
number. Consider another function that takes in this same
n and returns the average gap among the first n prime
numbers. (You were asked to calculate this function for
several values of n.) Get some more data points and
investigate this function. What does this investigation
suggest about the prime numbers?

23. How does a calculator find the “line of best fit”?

24. Show that the line of best fit always passes through the
balance point of a data set; that is, the point (x, y) that
would be the center of mass or centroid of the data.

25. Recently we calculated this product:

∏
p prime

(
1 − 1

p2

)

What happens if you remove the square and try to calcu-
late...

∏
p prime

(
1 − 1

p

)

Use this to prove that there an infinite number of primes.

26. Meanwhile, why stop at squares? Investigate

∏
p prime

(
1 − 1

ps

)

for various choices of the parameter s. (We called it s for
a reason, by the way.)
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2007.14 Game Over, Man!

Game of the Day: “Deuce”

John and Jim are playing tennis. They reach “deuce”, a point in the game
where the next two points can determine a winner: There is no limit to the

number of times the game
reaches “deuce” again. The
most deuces ever in a pro
tennis game is 37.

• If John wins both points, he wins the game.

• If Jim wins both points, he wins the game.

• If the two points are split, the game returns to “deuce” and continues.

John is serving, so he wins each point with probability 0.6. Find the
probability that John wins the game before Jim does.

Important Stuff.

13. Flip 4 coins and roll 2 dice. What is the probability of We have grouped the prob-
lems roughly by category.
There is a purpose to the
numbering. Flip around!

getting exactly 2 tails and a sum of 7 on the dice?

8. (a) Build a table for the 36 outcomes for rolling two
standard dice.

(b) Find the mean and variance for the two dice rolls. You found the variance for
rolling one die on Day 13.
Die, another day.

(c) Expand (x + x2 + x3 + x4 + x5 + x6)2. What do you
notice?

(d) Find the mean, variance, and standard deviation for
rolling four dice.

10. Given what you know now, how would you approach the
question of determining if a series of 240 coin flips came
from a fair coin or was faked?

8. You are working your way through the lunch line in the
PCMI tent. It is sandwich day, and there are five stations
where you may reach across the table or stay on your side
for your preferred option (you pick one of each dressing,
pasta, bread, condiment, and meat). The probability that Mitch

gets his preferred dressing
is zero, because they don’t
ever have bleu cheese!

(a) What is the probability that you will get each of your
preferences at all five stations if you stay on your
side and never have to reach? You’d need some good
luck . . .

(b) What is the probability that you have to reach to get
your preference every time?

(c) Expand (a + b)5. What’s up with that?

Yes, this table actually
wrote “What’s up with
that?” in their problem.
Nice one.
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(d) Use the expansion to find the probability that you
have to reach 3 or more times to get your preference.

9. In a semi-popular variant on an old game, Bear mauls
Ninja, Ninja sneaks up on Cowboy, and Cowboy shoots
Bear.

Avery just keeps picking ninja. He does it every time.
Sendhil never wises up on this, though, and picks Bear
and Cowboy with equal probability. Find the probability
that

(a) Avery wins three games in a row
(b) Avery wins exactly two out of three consecutive

games
(c) Avery wins a best-of-five tournament by winning 3,

4, or 5 games out of 5 Note that tables from
opposite sides of the room
came up with these last
two problems. Best-of-five
tournament? Five stations?
Hm.

8. Ralph makes like a Plinko chip and percolates in the
random walk during the Fourth of July Parade. If Ralph
starts at point R and can move downward either to the
left or right each time to the next available row, what is
the probability that Ralph ends up at point C? In this process, Ralph runs

into several people, not just
Pegs.

R

A B C D E 

6. Start at the origin and flip a coin. If it comes up heads
move 1 unit to the right and 1 unit up. If it comes up
tails, move 1 unit to the right and one unit down. Repeat
this for 3 more flips (4 flips total).

(a) How many different paths end at the point (4,2)?
(b) Do any paths pass through (2,1)? Why or why not?

10. Find the fraction with smallest possible denominator be-
tween 3

5
and 2

3
.

2. To supplement funding, PCMI holds a cow-pie derby. A Cow pies are not square,
nor do they easily divide by
6.

50-by-50 grid is marked and squares are sold. Since tickets
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are sold only to mathematicians, they buy only squares
with coordinates that have no common factors greater
than 1. What is the probability that PCMI will not need
to pay a prize? (Assume all possible tickets are sold, and
that only one cow-pie is dropped.)

10. Pick two integers with x ≤ y and 1 ≤ x, y ≤ 15.

(a) Find the probability that the fraction x
y

is already
written in lowest terms.

(b) Suppose we allow x > y as well. What happens now? Consider 9
7

to be in
lowest terms for the
purposes of this problem,
even though it is an
improper (sometimes called
“vulgar”) fraction. Proper!

12. (a) For each element y
x

of F6, the Farey sequence of order
6, plot the point (x, y).

(b) Find all points that intersect the line y = x.
(c) Find all points that intersect the line y = x − 1.
(d) Find all points that intersect the line y = 1

2
x.

(e) Find all points that intersect the line y = 2x.

11. (a) Imagine a golden spatula. Now ignore that and draw
the graph of all numbers with 1 ≤ x, y ≤ 6 with x > y
such that x and y have no common factors.

(b) Do you have all the elements of F6? Explain. Why
does this work?

(c) Think about it: what has your spatula learned? If this doesn’t make sense,
don’t blame us!

13. How many more fractions does the Farey sequence F210

have than the Farey sequence F209? A lovely problem from clap
clap clap clap deep in the
heart of Texas.12. For each Farey sequence F3 through F6, find the mean,

variance, and standard deviation of the numbers in the
sequence. (For F3 this is 0, 1

3
, 1

2
, 2

3
, 1.) Any patterns or

thoughts? “You stink” does not
qualify as a reasonable
“thought” on this or any
problem.

4. Angie is playing with a single suit of cards. Each card
gets a value. Kings, queens, jacks, and tens are worth ten
each. All other number cards (2 through 9) are worth 5.
The ace is worth −15. So, don’t draw the ace.

(a) Find the mean, variance, and standard deviation for
1 pick.

(b) Find the mean, variance, and standard deviation for
2 picks, drawing with replacement.

(c) Find the mean, variance, and standard deviation for
65 picks, drawing with replacement. Shouldn’t 64 picks work out

more nicely? Apparently
not!

(d) Write an expression you could expand to help with
this situation.
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11. Three people are picked for the Big Lotto Spin. The wheel
contains 3, 5, 7, 10, and 15 million. Each contestant get
to spin and win three times! This puts “Who Wants To

Be A Millionaire” to shame.
Minimum prize 9 million!
Where do I sign up?

(a) Find the mean, variance, and standard deviation for
one spin.

(b) Find the mean, variance, and standard deviation for
two spins; for all three spins.

(c) How much money, on average, will the show give
out in one episode (with three players spinning three
times each)?

12. Using the nSpire, find the mean, variance, and standard
deviation for this data set:

2, 7, 8, 9, 10, 15, 20, 22

11. The marginally popular spin-off show Wheel of Lures is
played with a five-stop wheel. Its values are −1, 3, 5, 7, 11. We changed the 8 to a 7.

Hope you don’t mind. Oh,
and we changed the 10
to a 9 in the second set.
Positive integers are our
friends, naturally.

(a) Find the mean, variance, and standard deviation for
one spin of the Wheel.

(b) The game also uses an eight-sided die with the sides
−3, 4, 5, 6, 7, 9, 12, 16. Find the same stats for the die.

(c) In the Final Countdown round, the wheel is spun Sing along! It’s the final
countdown!twice and the die is rolled once. Find the variance

for this round.
(d) Write an expression that, if expanded, would list all

200 outcomes for the Final Countdown round.

1. On the new game show “Prime Time,” the lucky contes-
tant spins a wheel with seven equal spaces, numbered 2,
3, 5, 7, 11, 13, and 17, which determines their winnings. Prime Time is sponsored

by Seventeen magazine,
hence the top value 17.
The note from table 1 says:
“Bowen has never appeared
in Seventeen Magazine. He
was, however, in Tiger
Beat after his pinball
championship last year.”
Bowen replies: not true. It
was Bikini Magazine.

(a) If you randomly select two numbers from the wheel,
what’s the probability they have no common factor
greater than 1?

(b) Find the mean, variance, and standard deviation of
their winnings on one spin, two spins, three spins.

1. After their sponsorship contract ends, the producers de-
cide that there’s not enough conflict in the show and start
recruiting failed contestants from reality shows and re-
name the show “What’s My Number Line?” They de-
cide to change the numbers on the wheel as well, to
−7,−6,−4,−2, 2, 4, and 8.
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(a) What do you notice about these numbers compared
to the old ones (2, 3, 5, 7, 11, 13, 17)?

(b) Find the mean, variance, and standard deviation of
their winnings on one spin of this new wheel.

(c) How do your answers compare to the previous prob-
lem? Any conjectures?

6. In Mr. Bolognese’s class, the students can choose 4 num-
bers out of 1-10 to make a Homework Lottery Ticket. Gambling is illegal at

Bushwood. I hope the
parents don’t find out
about this program!

(a) How many possible Homework Lottery Tickets are
there? Order doesn’t matter. Use Pascal’s Triangle
to help.

(b) Chris then picks four numbers from 1 through 10 and
awards homework passes for each matching number.
Find the mean number of passes a student can expect
to earn from this game.

9. Phil and Deb are lost in a game of D&D (Dungeons and
Dragons). The game uses five dice, one for each Platonic
solid: 4 sides, 6 sides, 8 sides, 12 sides, 20 sides. Each die
is labeled from 1 to its total number of faces (like normal,
so the cube is 1-6). Phil rolls all five dice. I don’t know why Phil

didn’t just roll 2d20 and
cast a Spell of Remem-
brance.

(a) For each die, calculate the mean and variance for
the number rolled. You might want to break this up
among a group!

(b) Find the mean, variance, and standard deviation for
the sum of the results on all five dice.

7. Use all of the following concepts in a cohesive mathemat-
ical narrative. * shrug * I guess read it

and move on? It’s funny at
least.•

∑
1
n2

• integers with no square factors
• 3

π2

• points in the first quadrant visble from the origin
• π2

6

• fractions in the Farey sequence visble from the origin
• 6

π2

Neat Stuff.

10. (a) Wheel A has the following outcomes: 1, 3, 5, 7, 9, 11, 13.
What is the mean, variance and standard deviation
for the outcomes of one spin?
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(b) Wheel B has the following outcomes: 0, 2, 2, 8. What
is the mean, variance and standard deviation for the
outcomes of one spin?

(c) The object of a game is to spin both wheels and sub-
tract the value of wheel B from wheel A. The con-
testant either earns or pays (if the result is negative)
the amount. What is the mean, variance and stan-
dard deviation for the outcomes of one round?

(d) What might the product of two polynomials look like
that could be used to find the outcomes of this game?

(e) Suppose 5 rounds are played. What is the expected
amount of money earned in the 5 rounds? Use the
result from 1 round to help.

5. There are two red fish and three blue fish in a fish tank.
Tired of thinking about fish, you randomly pull out a fish
one at a time and flush it down the toilet. You only stop
after “eliminating” both of the red fish. So, is this a Poisson distri-

bution, or a distribution of
poisson?(a) What is the probability that you will stop after flush-

ing the third fish?
(b) How many fish do you expect to flush overall?
(c) Generalize to r red fish and b blue fish.

5. Nicole and Darryl are the finalists in the International
National Cowboy/Ninja/Bear Championship. A player
wins the championship after winning 3 showdowns. What
is the expected number of showdowns before a winner is
determined? Remember, ties can occur. For the rules, see earlier in

the problem set. Like the
Olympics, this event is held
only every four years. Or, it
seems, every night around
these parts.

5. Jim and Bree play the following coin game. Jim is given
the sequence of heads and tails THH. Bree is given the
sequence HHH. The winner is the player whose sequence
appears first. For example, if the sequence of coin flips
were HHTHTTHH, Jim would win. Jim must’ve set up these

rules . . .
(a) What is the probability of Bree winning this game?
(b) How would the game change if Jim started with THH

and Bree started with HTH?

13. In the sequence of lights with a 30-by-30 grid, what would
be the first 5 lights blocked by other lights, panning from
east to north?

2. PCMI participants receive grades for their performance
on the problem sets. The grade comes from 3 options:
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• Roll a die with six grades: A, B, C, C, D, F.
• Start with 75, then toss a coin. Heads gives 80 for a

B, tails gives 70 for a C.
• Start with 50, and spin the Wheel of Fish five times.

The number of fish is added to your grade. Apparently, by asking for
¡No mas pescados! we were
really saying “Only fish!
Give us just fish! We love
fish! Yes!” So says Table 9.

Which of these gives the best strategy? (Does it depend
on what you’re after?)

4. Bag 1 contains 3 green balls and 2 yellow balls. Bag 2
contains 2 green balls and 5 yellow balls. A ball is drawn
at random from Bag 1, then placed into Bag 2. What is
the probability of now drawing a green ball from Bag 2? And after all this, who’s

left holding the bag?

Tough Stuff.

8. (a) Give a precise definition for the totient function φ(n). φ’d me, Seymour!

(b) Calculate φ(4), φ(9), and φ(36).
(c) If a and b are positive integers, under what conditions

does φ(a) · φ(b) = φ(ab)?

7. From the origin, look down the x-axis and slowly turn
counterclockwise. We explored earlier where you are fac-
ing when you have see half of the total visible points.
What fraction have you seen when your gaze is described
by y = nx for a natural numbers n? Use some of the
colored grids you have made, then try to generalize.

7. For curious calculus afficionados. There is a connection
between the derivative of a generating polynomial and
the mean. From yesterday’s “Press Your Luck” game,

d

dx

(x3 + x6 + x7 + x9 + x10 + x−5)2

62

gives ten when setting x = 1. Ten is the mean of rolling
two Press Your Luck dice.

(a) Explain why this works.
(b) Find a connection variance and the second derivative.

0. Explain why eπ
√

163 is an integer. Amazing!

0. Suppose you were allowed to continue rolling the “Press
Your Luck” die with sides 3, 6, 7, 9, 10, and one Whammy
side, earning points until you either decided to quit or un-
til you hit a Whammy. This time, the Whammy behaves
like it should and takes all your earnings. So, when should
you be willing to quit the game?
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1 Dot Your I’s. . .
Hey, welcome to the class. We know you’ll learn a lot of math-
ematics here—maybe some new tricks, maybe some new per-
spectives on things with which you’re already familiar. A few
things you should know about how the class is organized:

•Don’t worry about answering all the questions. If
you’re answering every question, we haven’t written the
problem sets correctly. One question from a

previous year turned out to
be an unsolved conjecture.
Nobody got that one.

•Don’t worry about getting to a certain problem num-
ber. Some participants have been known to spend the entire
session working on one problem (and perhaps a few of its
extensions or consequences).

•Stop and smell the roses. Getting the correct answer to
a question is not a be-all and end-all in this course. How
does the question relate to others you’ve encountered? How
did others at your table think about this question?

•Respect everyone’s views. Remember that you have
something to learn from everyone else. Remember that ev-
eryone works at a different pace.

•Teach only if you have to. You may feel the tempta-
tion to teach others at your table. Fight it! We don’t mean
you should ignore your tablemates but give everyone the
chance to discover. If you think it’s a good time to teach
your tablemates about the Law of Cosines, think again: the
problems should lead to the appropriate mathematics rather
than requiring it. The same goes for technology: the prob-
lems should lead to the appropriate use of technology rather
than requiring it.

•Each day has its Stuff. There are problem categories:
Important Stuff, Neat Stuff, Tough Stuff, and maybe other
stuff sometimes. Check out Important Stuff first. All the
mathematics that is central to the course can be found and
developed in the Important Stuff. That’s why it’s Important
Stuff. Everything else is just neat or tough. If you didn’t
get through the Important Stuff, we probably noticed... and
that question will be seen again soon. Each problem set
is based on what happened in the previous set, and what
happened in the previous class.

On Day 3, go back and read these again. Will you remember? Maybe!

PCMI 2008 1



This space intentionally left blank.

Dot Your I’s. . .

Important Stuff

Picture a piece of graph paper. Now picture a dot at each Come on, you can do it!

intersection. We’ll call this square dot paper. A 5-by-5 piece of
square dot paper would have five dots in each direction – also
known as a “geoboard”. But the dot paper can be any size,
really. We’ll say that the distance from a dot to its nearest
neighbor is 1.

Segments drawn on square dot paper must start and end at
dots, but can be horizontal, vertical, or diagonal at any angle.

PROBLEM

On a 6-by-6 piece of square dot paper, what lengths of segments are
possible?

Stuff in boxes is more
important than other
Important Stuff!

There’s another type of dot paper, made from a grid of equi-
lateral triangles instead of squares. This is usually called iso-
metric dot paper. A 5-by-5 piece of isometric dot paper looks
like a “squished” version of the square dot paper, but still has
25 dots. We’ll say that the distance from a dot to its nearest
neighbor is still 1.
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As before, segments drawn on isometric dot paper must start
and end at dots, but can be horizontal, vertical, or diagonal at
any angle.

PROBLEM

On a 6-by-6 piece of isometric dot paper, what lengths of segments are
possible?

Neat Stuff

What, you’re done? Here are some good questions to think
about.

1. What happens on larger pieces of dot paper? Make a con-
jecture before trying.

2. How many different lengths are possible on a piece of n-
by-n square dot paper? isometric?

3. What kinds of numbers can be distances on square dot
paper? isometric? Be as specific as possible.

Tough Stuff

4. Find a non-right triangle with integer side lengths that
can be drawn on square dot paper, or prove that no such
triangle exists.

5. Find a scalene triangle with integer side lengths that can
be drawn on isometric dot paper, or prove that no such
triangle exists.
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2 Square Pegs

Important Stuff

PROBLEM

What numbers n can be written in the form n = x2 + y2? Use the table Let x and y be integers.

below to help you look for some patterns. There’s more than one!

1 2 3 4 5 6 7 8 9 10 11 12
13 14 15 16 17 18 19 20 21 22 23 24
25 26 27 28 29 30 31 32 33 34 35 36
37 38 39 40 41 42 43 44 45 46 47 48
49 50 51 52 53 54 55 56 57 58 59 60
61 62 63 64 65 66 67 68 69 70 71 72
73 74 75 76 77 78 79 80 81 82 83 84
85 86 87 88 89 90 91 92 93 94 95 96

1. Write each prime as n = x2 + y2, or determine that it’s
impossible.
(a) 101
(b) 127
(c) 419
(d) 421
(e) 10009

2. Right triangle TED has leg lengths of 7 and 4 as shown.

7

4

T

D

E

?

Find the exact length of the third side.
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Square Pegs

3. Triangle IAN has two sides with lengths 7 and 4, and a
60◦ angle as shown. Read the side note. This question should use

trigoNOmetry. As in, don’t
use that.

60˚
7

4

I A

N

?

Find the exact length of the third side.

4. Find all solutions to each equation. Yes, you have to do
all six parts.
(a) x2 − 12x+ 32 = 0
(b) x2 − 12x+ 33 = 0
(c) x2 − 12x+ 34 = 0
(d) x2 − 12x+ 35 = 0
(e) x2 − 12x+ 36 = 0
(f) x2 − 12x+ 37 = 0

5. A rectangle has perimeter 24 and area 33. What are its
side lengths?

6. Did you finish finding all of the possible segment lengths Don’t blame us if this takes
you a long time. Bree said it
wouldn’t. She can say that
because it’s her birthday
today.

on a 6-by-6 piece of isometric dot paper? If not, please do
that now.

7. Yesterday we found a segment on square dot paper that
isn’t horizontal or vertical, but still has integer length.
Find some others, and describe how you could find more.

Neat Stuff

8. Describe some ways to find Pythagorean triples. Here are some Pythagorean
triples: (3, 4, 5), (5, 12, 13)
and (21, 20, 29).9. Are there any other right triangles with integer leg lengths

and the same hypotenuse length as triangle TED?

10. Modify triangle IAN from problem 3 so that it has the
same m6 A = 60◦ and length IN, but different (integer)
lengths for IA and/or AN.

11. What numbers n can be written in the form n = x2 − y2?

12. What numbers n can be written in the form n = x2 + y2 + z2?

13. What numbers n can be written in the form n = x2 + y2 + z2 + w2?

6 PCMI 2008



No bees, please!

Square Pegs

14. How many different lengths are possible on a piece of n-
by-n square dot paper? isometric?

15. What kinds of numbers can be distances on square dot
paper? isometric? Be as specific as possible.

Tough Stuff

16. Find a non-right triangle with integer side lengths that
can be drawn on square dot paper, or prove that no such
triangle exists.

17. Find a scalene triangle with integer side lengths that can
be drawn on isometric dot paper, or prove that no such
triangle exists.

18. The quadratic equation x2 − 10x+ 22 = 0 has two roots.
(a) Find a quadratic whose roots are the squares of the

roots of x2 − 10x+ 22 = 0.
(b) Find a quadratic whose roots are the nth powers of

the roots of x2 − 10x+ 22 = 0.

19. Find all integer solutions to this system of equations. There are probably more
than you think.

a+ b = cd
c+ d = ab

PCMI 2008 7
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Did you remember to reread the first page of the problems from Day 1?

Triangular Pegs

3 Triangular Pegs

Important Stuff

PROBLEM

What numbers n can be written in the form n = x2 + y2 − xy? Use the
table below to help you look for some patterns. There’s more than one!

It’s vuja de, the feeling that
none of this has ever
happened before.

1 2 3 4 5 6 7 8 9 10 11 12
13 14 15 16 17 18 19 20 21 22 23 24
25 26 27 28 29 30 31 32 33 34 35 36
37 38 39 40 41 42 43 44 45 46 47 48
49 50 51 52 53 54 55 56 57 58 59 60
61 62 63 64 65 66 67 68 69 70 71 72
73 74 75 76 77 78 79 80 81 82 83 84
85 86 87 88 89 90 91 92 93 94 95 96

1. Write down all the possible segment lengths on a 6-by-6
piece of isometric dot paper from smallest to largest. Don’t
use a CALculator to put them in order.

2. Triangle KYM has two sides with lengths 11 and 6, and a
60◦ angle as shown.

60˚

11

6

K Y

M

?

(a) Find the exact length of the third side. Two be. There is no
question.

3. Simplify these.
(a) (3 + 2

√
2)(3− 2

√
2) Don’t ask us why these are

here. But, 3 + 2
√

2 and
3− 2

√
2 are conjugates of

each other.

(b) (10− 7
√

2)(10 + 7
√

2)
(c) (a+ b

√
2)(a− b

√
2)
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Triangular Pegs

4. Figure out a way to rewrite these without using fractions. Ask Sendhil what
rat the den means.

(a)
7 + 4

√
2

3 + 2
√

2

(b)
8− 5

√
2

10− 7
√

2 Didn’t we just work with
square roots of 2 in the last
problem? Sheesh.

(c)
8− 5

√
2

5 + 3
√

2

5. Let a = 2 + 3i and b = 7− 4i. Simplify these. Do this like regular algebra,
except whenever you see i2,
replace it by −1. That’s the
big property of i, it’s the
square root of −1.

(a) a+ b
(b) a− b
(c) ab (the product)

6. Repeat problem 5 with a = 7 + 4i and b = 7− 4i.

7. Simplify these. 3 + 2i is the conjugate of
3− 2i and vice versa.
3 + 2i was the conjugate.
3 + 2i will be the conjugate.
3 + 2i has been the
conjugate.
3 + 2i’s the conjugate.
3 + 2i is all like the
conjugate.
3 + 2i can has conjugate?

(a) (3 + 2i)(3− 2i)
(b) (2− i)(2 + i)
(c) (a+ bi)(a− bi)

8. Figure out a way to rewrite these without using fractions.

(a)
13 + 26i

3 + 2i

(b)
18− i
2 + i

(c)
18− i
7− 4i

Neat Stuff

9. Describe some ways to find Pythagorean triples.

10. What kinds of numbers can be distances on square dot
paper? On isometric dot paper?

11. Modify triangle KYM from problem 2 so that it has the
same m6 Y = 60◦ and length KM, but different (integer)
lengths for KY and/or YM.

12. How many different squares can you draw on an n-by-n
piece of square dot paper using only horizontal and vertical
segments?
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Triangular Pegs

13. Put the following points in order of their distance from the
origin, from closest to farthest.
(a) R = (0, 5)
(b) A = (−3, 4)
(c) U = (2, 5)
(d) L = (−4,−4)

14. Evaluate the function N for each of these numbers and The function N takes a
number and multiplies it by
its conjugate.
N(3+2i)= (3+2i)(3−2i)=13
N(2−i)=(2−i)(2+i)=5
This function is sometimes
called the “norm,” but that
term is not used consistently
so we won’t use it.

order them from their lowest to highest N -value. Read
the note on the right.
(a) m = 0 + 5i
(b) a = −3 + 4i
(c) r = 2 + 5i
(d) y = −4− 4i

15. In class, we conjectured that any number that is one more
than a multiple of 12 can be written as the sum of two
squares (of integers). Does this always work?

16. In class, we conjectured that any number that is one less
than a multiple of 4 cannot be written as the sum of two
squares (of integers). Does this always work?

17. Write each prime as n = x2 + y2 − xy, where x and y are
integers, or determine that it’s impossible.
(a) 101
(b) 127
(c) 419
(d) 421
(e) 10009

Tough Stuff

18. Let (x, y) be a point on the unit circle. If you walk along This question should use
trigoNOmetry. As in, don’t
use that.

the circle from (1, 0) to (x, y), then walk that same distance
farther along the circle, where will you be?

19. What prime numbers are squares in mod 17? (Include
primes that are larger than 17.) What primes p make 17
a perfect square in mod p?

20. Find all integer solutions to this system of equations. There are probably more
than you think.

a+ b = cd
c+ d = ab
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Who’s even reading this?

i Am Legend(re)

4 i Am Legend(re)

Important Stuff

PROBLEM

Fill in this table with Fill in this table with

“Mod 4” is just a fancy way
of saying “remainder after
dividing by 4,” just like
“fuschia” is a fancy way of
saying “purple.”

x2 + y2 mod 3. x2 + y2 mod 4.

y

2

1

0

0 1 2
x

y

3

2

1

0

0 1 2 3
x

Fill in this table with Fill in this table with
x2 + y2 − xy mod 3. x2 + y2 − xy mod 4.

y

2

1

0

0 1 2
x

y

3

2

1

0

0 1 2 3
x

1. Prove using one of the charts above that none of Allen’s Errr... x and y should be
integers. When these
problems were written,
Allen’s kids’ ages were 2, 5,
8, and 11.

four kids’ ages can be written in the form x2 + y2 − xy.
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Who’s even reading this?

i Am Legend(re)

2. Figure out a way to rewrite these without using fractions. Ben found the names Ted
and Dan while rearranging
the letters in “rat the den.”
Darryl thinks everyone who
lives in 936 is addicted to
TextTwist.

(a)
8 + i

3 + 2i

(b)
8 + i

2− i

(c)
43 + 6i

7 + 4i

(d)
130 + 20i

13 + 2i

3. The function N takes a number and multiplies it by its This function is sometimes
called the “norm,” but that
term is not used consistently
so we won’t use it.

conjugate. For example,

N(3 + 2i) = (3 + 2i)(3− 2i) = 13
and N(2− i) = (2− i)(2 + i) = 5.

Find integers a and b so that N(a + bi) matches each of
the numbers below, or determine if it’s impossible.
(a) 17
(b) 19
(c) 65
(d) 85
(e) 133

4. Put the following points in order of their distance from the
origin, from closest to farthest.
(a) O = (−5,−5) O RLI?

(b) R = (0,−8)
(c) L = (6,−3)
(d) I = (7, 4)

5. Put the following numbers in order of their N -value, from
lowest to highest.
(a) a = −5− 5i
(b) r = 0− 8i
(c) m = 6− 3i
(d) k = 7 + 4i

6. Tabulate the values of (2+i)n for n = 1, 2, . . . , 8. Calculate
the N -values for all the answers you obtained.

7. Find all Pythagorean triples whose hypotenuse length matches
each of the numbers below.
(a) 5
(b) 25
(c) 125
(d) 625
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Who’s even reading this?

i Am Legend(re)

Neat Stuff

8. Find the two solutions to each of these equations.
(a) x2 − 16x+ 63 = 0
(b) x2 − 16x+ 64 = 0
(c) x2 − 16x+ 65 = 0
(d) x2 − 18x+ 85 = 0
(e) x2 − 16x+ 145 = 0
(f) x2 − 24x+ 145 = 0

9. For each pair of solutions that you found in problem 8,
calculate their sum and product.

10. Tabulate the values of (3+2i)n for n = 1, 2, 3, 4. Calculate
the N -values for all the answers you obtained. Try other
numbers. It’s fun!

11. Find a Pythagorean triple whose lengths have no common
factors and whose corresponding hypotenuse length is 133.

12. In class, we conjectured that any number that is one more
than a multiple of 12 can be written as the sum of two
squares (of integers). Does this always work?

13. Write each prime as n = x2 + y2 − xy, where x and y are
integers, or determine that it’s impossible.
(a) 101
(b) 127
(c) 419
(d) 421
(e) 10009

14. Write each number as n = x2 − 2y2, where x and y are
integers, or determine that it’s impossible.
(a) 1
(b) 2
(c) 3
(d) 4
(e) 5

Tough Stuff

15. Let (x, y) be a point on the unit circle. If you walk along This question should use
trigoNOmetry. As in, don’t
use that.

the circle from (1, 0) to (x, y), then walk that same distance
farther along the circle, where will you be?
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Who’s even reading this?

i Am Legend(re)

16. What prime numbers are squares in mod 17? (Include
primes that are larger than 17.) What primes p make 17
a perfect square in mod p?

17. Find all integer solutions to this system of equations. There are probably more
than you think.

a+ b = cd
c+ d = ab

18. Prove that every positive integer not of the form 8n+ 7 or Legend(re) proved this in
1798.4n is a sum of three squares having no common factor.

19. Time to get ridiculous.
(a) What fraction has decimal expansion 0.538461538461...?
(b) ... 0.461538461538...?
(c) ... 0.010203040506...?
(d) ... 0.020508111417...? (1 less than multiples of 3)
(e) ... 0.010102030508132134...? (Fibonacci)
(f) ... 0.01030927...? (Powers of 3)
(g) ... 0.0104091625...? (Square numbers)
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TODAY IS FREE SLURPEE DAY!! GO GET ONE!!

i, Robot

5 i, Robot

Important Stuff

PROBLEM

For each of these numbers, square it, then calculate the N -value of the
original number.

2 + i 3 + i
3 + 2i 4 + i
5 + 2i 7 + 4i
8 + 3i 15 + 4i

Do you remember what N
is? It’s a function takes a
number and multiplies it by
its conjugate.

So since we’re not calling
this function “norm,” let’s
call it “cliff.” Cheers!

The lost numbers from Lost,
a joke about robots, and a
reference to Karen were lost
on this problem set.

1. Describe a way to find Pythagorean triples.

2. Expand this: (x+ yi)(x− yi). (x+ yi)(x− yi)
3. Find all 12 ordered pairs (x, y) with integers x, y that have

(x+ yi)(x− yi) = 25.

4. (a) Draw a graph of all the points (x, y) that are 5 units
away from the origin. Mark all points on the graph
that have integer coordinates.

(b) Write an equation for the graph you just (An)drew.

5. Find a and b so that N(a+ bi) = 13. Find c and d so that Oh yeah, a, b, c and d are
supposed to be integers.N(c+ di) = 5. Calculate N ((a+ bi)(c+ di)).

6. Use the results of problem 5 to find a Pythagorean triple
with hypotenuse 65.

7. How many ordered pairs (x, y) with integers x, y are there
with N(x + yi) = 17? What about 65? What about Feeling like a robot yet?

169? What about 〈insert your favorite three-digit prime
that isn’t 101 here〉?

8. Email a title for the Day 6 problems to dyong@hmc.edu.
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TODAY IS FREE SLURPEE DAY!! GO GET ONE!!

i, Robot

Neat Stuff

9. Does squaring a+ bi give you all the Pythagorean triples?

10. Pick some other integers a and b and use your method from
problem 1 to generate some triples from a + bi. You may
find that sometimes the “leg” lengths are zero or negative.
Refine your method so that this doesn’t happen.

11. Determine if the Pythagorean triples that are produced
by squaring these numbers in the box on the previous page
have any common factors. Then, find other numbers whose
corresponding triples don’t have common factors.

12. Find a number n that is the hypotenuse of exactly four No, a primitive Pythagorean
triple is not one that is
printed on papyrus. A
primitive Pythagorean triple
is one in which the three
lengths don’t share a
common factor.

primitive Pythagorean triples.

13. Find a primitive Pythagorean triple whose hypotenuse
length is 133.

14. Prove that at least one number in every Pythagorean triple
must be even.

15. In class, we conjectured that any number that is one more
than a multiple of 12 can be written as the sum of two
squares (of integers). Does this always work?

16. Find all possible ordered pairs (x, y) with integers x, y so
that x2 + y2 − xy=91. What about 133?

17. Write each prime as n = x2 + y2 − xy, where x and y are
integers, or determine that it’s impossible.
(l) 103
(a) 107
(u) 109
(r) 1009
(i) 4003
(e) 11111111111111111111111 Oh yes, there are 23 ones

right there.
18. Write each number as n = x2 − 2y2, where x and y are

integers, or determine that it’s impossible.
(a) 1
(b) 2
(c) 3
(d) 4
(e) 5
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TODAY IS FREE SLURPEE DAY!! GO GET ONE!!

i, Robot

19. Calculate this:
(5 + i)4

239 + i

What the heck could this possibly be useful for?

20. Show us your favorite tangram. Ask Art about his favorite. rat tat bomb

Tough Stuff

21. Let (x, y) be a point on the unit circle. If you walk along This question should use
trigoNOmetry. As in, don’t
use that.

the circle from (1, 0) to (x, y), then walk that same distance
farther along the circle, where will you be?

22. Prove that every positive integer not of the form 8n+ 7 or Legend(re) proved this in
1798.4n is a sum of three squares having no common factor.

23. Suppose n is a positive integer. Is there a right triangle
with rational numbers as its side lengths with area n?

24. Is there a generalization of Pick’s Theorem for isometric This was Brian’s idea.
Blame him if you get stuck.
Call AAA if your car gets
stuck.

geoboards?
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TODAY IS FREE SLURPEE DAY!! GO GET ONE!!

i, Robot
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It’s MO +N(d+ ai)! Yay!

i’s, i’s, baby

6 i’s, i’s, baby

Important Stuff

PROBLEM

Find the sixteen complex numbers x+ yi with integers x, y that have

N(x+ yi) = 65

and plot them on a complex plane. What do you notice?

In case you played too hard
this weekend and can’t
remember, we defined N to
be a function takes a
number and multiplies it by
its conjugate.
N(3+2i)= (3+2i)(3−2i)=13

1. This triangle was drawn on isometric dot paper. What is This question should use
trigoNOmetry. As in, don’t
use that. That includes the
Flaw of Cosines.

the exact length of the third side?

13

? 4

2. Find a and b so that N(a+ bi) = 17. Find c and d so that Oh yeah, a, b, c and d are
supposed to be integers.N(c + di) = 5. Calculate (a + bi)(c + di), then calculate

N ((a+ bi)(c+ di)).

3. Use the results of problem 2 to find a Pythagorean triple
with hypotenuse 17. Then find a triple with hypotenuse 5.
And finally, 85.

4. Which of these points are one unit away from the origin?

(a) (1, 0)
(b) (1/2, 1/2)

(c) (3/5, 4/5)
(d) (−5/13, 12/13)

5. Write a rule you could use to determine if a point (x, y) is
one unit away from the origin. Sketch a graph of all points
(x, y) that are one unit away from the origin.
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It’s MO +N(d+ ai)! Yay!

i’s, i’s, baby

6. Find all the numbers (real and complex) that solve the
equation z4 = 1. Did you find them all? Plot the solutions
on the complex plane.

7. Calculate and plot these on a complex plane. nv s ble man

(a) i2

(b) i3

(c) i4

(d) i5

(e) i6

(f) i7

(g) i8

(h) i299

(i) i300

(j) i301

8. Let b = 4 + i, e = 2 + i, v = 4 + 6i. You are the apple π of my i.

(a) Plot and label b, e, and v in a complex plane.
(b) Multiply b, e, and v by i and plot those points in the

same plane.
(c) Multiply b, e, and v by i twice and plot those points

in the same plane.
(d) What’s going on here?

9. (a) Show that z3 − 1 = (z − 1)(z2 + z + 1).
(b) Find all three solutions to the equation z3 = 1.
(c) Plot all of your solutions carefully on the complex “Have fun storming the

Bastille!”plane. You may need to use a calculator to help you
find their locations on the plane.

10. Let w =
−1 + i

√
3

2
. Calculate and plot these.

(j) w2

(a) w3

(n) w4

(i) w299

(e) w300

(c) w301

(e) (w2)3 (So, what equation does w2 solve?)

Neat Stuff

11. Use the method of problem 2 to find a Pythagorean triple
with hypotenuse 145. Then 221. And finally, 1105!

12. Find other triangles that can be drawn on isometric dot
paper like the one in problem 1 that have a 60◦ angle, two
sides with integer lengths, and a third side with the same
length as the missing side in problem 1.
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It’s MO +N(d+ ai)! Yay!

i’s, i’s, baby

13. Find a piece of isometric dot paper. Pick a dot in the
center and call it O. How many points can you find that
are the same distance away from O as the distance you
found in problem 1?

14. Shoba stands at the origin (0, 0) and stares at 1+i, (1+i)2,
(1 + i)3 and so on. Describe what happens to the powers
of 1 + i from her perspective: where do they go? how far
away (N -value, anyone)?

15. Let b = 4 + i, e = 2 + i, v = 4 + 6i.
(a) Plot and label b, e, and v in a complex plane. z-plane! z-plane!

(b) Multiply b, e, and v by 1 − 3i and plot those points
in the same plane.

(c) Find the area of the new triangle formed by these
three points.

16. Find the intersection(s) of the unit circle and these lines.
(a) y = 2x− 1
(b) 3x− 2y = 2
(c) y + 1 = 4x

17. Get some graph paper and draw a really large unit circle. A gaggle of geese...
A covey of quail...
A murder of ravens...
A faction of fractions?

No, really, I mean a really large circle. Let x = 3/5 and
y = 4/5 and plot (x, y). Use the transformation

(x, y) 7→ (x2 − y2, 2xy)

and plot your answer. Then do the same thing with the
point you just plotted. Repeat ad nauseum. What happens? ...besides you getting

nauseous.
18. Write each prime as n = x2 + y2 − xy, where x and y are

integers, or determine that it’s impossible.
(l) 103
(a) 107
(u) 109
(r) 1009
(i) 4003
(e) 11111111111111111111111 Oh yes, there are 23 ones

right there.
19. Does squaring a+ bi give you all the Pythagorean triples?

20. How many different peg-to-peg squares are there on an Oh noes: starting with 3×3,
there are bonus squares!n× n piece of square dot paper?

21. How many different peg-to-peg squares are there on an
n× n piece of isometric dot paper?
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It’s MO +N(d+ ai)! Yay!

i’s, i’s, baby

22. How many different peg-to-peg equilateral triangles are Bonus triangles!!!

there on an n× n piece of isometric dot paper?

Tough Stuff

23. Using only geometry and no algebra (no quadratic for- Absolutely trigoNOmetry!

mula, no completing the square), find all complex numbers
a and b that solve

a+ b = − 1
ab = 1.

24. Prove that every positive integer not of the form 8n+ 7 or Legend(re) proved this in
1798.4n is a sum of three squares having no common factor.

25. Suppose n is a positive integer. Is there a right triangle
with rational numbers as its side lengths with area n?

26. Is there a generalization of Pick’s Theorem for isometric
geoboards?
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“. . . in the end i know, but on the way i wonder.” — Cat Stevens

i of the T(r)i(an)g(ul)er

7 i of the T(r)i(an)g(ul)er

Important Stuff

PROBLEM

Here are some number facts that we’ve seen over the last few days.
“Just the facts,” said Joe on
Friday.

N(2 + i) = (2 + i)(2− i) = 5 and N(3 + i) = (3 + i)(3− i) = 10
N(2− i) = (2− i)(2 + i) = 5 and N(3− i) = (3− i)(3 + i) = 10

Use these facts to come up with some complex numbers x + yi, with x
and y integers, that have N(x + yi) = 50? How many complex numbers
x + yi, with x and y integers, have N(x + yi) = 50? When you plot all
of these numbers on a complex plane, what connections can you make?
What happens when you take into consideration that N(1 + i) = 2 and
N(1 − i) = 2? What if we want numbers that have N(x + yi) = 250
instead?

1. If you didn’t get to this problem yesterday, please try it
today. If you did, please look at it again.
(a) Show that z3 − 1 = (z − 1)(z2 + z + 1).
(b) Find all three solutions to the equation z3 = 1.
(c) Plot all of your solutions carefully on the complex

plane. You may need to use a calculator to help you
find their locations on the plane.

2. Let w =
−1 + i

√
3

2
. Use exact arithmetic to calculate

these, then plot them. You may need to convert some
numbers to decimals to plot them accurately. Or maybe you just need

some other kind of graph
paper.(j) w2

(a) w3

(n) w4

(i) w299
Darryl wants a Nintendo
wi102!!!(e) w300

(c) w301

(e) (w2)3 (So, what equation does w2 solve?)
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“. . . in the end i know, but on the way i wonder.” — Cat Stevens

i of the T(r)i(an)g(ul)er

3. Let a = 4 + 0i, r = 2 + 0i, t = 4 + 4i, and w =
−1 + i

√
3

2
.

(a) Plot a, r, and t in a complex plane and connect the
points to form a triangle.

(b) Multiply t, a, and r by −i and plot those points in
the same plane.

(c) Multiply r, a, and t by w and plot those points in the
same plane. You may need to convert some numbers
to decimals to plot these points accurately.

(d) What’s going on here?

4. On Day 3, we mentioned that 3+2i is the conjugate of 3−2i Sometimes, this is called the
complex conjugate.
Complex
Complexing
Complexification
Complexify
Complexation
Compleximicated

and vice versa. From now on, let’s use a bar over number
as the symbol for the conjugate of a complex number. For
example, 3 + 2i = 3− 2i.
(a) If z = a+ bi, what is z?
(b) What is z, the conjugate of the conjugate?
(c) What’s 2? Hey there! Did you know

2 = 2 + 0i?(d) Explain why N(z) = zz.
(e) How does the location of a number in the complex

plane compare with the location of its conjugate?

5. Let g = 5 + 2i and h = 3− 4i. Calculate these.
(a) g + h
(b) g + h
(c) gh
(d) g h

6. Let w =
−1 + i

√
3

2
. Calculate these.

Just let it. Come on, you
know you want to.(a) w

(b) w + w
(c) ww
(d) (7 + 4w)(7 + 4w)

7. Put the following points on the isometric dot plane in order
of their distance from the origin, from closest to farthest.
(a) J = [→ 7,0 4] [→ 7,0 4] means go 7 units

to the right from the origin,
then go 4 units in the
“up-and-left” direction.

(b) O = [→ 13,0 4]
(c) C = [→ 4,0 13]
(d) E = [→ 8,0 5]
(e) L = [→ 0,0 8]
(f) Y = [→ −4,0 4]
(g) N = [→ −4,0 −4]
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“. . . in the end i know, but on the way i wonder.” — Cat Stevens

i of the T(r)i(an)g(ul)er

8. Plot each of the following points in a complex plane. You Yes, keep using the same
value for w as you did on
problem 6.

may need to convert some numbers to decimals to plot
them accurately.
(m) 7 + 4w
(e) 13 + 4w
(l) 4 + 13w
(a) 8 + 5w
(n) 0 + 8w
(i) −4 + 4w
(e) −4− 4w

Neat Stuff

9. If a2 + b2 = c2, why is the point
(

a
c
, b

c

)
on the unit circle?

10. Find the intersection(s) of the unit circle x2 + y2 = 1 and
these lines.
(a) y = 2x− 1
(b) 3x− 2y = 2
(c) y + 1 = 4x

11. Plot these points in a complex plane and figure out how
far they are away from the origin.
(a) 3 + 4i
(n) 3

5
+ 4

5
i

(n) w What’s with this w and why
does it keep reappearing?
Are you getting bored of it
yet?

(a) −5i

12. Let p = a+ bi and q = c+ di, with a, b, c and d being ar-
bitrary real numbers. Prove or disprove these statements.
(a) p+ q = p+ q
(b) pq = p q
(c) N(z) = N(z)
(d) N(p) = N(q) if and only if p = q
(e) If N(p) is a multiple of N(q) then p is a multiple of q
(f) N(pq) = N(p)N(q)
(g) N(p+ q) = N(p) +N(q)
(h) N(p2) = N(p)2

13. What’s N(7 + 4w)? Justify why your answer is correct.

14. Show that if
(

a
c
, b

c

)
is a point on the graph of x2+y2−xy=1

then a2 + b2 − ab = c2.

15. What does the graph of x2 +y2−xy = 1 look like anyway?
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“. . . in the end i know, but on the way i wonder.” — Cat Stevens

i of the T(r)i(an)g(ul)er

16. Remember how we defined N to be a function that takes
a number and multiplies it by its conjugate? In

√
2-land,

the conjugate of a + b
√

2 is a − b
√

2, so N(a + b
√

2) =
(a+ b

√
2)(a− b

√
2) = a2 − 2b2. Calculate these.

(a) N(5 + 2
√

2)
(b) N(5− 2

√
2)

(c) (5 + 2
√

2)2

(d) N(your answer to part c)
(e) N(4 + 3

√
2)

(f) (5 + 2
√

2)(4 + 3
√

2)
(g) N(your answer to part f)

17. How many different peg-to-peg squares are there on an Oh noes: starting with 3×3,
there are bonus squares!n× n piece of square dot paper?

18. How many different peg-to-peg squares are there on an
n× n piece of isometric dot paper?

19. How many different peg-to-peg equilateral triangles are Bonus triangles!!!

there on an n× n piece of isometric dot paper?

20. Find all points on the isometric dot plane, [→ x,0 y], with
x and y integers, that are

√
133 units away from the origin.

What about
√

217?

21. Let w =
−1 + i

√
3

2
. Use exact arithmetic to calculate

these.

(a) w−1

(b) (w)−1

Tough Stuff

22. Using only geometry and no algebra (no quadratic for- Absolutely trigoNOmetry!

mula, no completing the square), find all complex numbers
a and b that solve

a+ b = − 1
ab = 1.

23. Find a method that can produce infinitely many triples Drawn on isometric dot
paper = two sides must lie
along rows of dots and all
three corners must land on
dots. You might want to
find one or two such
triangles first!

(a, b, c) with no common factors such that a triangle with
sides a, b, and c can be drawn on isometric dot paper.

24. Suppose n is a positive integer. Is there a right triangle
with rational numbers as its side lengths with area n?
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Ninja cowboy bear!! Yay!

times i equals infinity

8 times i equals infinity

Important Stuff

PROBLEM

Let w =
−1 + i

√
3

2
. Calculate these. Did you watch wwE Raw

last night?

(a) w2 (b) w (c) −1− w
(d) ww2 (e) ww
(f) w + w2 (g) w + w

Take a few moments to write a summary of everything that you know
about w.

1. Expand (9+4w)(9+4w) and simplify your answer as much No, not like this:

as you can. (9+4w)(9+4w)
2. Plot the following points on a sheet of isometric dot paper.

How far is each point away from the origin?
(a) M = [→ 9,0 4]
(b) A = [→ 4,0 9]
(c) R = [→ 9,0 −4] Trust your intuition on this

one. [→ 9,0 −4] is the
same as [→ 9,% 4]

(d) C = [→ 7,0 9]
(e) Y = [→ −7,0 −9]

3. Plot each of the following points in a complex plane. You
may need to convert some numbers to decimals to plot
them accurately.
(a) 9 + 4w
(b) 4 + 9w
(c) 9− 4w
(d) 7 + 9w
(e) −7− 9w
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Ninja cowboy bear!! Yay!

times i equals infinity

4. Expand these. Which of them work out nicely? these.(a) (2 + 3w)(2− 3w)
(b) (2 + 3w)(2 + 3w) For today’s problem set,

anytime a problem involves
w, you can leave w in your
answers, but try not to have
w2 and w.

(c) (7 + 4w)(7− 4w)
(d) (7 + 4w)(7 + 4w)

5. (a) Calculate N(7 + 4w).
(b) Calculate N(5 + 2i

√
3).

(c) How are 7 + 4w and 5 + 2i
√

3 related?

6. Calculate the N -value of the following numbers. Reminder: we defined N to
be a function takes a
number and multiplies it by
its conjugate.

(a) 9 + 4w
(b) 4 + 9w
(c) 9− 4w
(d) 7 + 9w
(e) −7− 9w

Neat Stuff

7. Let p = a+ bi and q = c+ di, with a, b, c and d being ar- This problem is sneat. In
other words, it’s super neat.
So that means try it first.
Look at yesterday’s problem
set for more of this problem.

bitrary real numbers. Prove or disprove these statements.
(a) pq = p q
(b) N(pq) = N(p)N(q)
(c) N(p2) = N(p)2

8. Find two numbers whose sum is −1 and product is 1.

9. Factor 33 + 4i as much as you can.

10. Remember how we defined N to be a function that takes
a number and multiplies it by its conjugate? In

√
2-land,

the conjugate of a + b
√

2 is a − b
√

2, so N(a + b
√

2) =
(a+ b

√
2)(a− b

√
2) = a2 − 2b2. Calculate these.

(a) N(5 + 2
√

2)
(b) N(5− 2

√
2)

(c) (5 + 2
√

2)2

(d) N(your answer to part c)
(e) N(4 + 3

√
2)

(f) (5 + 2
√

2)(4 + 3
√

2)
(g) N(your answer to part f)

11. If a2 + b2 = c2, why is the point
(

a
c
, b

c

)
on the unit circle?

12. What does the graph of x2 + y2 − xy = 1 look like?
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times i equals infinity

13. Show that if
(

a
c
, b

c

)
is a point on the graph of x2+y2−xy=1

then a2 + b2 − ab = c2.

14. Find the intersection(s) of the unit circle x2 + y2 = 1 and
these lines.
(a) y = 3x− 1
(b) 5x− 3y = 3
(c) 7y + 7 = 9x

15. Find the intersection(s) of the curve x2 + y2− xy = 1 and
these lines.
(a) y = 3x− 1
(b) 5x− 3y = 3 Drawn on isometric dot

paper = two sides must lie
along rows of dots and all
three corners must land on
dots. You might want to
find one or two such
triangles first!

(c) 7y + 7 = 9x

16. Find a method that can produce infinitely many triples
(a, b, c) with no common factors such that a triangle with
sides a, b, and c can be drawn on isometric dot paper.

17. How many different peg-to-peg squares are there on an Oh noes: starting with 3×3,
there are bonus squares!n× n piece of square dot paper?

18. How many different peg-to-peg squares are there on an
n× n piece of isometric dot paper?

19. How many different peg-to-peg equilateral triangles are Bonus triangles!!!

there on an n× n piece of isometric dot paper?

20. Find all points on the isometric dot plane, [→ x,0 y], with
x and y integers, that are 19 units away from the origin.
What about 67? Did you know that Will

Ferrell was born on July 16,
1967? Me neither.

21. Let w =
−1 + i

√
3

2
. Use exact arithmetic to calculate

these.

(a) w−1

(b) (w)−1

Tough Stuff

22. Find a distance so that more than 24 points on a isometric
dot plane are that distance away from the origin.

23. Find a distance so that more than 24 points on a square
dot plane are that distance away from the origin.
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times i equals infinity

24. Find a distance so that more than 24 points on both square
and isometric dot planes are that distance away from the
origin.

25. Are there any other kinds of dot paper that would work
for the problems over the last two weeks?
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9 The w (Ra)Man(ujan)

Important Stuff

1. Triangle KEL has two sides with lengths 5 and 2, and a 60◦ These two triangles aren’t
drawn using the same scale,
but their shapes are correct.

angle. Triangle IAN has two sides with lengths 7 and 4,
and a 60◦ angle.

60˚
5

2

K E

L

?

60˚
7

4

I A

N

?

Find the exact length of the missing sides.

PROBLEM

For each of these numbers, square it, then calculate the N -value of the
original number.

When you square the
number, try to write it so it
looks like a+ bw.

(a) 5 + 2w (b) 7 + 4w
(c) 3 + w (d) 4 + w
(e) 7 + w (f) 9 + 2w

2. Triangle ROY has two sides with lengths 21 and 16, and 4ROY will from now on be
abbreviated as TROY.a 60◦ angle. Triangle MEG has two sides with lengths 33

and 40, and a 60◦ angle.

60˚
21

16

R O

Y

?

60˚
33

40

M E

G

?

Find the exact length of the missing sides.
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3. Recalculate the missing length in TROY in problem 2 if...
(c) RO = 8 and OY = 5
(d) RO = 15 and OY = 7
(e) RO = 48 and OY = 13
(f) RO = 77 and OY = 32

4. Describe a way to find triangles with integer side lengths Let’s call these integer side
lengths Einstein triples.
Einstein triples relate to
triangles with a 60◦ angle in
the same way that
Pythagorean triples relate to
triangles with a 90◦ angle.

that have a 60◦ angle.

5. Remember how we defined N to be a function that takes
a number and multiplies it by its conjugate? In

√
2-land,

the conjugate of a + b
√

2 is a − b
√

2, so N(5 + 2
√

2) =
(5 + 2

√
2)(5− 2

√
2) = 17. Calculate these.

(a) N(1 + 2
√

2) Everett,WA+
√

2 =Duluth,MN

(b) N((1 + 2
√

2)2)
(c) N((1 + 2

√
2)3)

(d) N((1 + 2
√

2)4)
(e) N((1 + 2

√
2)5)

Neat Stuff

6. Find integers a and b so that N(a+bw) = 19. Find integers
c and d so that N(c+dw) = 21. Calculate (a+bw)(c+dw),
then calculate N((a+ bw)(c+ dw)).

7. Use the results of problem 6 to find an Einstein triple
(a, b, c) with c = 399. Like the price of gas, this

number goes up daily.
8. Remy stands at the origin and stares at 1 + w, (1 + w)2,

(1 +w)3 and so on. Describe what happens to the powers
of 1 +w from her perspective: where do they go? how far
away (N -value, anyone)?

9. Find all points [→ x,0 y] on an isometric dot plane with
integers x, y that have N(x+ yw) = 259.

10. Figure out a way to rewrite these fractions as simply as Unscramble this:
“hat red net”
Also see problem 4 on
Day 8.

possible.

(a)
2 + 17w

7 + 4w

(b)
2 + 17w

2 + 3w

11. Extend your method from problem 4 to generate some
triangles with integer side lengths that have a 120◦ angle.
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12. Factor 49− 8i as much as you can.

13. Pick some other integers a and b and use your method from
problem 4 to generate some Einstein triples from a + bw.
You may find that sometimes your side lengths are zero or
negative. Refine your method so that this doesn’t happen.

14. Does squaring a+bw give you all possible Einstein triples?

15. Find a number n that is the the largest number of exactly
four primitive Einstein triples.

16. What’s the relationship between 6 K in 4KEL and 6 R in
TROY ? What’s the relationship between 6 I in4IAN and
6 M in 4MEG?

17. Plot the graph of x2 + y2−xy = 1 on isometric dot paper.

Tough Stuff

18. Find a distance so that more than 24 points on a isometric
dot plane are that distance away from the origin.

19. Find a distance so that more than 24 points on a square
dot plane are that distance away from the origin.

20. Find a distance so that more than 24 points on both square
and isometric dot planes are that distance away from the
origin.

21. Are there any other kinds of dot paper that would work John wants to know about
pentagonal dot paper.for the problems over the last two weeks?

22. Does the location of the major axis of x2 + y2 − xy = 1
have anything to do with the location of w in the complex
plane?
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Wall-i

10 Wall-i

Important Stuff

1. (i) Use 4 + i to generate a Pythagorean triple. OK, these triples are
supposed to be called
Eisenstein triples. Bowen
claims the “se” is silent.
Eisenstein triples are
positive integers with the
property that they can be
the side lengths of a triangle
with a 60◦ angle. Eisenstein
triples relate to triangles
with a 60◦ angle in the same
way that Pythagorean triples
relate to triangles with a 90◦

angle. “Franz” Ferdinand
Gotthold Max Eisenstein
(1823-1852) was a student
of Carl Friederich Gauss.
We are also trying to go for
the record for the longest
side note here. Woo hoo!

(ii) Use 4 + w to generate an Eisenstein triple.
(iii) Get out yet another sheet of square/isometric dot

paper. On the square dot paper, pick a point as your
origin, and plot 4 + i and (4 + i)2. Draw triangles
that correspond to both numbers and label their side
lengths. Turn the paper over and repeat for 4 +w and
(4 + w)2.

PROBLEM

Something interesting happens when we raise 1 +
√

2 to different powers.

(1 +
√

2)1 = 1 +
√

2 and 1/1 = 1

(1 +
√

2)2 = 3 + 2
√

2 and 3/2 = 1.5

(1 +
√

2)3 = 7 + 5
√

2 and 7/5 = 1.4

(1 +
√

2)4 = ?

If you continue this pattern, what do you notice about the fractions?
What’s going on here? N -values anyone?

N is your friend. It takes a
number and multiplies it by
its conjugate.

In
√

2-land, the conjugate of
a+ b

√
2 is a− b

√
2, so

N(5+2
√

2)=(5+2
√

2)(5−2
√

2)
=17.

2. Here are some fun facts: N(3+
√

2)=7 and N(3+2
√

2)=1. Fun is a relative thing.

(a) Explain why N((3 +
√

2)2) = 49.
(b) What’s N((3 +

√
2)3)?

(c) What’s N((3 + 2
√

2)n) for any positive integer n?

3. Repeat the problem in the box, but start with these num-
bers instead of 1 +

√
2. What happens to the fractions?

(a) 3 + 2
√

2
(b) 2 +

√
3

(c) 2 +
√

5
(d) 3 +

√
10 Get back to work!

•
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4. Find integers x and y with x > 1 so that N(x+ y
√

7) = 1. Come on! You can make a
better approximation than
that! Ask Peg how to use
the magic box.

Use these numbers to make a fraction that gives a really
good approximation to

√
7.

5. If you are given a triple of numbers, how can you test
whether it is a Pythagorean triple? An Eisenstein triple?

6. (a) What does the value of N(5 + 2i) have to do with
the distance from the origin to 5 + 2i on the complex
plane?

(b) What does the value of N(5+2w) have to do with
the distance from the origin to 5 + 2w on the complex
plane?

7. Why do we square numbers of the form a + bi or a + bw Why squaring as opposed to
taking a cube root, or
reciprocal, or 〈insert obscure
math operation here〉?

to obtain Pythagorean triples or Eisenstein triples?

Old Stuff

8. Which positive integers n have we determined cannot be Look at the problem in the
box for Day 4. There may
be other numbers that can’t
be written as x2 + y2 or
x2 + y2 − xy that we
haven’t identified yet.

written as x2 + y2 with x and y being integers?

9. Which positive integers n have we determined cannot be
written as x2 + y2 − xy with x and y being integers?

10. What is i4? What is w3?

11. Find integers a and b so that N(a+bw) = 7. Find integers
c and d so that N(c+dw) = 13. Calculate (a+bw)(c+dw),
then calculate N((a+ bw)(c+ dw)).

12. Find an Eisenstein triple (a, b, c) with c = 91. Wait a minute! This
number didn’t go up!

13. Calculate the N -value of these numbers.
(a) 3 + 2

√
2

(b) 3 + 2i
(c) 3 + 2w

14. Rewrite these without using fractions. OK, OK. We know w has a
fraction in it. That one
doesn’t count in your
answer.(a)

11 + 7
√

2

3 + 2
√

2
(c)

17 + 9w

3 + 2w

(b)
17 + 7i

3 + 2i
(d)

290 + 190w

29 + 19w

38 PCMI 2008



In this version of the movie, the main character will be played by a fish.

Wall-i

Neat But Potentially Useless Stuff

15. For each of the following values of n, find integers x and
y with x > 1 so that N(x+ y

√
n) = 1. Use these numbers

to make a fraction that gives a really good approximation Here are a bunch of
Eisenstein triples. In other
words, these numbers can
be the lengths of a triangle
with a 60◦ angle. The third
number is the length
opposite the 60◦ angle.
(5, 8, 7) (7, 15, 13)
(11, 35, 31) (16, 21, 19)
(33, 40, 37) (32, 77, 67)
(117, 40, 103) (13, 48, 43)
(57, 112, 97) (39, 55, 49)
(79, 79, 79)
(799, 799, 799)
(7999, 7999, 7999)
Those last three are boring.

to
√
n.

(a) 6
(b) 11
(c) 17
(d) 529
(e) 85

16. In an Eisenstein triple, why is the length of the side oppo-
site the 60◦ angle usually in between the other two lengths?
What kind of triangles are exceptions to this pattern?
There are a bunch of Eisenstein triples over there. →

17. On Day 5, we noticed this algebraic identity having to do Refer to the whiteboard
notes posted on our 2008
SSTP site. Convince
yourself this identity is true
(algebraically and
geometrically) if you haven’t
already done so.

with Pythagorean triples and right triangles.(
m2 − n2

)2
+
(
2mn

)2
=
(
m2 + n2

)2

Is there an analogous identity for Eisenstein triples?

18. Pick some integers a and b and square a + bi and a + bw
to generate some Pythagorean or Eisenstein triples. You
may find that sometimes the numbers in the triple have
a common factor. How can you choose a and b so that
you get a primitive Pythagorean triple? What about a In this context, a primitive

triple of numbers is one that
has no common factors.

primitive Eisenstein triple?

19. Does squaring a+bw give you all possible Eisenstein triples?

20. Figure out a way to generate triangles with integer side
lengths that have a 120◦ angle.

21. Use what you know about the N function to factor 74+7i.

22. Does anything unusual or special happen when you cube
numbers of the form a+ bi and a+ bw?

23. Plot the graph of x2 +y2−xy = 49 on isometric dot paper.

24. Andrew says that he has an identity:

(a2 + b2)(c2 + d2) = (ac− bd)2 + (bc+ ad)2.

Is this identity true? How is this identity related to com-
plex numbers?
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Tough Stuff

25. Find a distance so that more than 24 points on a isometric
dot plane are that distance away from the origin.

26. Find a distance so that more than 24 points on a square
dot plane are that distance away from the origin.

27. Find a distance so that more than 24 points on both square
and isometric dot planes are that distance away from the
origin.

28. Derive the w-world version of the identity in problem 24.

29. Find two positive integers a and b such that when you Just understanding this
problem statement is already
an accomplishment... If you
can rewrite this problem to
make it easier to
understand, please write it
on the back of a $100 and
give it to us.

make a right triangle with these two numbers as legs the
hypotenuse is an integer, and when you make a triangle
with a 60◦ angle with these two numbers as side lengths
the side opposite the 60◦ angle is an integer. Or, prove
that no such a and b exist.

30. The current record for calculating π is into the trillions Check out problem 19 on
Day 5.of digits. One completely wacky formula for computing π

comes from this calculation:

(Q+ i)12 · (57 + i)32 · (110443 + i)12

(239 + i)5

Oh wait, we forgot Q. Find the integer Q so that this en-
tire number makes an 45◦ with the positive real axis when
plotted in the complex plane. This formula was discovered
by a high school teacher in 1982. Perhaps you could find
some more?
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11 Fantasy i-land

Important Stuff

PROBLEM

Today’s problem can’t fit in this box, so we’re calling it the “problem out
of the box.” We promise it’s still fun!

The charts with most the
beautiful handwriting will
get a surprise.

1. What peg-to-peg distances are possible on a 6-by-6 piece Don’t take more than three
minutes on this problem.of square dot paper?

2. Let a = 2− i. Plot these numbers on a complex plane.

(−2 + 2i)a (−1 + 2i)a 2ia (1 + 2i)a (2 + 2i)a
(−2 + i)a (−1 + i)a ia (1 + i)a (2 + i)a

−2a −1a 0a a 2a
(−2− i)a (−1− i)a −ia (1− i)a (2− i)a

(−2− 2i)a (−1− 2i)a −2ia (1− 2i)a (2− 2i)a

What do you notice?

3. Which Gaussian integers have N -value equal to 1? A Gaussian integer is a
complex number a+ bi that
has integers for a and b. So,
−2, i, 4− i and −5 + 3i are
Gaussian integers, but
− 1

2
+ i
√

3
2

is not.

4. Calculate these.
(c) 1 · 13
(a) i(−13i)
(m) (−1)(−13)
(i) (−i)(13i)

5. In i-land, 5 is not prime because it factors: 5 = (2+i)(2−i).
Which of these numbers factor into Gaussian integers? Only consider Gaussian

integer factors with
N -values greater than 1.
Why? Because the
factorizations of 13 in
Problem 4 are boring.

(s) 2
(a) 3
(n) 7
(d) 13
(r) 19
(a) 23
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Neat Stuff

6. On Part 1 of today’s “problem out of the box,” use color
pencils to color in the circles according to the size of the Stay within the lines!!

number. For example, use a different color if the number
is between (and including) 1 and 25, between 26 and 50,
between 51 and 75, between 76 and 100. Count the number
of circles in each category.

7. Look at the chart from Part 2 of today’s “problem out of
the box” to see what patterns you can find.

8. If you’re still interested in thinking about Pythagorean and
Eisenstein triples, go back to the problems on Day 10 that
you didn’t finish.

9. Prove that if z = ab, then N(z) = N(a) ·N(b).

10. Use what you know about the N function to factor 16+3i
into two Gaussian integers.

11. The prime factorization of any (real) positive integer into
other positive integers is unique. What about the factor-
ization of Gaussian integers into other Gaussian integers?
Consider this factorization example:

8+i = (2−i)(3+2i) = (1+2i)(−i)(3+2i) = (1+2i)(2−3i)

Do you think the prime factorization of a Gaussian integer
into other Gaussian integers is unique? Why or why not?
If you think Gaussian integer factorizations are unique,
explain what you mean by “unique.” If you think they are
not unique, describe what the different factorizations for a
number have in common.

12. Graph x2 − 2y2 = 1. What does that have to do with the
problem in the box from Day 10?

13. Use the method from the problem in the box on Day 10 Come on, you can do better
than that!to find a good approximation to

√
11.

14. Pick an integer n with 2≤ n≤ 12. On Part 1 of today’s
“problem out of the box,” use color pencils to color in the
numbers according to their remainder after dividing by n.

15. Which Gaussian integers are prime?
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Tough Stuff

16. Find a triangle with integer sides with a 30◦ angle, or prove
that none exist.

17. Find three lattice points in R3 that are integer distances
apart. The triangle that is formed cannot be parallel to
the xy-, yz-, or xz-planes.

18. This question is about the problem in the box on Day 10.
What does the N -value of the starting number have to do
with the convergence rate of the fractions?

19. The Price is Right wheel has the amounts ranging from 5 Last year in class we spun
this wheel, and the entire
class chanted “Beep, beep,
beep.. beep....”

cents to $1.00 in increments of 5 cents. Suppose you get to
keep spinning until you go over $1.00. What is the average
number of times you will spin the wheel until you go over?

PCMI 2008 43



Seek inspiration from Simon and Garfunkel if the problem in the box is getting you down.

Fantasy i-land

This page intentionally left blank.

44 PCMI 2008
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Fantasy w-land

12 Fantasy w-land

Important Stuff

PROBLEM

Today’s problem can’t fit in this box.

Even if we make the box this big, it still doesn’t fit. So, we’re calling it
the “problem out of the box.” We promise it’s still fun!

The charts with most the
beautiful handwriting will
get a surprise.

Since Part 2 of today’s
PootB looks just like
yesterday’s, you might want
to write something on both
pages to help you
distinguish them.

1. What peg-to-peg distances are possible on a 6-by-6 piece Don’t take more than three
minutes on this problem.of isometric dot paper?

2. On Part 1 of today’s “problem out of the box,” color in Stay within the lines!!

the circles according to the size of the number. For ex-
ample, use a different color if the number is between (and
including) 1 and 25, between 26 and 50, between 51 and
75, between 76 and 100. Count the number of circles in
each category.

PCMI 2008 45



Let’s play the Ladybug Picnic!

Fantasy w-land

3. One way to identify (real) prime numbers is with the Sieve
of Sergio. Here’s how to do it. OK, we know it’s really the

Sieve of Eratosthenes, but
Sieve of Sergio sounds way
cooler.

• Cross out 1 because it’s not prime.
• Circle 2, then cross out every multiple of 2.
• Circle the smallest number that hasn’t been circled or

crossed out yet (after circling 2 you would circle 3),
then cross out all of its multiples. Some multiples may
have already been crossed out—this is okay.

• Repeat the previous step until every number is either At what point can you stop
this procedure and declare
all remaining numbers
prime?

circled or crossed out. The numbers that are circled
are prime.

1 2 3 4 5 6 7 8 9 10

11 12 13 14 15 16 17 18 19 20

21 22 23 24 25 26 27 28 29 30

31 32 33 34 35 36 37 38 39 40

41 42 43 44 45 46 47 48 49 50

51 52 53 54 55 56 57 58 59 60

61 62 63 64 65 66 67 68 69 70

71 72 73 74 75 76 77 78 79 80

81 82 83 84 85 86 87 88 89 90

91 92 93 94 95 96 97 98 99 100

Neat Stuff

4. Look at the chart from Part 2 of today’s “problem out of
the box” to see what patterns you can find.

5. On a blank piece of square dot paper or grid paper, plot
all the Gaussian integer multiples of 3 + 2i that fit on your This is similar to problem 2

from Day 11. (3 + 2i)(1− i)
is a multiple of 3 + 2i.

page. Connect each multiple with its nearest neighbors.
What do you notice?

6. Which of these numbers are prime in i-land? That is,
which of these numbers cannot factor into Gaussian inte-
gers with N -value greater than 1?
(h) 11
(a) 13
(l) 19
(e) 37
(y) 41
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7. Prove that if z = ab, then N(z) = N(a) ·N(b).

8. Use problem 7 to prove that if the N -value of a Gaussian
integer z is prime, then z is prime in i-land.

9. Which Gaussian integers are prime?

10. Which Eisenstein integers have N -value equal to 1? Eisenstein integers, a.k.a.
wintegers, are numbers like
a+ bw where a and b are
integers.

11. Express 8 + 5w as an Eisenstein integer. Write your an-
swer like a+ bw, so it doesn’t have w.

12. What’s special about a triangle with sides 3, 5, and 7?

13. Which of these numbers are prime in w-land? That is,
which of these numbers cannot factor into Eisenstein inte-
gers with N -value greater than 1?
(b) 3
(r) 5
(i) 13
(a) 29
(n) 43

14. Which Eisenstein integers are prime?

15. Pick an integer n with 2≤ n≤ 12. On Part 1 of today’s Aren’t you sad that there
are no side notes on the last
page of today’s problems?
Write some in.

“problem out of the box,” use color pencils to color in the
numbers according to their remainder after dividing by n.

16. For each of the integers below, make a list of all of its
factors that are congruent to 1 mod 4 and 3 mod 4. Look
for patterns that relate to Part 2 of the “problem out of
the box” from Day 11.

n 1 mod 4 factors 3 mod 4 factors
1
3
5
9
15
25
45
63
65
81 Don’t forget that 1 and 81

are factors of 81.
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17. For each of the integers below, make a list of all of its
factors that are congruent to 1 mod 3 and 2 mod 3. Look
for patterns that relate to Part 2 of today’s “problem out
of the box.”

n 1 mod 3 factors 2 mod 3 factors
1
2
4
7
8
16
20
28
40
49
64
91

Tough Stuff

18. Find three lattice points in R2 that are integer distances
apart from one another, with none of the segments con-
necting them being horizontal or vertical.

19. Find a way to use any four consecutive Fibonacci numbers
to generate Pythagorean triples.

20. There’s a point inside most triangles that forms three 120◦

angles with segments to the three vertices. A Matsuura
triangle is a triangle whose side lengths are all integers,
and whose three interior segment lengths from the 120◦

point to the vertices are also integers. Find some Matsuura
triangles, or prove they do not exist.

21. Little squares are cut out of the corners of a m × n rect-
angle and the whole thing is folded up to make a box of
maximum volume. What choices of m and n will give good
dimensions for the box?

22. Sketch a graph of this equation:

y = x3 + 3x2 − 144x+ 140.

Find the x-intercepts and other interesting points. Find a
way to produce a different cubic with integer roots, integer
critical points, and integer inflection points.
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Baby by induction

13 Baby by induction

Important Stuff

PROBLEM

The following chart only contains N -values of Gaussian integers. So, 3 is
missing because 3 cannot be the N -value of any Gaussian integer. Use the
Sieve of the Other Sergio on this chart of N -values.

•Cross out 1 because Sergio says so.

•Circle 2, then cross out every multiple of 2.

•Circle the smallest number that hasn’t been circled or crossed
out yet (after circling 2 you would circle 5), then cross out
all of its multiples. Some multiples may have already been
crossed out—this is okay.

•Repeat the previous step until every number is either circled

Today’s problem in the box
fits in a box. Yay!

Which Sergio? We’re not
telling.

At what point can you stop
this procedure and circle all
remaining N -values?

or crossed out.

1 2 4 5 8 9 10 13 16 17

18 20 25 26 29 32 34 36 37 40

41 45 49 50 52 53 58 61 64 65

68 72 73 74 80 81 82 85 89 90

97 98 100 101 104 106 109 113 116 117

121 122 125 128 130 136 137 144 145 146

148 149 153 157 160 162 164 169 170 173

178 180 181 185 193 194 196 197 200 202

205 208 212 218 221 225 226 229 232 233

234 241 242 244 245 250 256 257 260 261

PCMI 2008 49



Old McDonald had a farm, 2ei+ 0

Baby by induction

1. Find all Gaussian integers x+ yi with N(x+ yi) = 49. Part 1 of the PootB from
Day 11 might be helpful
here.2. Suppose x+ yi is a Gaussian integer with N(x+ yi) = 65.

If a+bi is a factor of x+yi, what are its possible N -values?

3. (a) Suppose x+yi is a Gaussian integer with N(x+yi) =
49. If a+ bi is a factor of x+ yi, what are its possible
N -values?

(b) Are you sure about that 7?

4. If x+ yi is a Gaussian integer with (real) prime N(x+ yi), No boring factors like ±1 or
±i are allowed.explain why x+ yi can’t be factored.

5. Use the fact that N(ab) = N(a) ·N(b) to explain why any A Gaussian prime is a
Gaussian integer that is
prime in i-land. In other
words, all of the
factorizations of a Gaussian
prime involve boring factors
like ±1 and ±i.

Gaussian integer that has an N -value matching one of your
circled numbers above must be a Gaussian prime.

6. (a) Look at Part 1 of the “problem out of the box” from
Day 11. How many circles contain the numbers be-
tween (and including) 1 and 36?

(b) Look at Part 2 of the “problem out of the box” from
Day 11. Add up your numbers in the first three rows.

&%
'$

&%
'$

&%
'$

&%
'$

&%
'$

&%
'$

&%
'$

&%
'$

&%
'$

&%
'$Random circles for you to color. Yay!

Neat Stuff

7. Prove that squaring Gaussian primes a+bi with a > b > 0 If you get stuck, ask Captain
Caveman, a.k.a. Ben.gives primitive Pythagorean triples.

8. Get another copy of the grid of circles from Part 1 of the
Day 11 “problem out of the box.” (You probably want the
one with the numbers filled in already.) Color all of the
numbers that were circled in today’s problem in the box.
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9. The following chart only contains N -values of Eisenstein Eisenstein integers, a.k.a.
wintegers, are numbers like
a+ bw where a and b are
integers. What would an old
McDonald integer look like?

integers. So, 2 is missing because 2 cannot be the N -
value of any Eisenstein integer. Use the Sieve of Sergio’s
Evil Twin Sergio on this chart of N -values. What’s the
significance of the numbers that end up getting circled?

1 3 4 7 9 12 13 16 19 21

25 27 28 31 36 37 39 43 48 49

52 57 61 63 64 67 73 75 76 79

81 84 91 93 97 100 103 108 109 111

112 117 121 124 127 129 133 139 144 147

148 151 156 157 163 169 171 172 175 181

183 189 192 193 196 199 201 208 211 217

219 223 225 228 229 237 241 243 244 247

252 256 259 268 271 273 277 279 283 289

291 292 300 301 304 307 309 313 316 324

10. (a) Remember our favorite number w? Suppose x + yw
is an Eisenstein integer with N(x+yw) = 49. If a+bw
is a factor of x+ yw, what are its possible N -values?

(b) Are you sure about that 7?

11. Describe a simple test to characterize if a Gaussian integer
is prime.

12. Instead of using a sieve on the norms of Gaussian integers, You might want to start
with a complex plane that
goes from −7 to 7, −7i to
7i. Revisit at Problem 5
from Day 12 to get an easy
way to locate the multiples
of a Gaussian integer on
your plane.

one can use a sieve on the Gaussian integers themselves
to find Gaussian primes. Using a piece of graph paper,
adapt the Sieve of I-Can’t-Believe-It’s-Not-Sergio to find
Gaussian primes.

13. Get another copy of the grid of circles from Part 1 of the
Day 12 “problem out of the box.” (You probably want the
one with the numbers filled in already.) Color all of the
numbers that were circled in Problem 9.

14. Develop a definition for “Eisenstein prime.”

15. Describe a simple test to characterize if an Eisenstein in-
teger is prime.
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16. For each of the following integers, count the number of its
factors that have a remainder of 1 after dividing by 4, and
the number of factors that have a remainder of 3 after di-
viding by 4. Write these numbers in the table below. Use
Part 2 of the “problem out of the box” from Day 11 to
complete the last row.

n 1 3 5 9 15 25 81 63 65 45 729 105

# of 1 mod 4 factors
# of 3 mod 4 factors

# appearances in grid 4 0

What is the connection between the rows of the table
above?

17. For each of the following integers, count the number of its
factors that have a remainder of 1 after dividing by 3, and
the number of factors that have a remainder of 2 after di-
viding by 3. Write these numbers in the table below. Use
Part 2 of the “problem out of the box” from Day 12 to
complete the last row.

n 1 2 7 4 8 49 16 20 91 28 64 40

# of 1 mod 3 factors
# of 2 mod 3 factors

# appearances in grid

What is the connection between the rows of the table
above?

18. Find a way to generate all of the Pythagorean triples in
which the hypotenuse and longer leg length are one away
from each other.

Tough Stuff

19. Prove that every positive integer cannot have more factors
that are congruent to 3 mod 4 than 1 mod 4.

20. Prove that every positive integer cannot have more factors
that are congruent to 2 mod 3 than 1 mod 3.

21. Find a way to generate all of the Pythagorean triples in
which the leg lengths are one away from each other.
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14 pi-o-neer day

Important Stuff

PROBLEM

Find Part 2 of the “problem out of the box” from Day 11. First, check
your numbers with all of the people around your table. Then, add one
more row at the bottom of your chart like this.

97 98 99 100 101 102 103 104 105 106 107 108

Count the number of times the numbers 97 through 108 appear on the
square grid of circles from Part 1. Finally, find the average of the numbers
you wrote in all 108 boxes. Report this average to three decimal places.

If a number doesn’t show up
on the square grid of circles,
make sure you include that
0 in your average.

1. (c) Draw a circle with radius 5 centered at the origin
in the xy-plane. Exactly how many coordinates (x, y)
with integers x and y are inside or on the circle?

(h) Count the number of times that the numbers from
1 to 25 appear on your square grid of circles (Part 1
from “problem out of the box” from Day 11).

(r) Draw a circle with radius 5
√

2 centered at the origin What’s the equation for that
circle?in the xy-plane. Exactly how many coordinates (x, y)

with integers x and y are inside or on the circle?
(i) Count the number of times that the numbers from 1

to 50 appear on your square grid of circles.
(s) Estimate the number of times that the numbers from

1 to N will appear on an infinite square grid of circles
filled in with the numbers x2 + y2.

2. Imagine extending today’s problem in the box to compute Just imagine—don’t do this
by hand. You’ll be here a
long time.

the average of the number of times that the numbers from
1 to 1000 appear on an infinite square grid of circles filled
in with x2 + y2. What do you expect the answer to be?
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Neat Stuff

3. Pick a positive integer at random. What is the expected
number of ways that the integer can be expressed as the
sum of two squares?

4. Find Part 2 of the “problem out of the box” from Day 12. What number is that?! You
won’t have enough digits of
accuracy for Plouffe’s
Inverter to be of any help.

First, check your numbers with all of the people around
your table. Then, find the average number of times that
the numbers 1 to 96 appears on the isometric grid of cir-
cles. Report this average to three decimal places. (If a
number doesn’t show up on the grid of circles, make sure
you include that as 0 in your average.)

5. If you haven’t finished problems 8 and 13 from Day 13 yet,
do them. They’re fun!

6. Determine if each of these Gaussian integers is prime. If
it is prime, explain how you know it is prime. If it is
composite, give at least one non-boring factorization of it.
(p) 1 + i
(a) 10 + 10i
(t) 7i
(r) −i
(i) 2− 3i
(c) −13
(k) −10 + 13i

7. (a) Plot the graph of x2 + y2 − xy = 1 in the xy-plane.
(b) What is the area of an ellipse with semi-major axis

length a and semi-minor axis length b?

8. (a) Plot the graph of x2 + y2 − xy = 1 in the isometric
dot plane.

(b) What is the area of the parallelogram created by the
points [→ 0,0 0], [→ 0,0 1], [→ 1,0 1], [→ 1,0 0] in
the isometric dot plane?

9. Let tw(n) be the number of times that the positive integer Either of the previous two
problems may help you solve
this problem.

n can be written as x2+y2−xy, where x and y are integers.
The function tw(n) corresponds to the numbers you wrote
in Part 2 of the “problem out of the box” for Day 12. Find

lim
N→∞

1

N

N∑
n=1

tw(n).
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10. Determine if each of these Eisenstein integers is prime.
If it is prime, explain how you know it is prime. If it is
composite, give at least one non-boring factorization of it.
(l) 2 + w
(o) 5w
(u) 1 + 5w
(i) −4 + 7w
(s) −4− 7w

11. Let t(n) be the number of times that the positive integer This problem is meant for
people who like geeking out
on their calculators or
computers. Finally, we’re
giving you a chance to pull
out your Nspire, Excel
spreadsheets, Maple,
Mathematica, or whatever
else, and have fun(?).

n can be written as x2 + y2, where x and y are integers.
Explore how

1

N

N∑
n=1

t(n)

behaves as a function of N . What value(s) of N under
200 give the closest approximation to the limiting value as
N →∞?

12. Suppose N(a+b
√

2) = k for some integers a, b. Show that
(a2 + 2ab, a2 + 2ab − k, a2 + 2ab + 2b2) is a Pythagorean
triple.

13. Use problem 12 and the method from the problem in the Are you really, really close,
or just really close? We
want really, really close!

box for Day 10 to find some Pythagorean triples that are
really, really close to being isosceles right triangles.

14. Find the smallest positive integer that has 4 factors that
are congruent to 1 mod 4, and 1 factor that is congruent
to 3 mod 4. Or, prove that no such number exists.

15. Find the lengths of the sides of the triangle formed by
the thre epoints (−18, 49), (15,−7), and (30,−15). Find
a way to generate other triangles with vertices on lattice
points in the xy-plane, side lengths that are integers, and
sides that are neither horizontal nor vertical.

16. (t) How many distinct peg-to-peg lengths can be found
on a n× n piece of square dot paper?

(o) How many distinct peg-to-peg lengths can be found
on a n× n piece of isometric dot paper?

(d) How many distinct, integer peg-to-peg lengths can
be found on a n× n piece of square dot paper?

(d) How many distinct, integer peg-to-peg lengths can
be found on a n× n piece of isometric dot paper?
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Tough Stuff

17. Find some Pythagorean triples that are really, really close
to being 30◦-60◦-90◦ triangles.

18. Find some Eisenstein triples that are really, really close to
being 30◦-60◦-90◦ triangles.

19. Look for patterns in the tables from problems 16 and 17 If you think this problem is
hard, try milking a wild cow.on Day 13. Then, prove them.

20. Pick a positive integer at random. What is the probability
that it can be written as the sum of two squares?

21. You know Pick’s Theorem, right? If not, figure out what it
is. Your job in this problem is to generalize Pick’s Theorem
so that works in three dimensions. Is there a version of the
isometric dot paper that works in three dimensions?
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15 wow! that’s BiG!

Important Stuff

PROBLEM

Review all of the problem sets and make note of what you learned and
thought about each day. Start with Day 1.

Celebrate what you learned. Don’t you think this stuff is cool?!?! Did you
have fun? What was the most interesting thing you came across?

You have to go back
through all the previous
problem sets anyway to do
problem 0.

Supremely Unimportant Stuff

0. Let x(n) be the height of the day number on the first page
of the problem set for Day n. Is x(n) linear, quadratic,
exponential, or something else?

STOP! You’re not allowed to go on until
you’ve done the problem in the box.

PCMI 2008 57



i still know what you did last PCMI

wow! that’s BiG!

Your Questions

Here’s your chance to explore any of the mathematical ideas
that have come up or any of the questions that you didn’t have
time to finish over the last three weeks. Have fun today! In
case you can’t think of something to investigate, here are some
questions that you raised over the last three weeks.

Week 1 Questions

1. Why can’t 103 be written as N(x+ yi)?

2. What types of numbers give Pythagorean triples?

3. Which N -values can be produced by multiple positive pairs
of x, y?

4. One hypotenuse. Two hypote......?

5. Is there a method that produces all Pythagorean triples?
How do you know if you have all of the Pythagorean triples?

6. Do N -values have a geometric representation?

7. “Dudette, where’s my
√

2?”
Translation: What is going on with numbers of the form
a+ b

√
2?

8. “Dude, where’s my isometric paper?” This question came up
before we knew about
Eisenstein triples.

Probable Translation: What is going on with triangles
that have a 60◦ angle and integer sides?

Week 2 Questions

1. What does it mean when a number has N -value of 1?

2. What’s up with rotations with
√

2? What’s up with this
question?

3. Why do numbers of the form a+b
√
n with N(a+b

√
n) > 1

seem to still appoximate
√
n (using the method from Day

10)? Why is it slower?

4. Are there other types of dot papers?

5. Why do powers of i go by mod 4? Why do powers of w
go by mod 3? How does this relate to the numbers we can
make using x2 + y2 and x2 + y2 − xy?

6. What’s going on with circles on square dot paper? Isomet-
ric dot paper? Same thing for ellipses and hyperbolas.
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7. Andy has been feeling sad that 120◦ triangles have been If we find new triples, do we
get to call them Shawstein
triples?

neglected in favor of 60◦ triangles. Console him by defining
v = 1

2
+
√

3
2
i, calculating the distance from the origin to

[→ x,1 y], then determining a formula for N(x + yv) in
terms of x and y, etc. Basically, do all the w stuff over
again with v instead. How do things change in v-land?

Week 3 Questions

1. How can you test if a number can be written as a sum of Hmmm... look back at
problems 16 and 17 on
Day 13.

squares?

2. Is there an easy test to see if a Gaussian integer is prime?

3. Circles, ellipses, but no hyperbolas and parabolas? Maybe it’s time to revisit√
2-land.

4. Can you convert a Pythagorean triple into an Eisenstein
triple?

5. The average number of times that the numbers from 1 Look at problem 14 on
Day 7, and problems 7–9 on
Day 14.

to 96 appear on the isometric grid of circles seems to be
around 3.6. What’s significant about that number?

What? You Want More Math?!

Wow, you must really love math to be reading this far on the
problem set. OK, here are some other things that we didn’t get
to explore.

Let t(n) be the number of times that a positive integer n can
be written as x2 + y2, where x and y are integers. The function
t(n) corresponds to the numbers you wrote in Part 2 of the
“problem out of the box” for Day 11.

91. Use these values of t(n) to figure out a rule for how to
calculate t(n). The values for t(1) through t(108) are on
your chart. It might help to keep track of the prime fac-
torization of n in this form:

n = pk1
1 pk2

2 · · · pkm
m

where p1, p2, . . . , pm are prime numbers.
(l) t(5), t(25), t(125) = 16, t(625) = 20
(i) t(5), t(10), t(20)
(s) t(3), t(9), t(27), t(81)
(a) t(11), t(121) = 4, t(1331) = 0, t(14641) = 4
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(c) t(5), t(15), t(45), t(15), t(30), t(60)
(o) t(45), t(90), t(180) = 8
(v) t(13), t(65), t(845) = 24
(e) t(11), t(55), t(275) = 0
(r) t(130) = 16, t(260) = 16, t(520) = 16

92. Once you think you’ve got a rule for calculating t(n), check
it against these values.
(v) t(650) = 24 and 650 = 2 · 52 · 13
(i) t(9945) = 32 and 9945 = 32 · 5 · 13 · 17
(c) t(19000) = 0 and 19000 = 23 · 53 · 19
(k) t(488072) = 12 and 488072 = 23 · 132 · 192

(i) t(510510) = 0 and 510510 = 2 · 3 · 5 · 7 · 11 · 13 · 17

93. Once you’ve figured out the rule for t(n), try tw(n), the The tw(n) function
corresponds to the numbers
you write in Part 2 of the
PootB for Day 12.

function that counts the number of ways that n can be
written as x2 + y2 − xy with x, y integers.

94. Do problems 16 and 17 on Day 13 if you haven’t already
done them. Compare your formulations of t(n) and tw(n)
with what you find on those problems. Isn’t it neat that We expect you to be

jumping up and down at this
point. Really.

lim
N→∞

1

N

N∑
n=1

t(n) = π?

95. Find the smallest number n such that t(n) = tw(n) = 24.

96. Prove that no n exists with t(n) = tw(n) = 12, even
though there are infinitely many n with one or the other.

97. Find the smallest number n that is the third side in four Woo hoo hahahaha.

primitive Pythagorean triples and four primitive Eisen-
stein triples.

Totally Cool and yet Sadly Unrelated Stuff

98. Let Pn(x) be a set of polynomials starting with P0(x) = 1,
P1(x) = x. Generate the rest by the rule

Pn(x) = 2x · Pn−1(x)− Pn−2(x).

Investigate these polynomials. What is their behavior?
What roots do they have?

99. Trains, anyone?

100. Leibniz triangle, anyone?
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11 Parent-Child Conference

Important Stuff

PROBLEM

Last week, we had some practice finding the child of a function. Last
Monday we considered the scintillating function m(n) = 1 and found its
child � and grandchild u. Today, we’re going the other way on m’s family

And it came to pass that
the sacred cow function
moo begat z, which begat
m, which begat � , which
begat u.

tree! Suppose m is the child of a function we’ll call z. Then

m(n) = z(all divisors of n) added together

Let’s work it out, starting with z(1). There’s only one divisor, so m(1) =
z(1), and z(1) = 1. What about z(2)? Well. . .

��
��*1

m(2) = ��
�*1

z(1) + z(2)

and z(2) = 0. Keep going with z(3) and so on. Fill in the table with the
values of z, the parent of m, and then the values of moo, the parent of z.

Careful when calculating
z(3), you only use the
factors of 3:

m(3) = z(1) + z(3)

Similarly

m(4) = z(1) + z(2) + z(4)

Each time, fill in the ones
you know. . . and there
should only be one left!

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

moo(n) 1 0 1 1

z(n) 1 0

m(n) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

�(n) 1 2 2 3 2 4 2 4 3 4 2 6 2 4 4

u(n) 1 3 3 6 3 9 3 10 6 9 3 18 3 9 9

n 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

moo(n)

z(n) 0

m(n) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

�(n) 5 2 6 2 6 4 4 2 8 3 4 4 6 2 8

u(n) 15 3 18 3 18 9 9 3 30 6 9 10 18 3 27

You may feel negatively
about some values you’re
getting for the moo
function, but as long as the
arithmetic works, it’s all
good in the Hood. East
coast milk brand joke!
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1. Go back to your notes from Week 2 and write down five Dude! We mean business!
WRITE FIVE THINGS
DOWN. We’re counting this
as a quiz grade.

things that you thought were neat, or things that you’re
still wondering about.

2. Find the first ten numerators in this crazee-looking prod- For example, when you end
up seeing a term like 1

2s3s
,

write that as 1
6s

. But don’t
try to simplify something
like 2

2s
to 1

2s−1 , just leave it
so the denominators are all
ks.

uct. What does this have to do with today’s problem in
the box?(

1

1s
+

1

2s
+

1

3s
+

1

4s
+ ⋅ ⋅ ⋅

)2

=
?

1s
+

?

2s
+

?

3s
+

?

4s
+ ⋅ ⋅ ⋅

3. A function is multiplicative if f(ab) = f(a) ⋅ f(b) whenever
a and b don’t have a common factor greater than 1.
(a) If f is multiplicative, explain why f(5) = f(1)f(5)

must be true.
(b) Suppose f(5) is nonzero. What does the above equa-

tion say about f(1)?
(c) If f(1) > 1, explain why f cannot be multiplicative.

4. Define s2(n) to be the number of ways to write n as the
sum of two squares, where the order and signs of numbers
matters. For example, s2(10) = 8 because The handout should be very

helpful. What shape is
formed by the eight 10s on
this handout? Did you know
Pearl Jam’s famous “Ten”
album is so named because
of Moo-kie Blaylock?

10 = 32 + 12 = (−3)2 + 12 = 32 + (−1)2 = (−3)2 + (−1)2

10 = 12 + 32 = 12 + (−3)2 = (−1)2 + 32 = (−1)2 + (−3)2

Fill in this table by using today’s handout.

n 0 1 2 3 4 5 6 7 8 9 10 11 12
s2(n) 1 4 8

n 13 14 15 16 17 18 19 20 21 22 23 24 25
s2(n) 8

5. (a) Determine whether or not s2 is multiplicative.
(b) Let S2(n) = s2(n)

4
. Does S2 appear to be multiplica-

tive?

6. Multiply this out: If you say “Yeah, I noticed I
already did this problem last
week”, then keep moo-ving.(1 + 2x+ 2x4 + 2x9 + 2x16 + 2x25)2

and write the terms in increasing order of exponent (so
you’ll write 4x2 before 8x10). Notice anything?

7. Define s4(n) to be the number of ways to write n as the
sum of four squares, where the order and signs of numbers
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matters. For example, s4(1) = 8 because

1 = (±1)2 + 02 + 02 + 02

1 = 02 + (±1)2 + 02 + 02

1 = 02 + 02 + (±1)2 + 02

1 = 02 + 02 + 02 + (±1)2

n 0 1 2 3 4 5 6 7 8 9 10 11 12
s4(n) 1 8 24 32 24 48 96 64 24 104 144 96 96

n 13 14 15 16 17 18 19 20 21 22 23 24 25
s4(n) 112 192 192 24 144 312 160 144 256 288 192 96 248

(a) Determine whether or not s4 is multiplicative.
(b) Define a function S4(n) based on s4(n) that you think

is multiplicative, and test a few examples.

8. Check out this figure: Yep, that is quite the figure.
Feel free to argue about
what happens when r ≥ 1,
but it’s really a moo-t point.

y =
 x

y = rx +1

x

y

1 (1, 1)

(1+r, 1+r)

(1+r+r 2, 1+r+r 2)

r

r 2
r 2

r

1

Where do the lines intersect, and what’s this got to do
with geometric series?

PCMI 2009 51



Today’s problem set is a truly moo-ving experience.

Parent-Child Conference

Circle-y Stuff

9. Below is a close-up of our favorite diagram, packed with Some of these problems are
repeats, some are not. If
you’re tired of the circles,
skip this section. But we’ll
be sad and moo-dy about it.

all possible circles! Between each pair of tangent circles,
stuff one tangent to them and to the x-axis. Lather, rinse,
and you’ll end up with an infinite number of circles that
are all tangent to each other and the x-axis. The shaded
regions are the two original circles with diameter 1.

There is one circle with diameter 1
22

and two circles with
diameter 1

32
. What other circle diameters do you find, and

how many of each size will you find?

10. Investigate the x-coordinates of the centers of the circles Trivia: Who invaded Spain
in the 8th Century? Answer
later.

(or, if you prefer, their points of tangency with the x-axis),
especially when looking at the circles from left to right.
Remember, we fixed the two large diameter-1 circles to
have centers (0, 1

2
) and (1, 1

2
).

11. (a) Show algebraically that if two tangent circles have
diameters 1

a2
and 1

b2
, the next stuff-it-inside circle will

have diameter 1
(a+b)2

.

(b) Show that if a and b are relatively prime, then so are Fractions help here. If a and
b are relatively prime, then
the fraction a

b
is in lowest

terms. So if you moo-tate
the fraction a+b

a
. . .

a and (a+ b), and so are b and (a+ b).
(c) Prove that if two tangent circles in the diagram above

have diameters 1
a2

and 1
b2

, then a and b must always be
relatively prime.

12. Look for some Pythagorean triples in right triangles whose
hypotenuseses are the segments connecting the centers of
mutually tangent circles. Can every primitive Pythagorean
triple be found in this diagram eventually?
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Parent-Child Conference

Neat Stuff

13. Find a rule that works for moo(n) for all the n in the
table earlier, especially n = 30. For what numbers is
moo(n) = 0? Tired of all these puns? The

feeling’s moo-tual. . .
14. Write out a formula for the sum of an infinite geometric

series.

15. Verify each of these formulas with one or two examples.
(a)

1 +
1

x
+

1

x2
+ ⋅ ⋅ ⋅+ 1

xn
+ ⋅ ⋅ ⋅ = x

x− 1

(b)

1 +
1

x2
+

1

x4
+ ⋅ ⋅ ⋅+ 1

x2n
+ ⋅ ⋅ ⋅ = x2

x2 − 1

(c)

1 + r + r2 + ⋅ ⋅ ⋅+ rn =
1− rn+1

1− r
16. Let p be any prime. Use today’s problem in the box to

complete this table. What’s a cow’s favorite
Bruce Willis TV series?
What’s a cow’s favorite
Cher movie? What’s a cow’s
favorite Michael Jackson
dance move? What’s a
cow’s favorite Mets
outfielder? What’s a cow’s
favorite Cab Calloway song?
What’s a cow’s favorite Zac
Efron movie? What’s a
cow’s favorite Stephenie
Meyer book?

n moo(n) z(n) m(n) �(n) u(n)

1

p

p2

p3

p4

17. Multiply this out, again with selective cancellation (all
terms should be in the form n

ks
). What does this have to

do with the today’s problem in the box? It’s not alright to shout
“Nothing! Absolutely
nothing!” here. Save that
for Wheel of Fish, a game
show where you can earn
both moo-lah and
Moo-nlight Gouramis.

(
1

1s
+

1

2s
+

1

3s
+

1

4s
+ ⋅ ⋅ ⋅

)3

=
?

1s
+

?

2s
+

?

3s
+

?

4s
+ ⋅ ⋅ ⋅

Notice anything?

18. Multiply this out:(
1

1s
+

1

2s
+

1

3s
+

1

4s
+ ⋅ ⋅ ⋅

)0

=
?

1s
+

?

2s
+

?

3s
+

?

4s
+ ⋅ ⋅ ⋅
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19. Determine the unique set of coefficients that make the fol-
lowing equation true. Trivia Answer: the Moo-ps!

Well, that’s what it says on
the card here.(

1

1s
+

1

2s
+

1

3s
+

1

4s
+ ⋅ ⋅ ⋅

)(
?

1s
+

?

2s
+

?

3s
+

?

4s
+ ⋅ ⋅ ⋅

)
= 1

Tough Stuff

20. Repeat Problem 4 for the number of ways to write a num-
ber in the form n = x2−xy+y2 where x and y are integers.
It’ll probably help if you were here last year.

21. Prove that S2 and S4 are multiplicative. Try S2 first; you
may wish to use complex numbers a bit, since the norm of
the Gaussian integer a + bi is a2 + b2. For S4. . . um, best
of luck.

22. Consider a set of mutually tangent spheres on a plane. Coming soon: Spheres on a
Plane! This joke is rated
PG, but there is a pretty
obvious R-rated version
available. It starts with
“Enough! I have had it. . . ”

Find some relationships between the diameters of the mu-
tually tangent spheres.
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12 The Parent Trap

Important Stuff

PROBLEM

Now let’s reach waaay back to Day 1. Remember the � function? We

Sigma, sure, no problem!
What? Yesterday’s
discussion with those lights
might be helpful.

defined it so that �(n) is the sum of the divisors of n. Let id be the
parent of � and ego be the grandparent of �. Fill in this table using
yesterday’s parent-child connection.

n 1 2 3 4 5 6 7 8 9 10 11 12

ego(n) 1 2

id(n) 1

�(n) 1 3 4 7 6 12 8 15 13 18 12 28

1. Find the first ten numerators in this zany product of in-
finite sums. What does this have to do with today’s first
problem in the box?(

1

1s
+

2

2s
+

3

3s
+

4

4s
+ ⋅ ⋅ ⋅

)(
1

1s
+

1

2s
+

1

3s
+

1

4s
+ ⋅ ⋅ ⋅

)

=
?

1s
+

?

2s
+

?

3s
+

?

4s
+ ⋅ ⋅ ⋅

2. Consider this even zanier infinite product of infinite sums: The only thing better than a
zany product is an even
zanier product! Anyway.
Back to work.

A =
(
1 + 1

2
+ 1

4
+ 1

8
+ ⋅ ⋅ ⋅

)
⋅
(
1 + 1

3
+ 1

9
+ 1

27
+ ⋅ ⋅ ⋅

)
⋅
(
1 + 1

5
+ 1

25
+ 1

53
+ ⋅ ⋅ ⋅

)
⋅
(
1 + 1

7
+ 1

49
+ 1

73
+ ⋅ ⋅ ⋅

)
⋅ ⋅ ⋅

⋅
(
1 + 1

p
+ 1

p2
+ 1

p3
+ ⋅ ⋅ ⋅

)
⋅ ⋅ ⋅

Wow, this goes on forever. Let’s think about what this
expands to, not actually do it. The terms of the expansion
come from picking one term from each set of parentheses,
then multiplying them together. The final expansion is the
sum of all such possibilities.
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(s) Find a way to get 1
12

by taking a piece from each
factor.

(t) Is this the only way to get 1
12

?

(a) How many ways are there to get 1
45

?

(c) How many ways are there to get 1
17

?

(e) Pick another fraction in the form 1
n

and describe how
to get it in the expansion. The product is big! So big,

in fact, that it goes all the
way to. . . We’ve seen the
result of this expansion
sometime in Week 1.

(y) What is the result of the expansion? How big is this
product?

3. Consider this ridiculously zany infinite product of infinite
sums of wacko numbers:

B =
(
1 + 1

4
+ 1

16
+ 1

43
+ ⋅ ⋅ ⋅

)
⋅
(
1 + 1

9
+ 1

81
+ 1

93
+ ⋅ ⋅ ⋅

)
⋅
(
1 + 1

25
+ 1

252
+ 1

253
+ ⋅ ⋅ ⋅

)
⋅
(
1 + 1

49
+ 1

492
+ 1

493
+ ⋅ ⋅ ⋅

)
⋅ ⋅ ⋅

⋅
(
1 + 1

p2
+ 1

p4
+ 1

p6
+ ⋅ ⋅ ⋅

)
⋅ ⋅ ⋅

Dang, this goes on forever too. Let’s ask some incredibly
similar questions.
(r) Find a way to get 1

144
by taking a piece from each

factor.

(i) Is this the only way to get 1
144

?

(c) How many ways are there to get 1
452

?

(h) How many ways are there to get 1
172

?

(a) How many ways are there to get 1
20

? Why?

(r) Pick another fraction in the form 1
n2 and describe how

to get it in the expansion. It’s only in this last part
that this problem and the
last go in separate ways.
We’ve seen the result of this
expansion sometime in
Week 2.

(d) What is the result of the expansion? How big is this
infinite product of infinite sums? Infinite, right? Riii-
iight?
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PROBLEM

Yesterday, we defined s2, a function counting how many ways you can
write numbers as the sum of two squares. We noted that s2 itself isn’t
multiplicative since s2(1) = 4, but that S2(n) = s2(n)/4 seems to be
multiplicative. Let R2 be the parent of S2. Fill in this table with the
values of R2(n).

Turns out you can find a
parent regardless of whether
or not the original function
is multiplicative. As we’ll
see though, if the parent is
multiplicative, the child is
just the same way. Isn’t the
R2 function amazing??

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

R2(n) 1 −1 1

S2(n) 1 1 0 1 2 0 0 1 1 2 0 0 2 0 0

n 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

R2(n)

S2(n) 1 2 1 0 2 0 0 0 0 3 2 0 0 2 0

4. (a) Write a simple rule that could be used to calculate
R2(n) for any n.

(b) Calculate this:

R2(1) +R2(2) +R2(5) +R2(10) +R2(13) +R2(26) +R2(65) +R2(130)

(c) What is S2(130)? Calculate any way you want it. Is that the way you need it?
Sorry, this joke was written
far too late at night.5. Using what you know about the R2 function, find and jus-

tify a rule for S2(p) for prime p.

6. Find and justify a rule for S2(n) for any n. Your work in
Problem 4 may help.

7. Suppose that f is a non-zero multiplicative function and g
is its child. Let f(3) = a and f(7) = b.
(a) What is the only possible value for f(1)? See Problem 3 on Day 11,

people.(b) Calculate f(21) in terms of a and b.
(c) Write g(3) in terms of a. Remember, g is the child

of f . The parent-child relationship
means that
g(3) = f(1) + f(3). This
will help you find the only
solutions to each case.

(d) Write g(7) in terms of b.
(e) Write g(21) in terms of a and b.
(f) Is it true that g(21) = g(3)g(7)? For what kind of

numbers could this argument be used?
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Neat Stuff

8. Let p be any prime. Complete this table. OK, that moo(n) function
from yesterday? It’s really
called the Möbius �
function. Please accept this
small change with open
arms.

n �(n) �(n) �(n) �(n)

1

p

p2

p3

p4

9. A lattice point is a point with integer coordinates. How
many lattice points are on the graph of each of these? If you held these graphs

above your head, each one
would look like a wheel in
the sky.

(a) x2 + y2 = 25
(b) x2 + y2 = 65
(c) x2 + y2 = 1105

10. Figure out the sequence of missing numerators. Can you
do it without performing any algebra?(

?

1s
+

?

2s
+

?

3s
+

?

4s
+ ⋅ ⋅ ⋅

)(
1

1s
+

1

2s
+

1

3s
+

1

4s
+ ⋅ ⋅ ⋅

)

=
1

1s
+

1

2s
+

0

3s
+

1

4s
+

2

5s
+

0

6s
+

0

7s
+

1

8s
+

1

9s
+

2

10s
+

0

11s
+

0

12s
+⋅ ⋅ ⋅

11. Again, figure out the sequence of missing numerators. Holy
cow, there’s only possible answer here. Work faithfully on this

problem and a reward
awaits!

(
?

1s
+

?

2s
+

?

3s
+

?

4s
+ ⋅ ⋅ ⋅

)(
1

1s
+

1

2s
+

1

3s
+

1

4s
+ ⋅ ⋅ ⋅

)
= 1

12. Define s4(n) to be the number of ways to write n as the If you already did this
problem on Day 11, look
into the future and skip this.

sum of four squares, where the order and signs of numbers
matters. For example, s4(1) = 8 because

1 = (±1)2 + 02 + 02 + 02

1 = 02 + (±1)2 + 02 + 02

1 = 02 + 02 + (±1)2 + 02

1 = 02 + 02 + 02 + (±1)2
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n 0 1 2 3 4 5 6 7 8 9 10 11 12
s4(n) 1 8 24 32 24 48 96 64 24 104 144 96 96

n 13 14 15 16 17 18 19 20 21 22 23 24 25
s4(n) 112 192 192 24 144 312 160 144 256 288 192 96 248

(a) Determine whether or not s4 is multiplicative.
(b) Define a function S4 based on s4 that you think is

multiplicative, and test a few examples.

13. Make a conjecture about the value of S4(p) for prime p.

14. Here’s an interesting sequence o’ sequences.
Step Sequence

1 1 1
2 1 2 1
3 1 3 2 3 1
4 1 4 3 2 3 4 1
5 1 5 4 3 5 2 5 3 4 5 1

Bowen is loving this
problem. Try keeping track
of the number of insertions.
Say, this might even connect
with the circles that were
touching each other, when
we kept squeezing more into
the diagram.

At step n, look through the last sequence for two consec-
utive numbers that add to n, and whenever that happens,
insert n. Investigate this and look for any interesting con-
nections.

15. As we did with s2 and s4, define s3(n) as how many ways
you can write n as the sum of three squares (with positions
and signs of the three numbers being significant).
(a) Use a power series to help you generate data for s3

quickly. Or, construct a three-dimensional version of
Day 11’s handout. Your choice!

(b) Is s3 multiplicative or can it made multiplicative like
we did S2 and S4? I wonder who’s crying now

after working on this
problem too hard.

(c) Determine r3, the parent of s3. See anything cool?

16. Use the style of Problem 7 to prove more generally that if
g is the child of f and f is multiplicative, then so is g.

Tough Stuff

17. Prove that if g is the child of f and f is not multiplicative,
then neither is g. Hint: find the smallest n that violates
the multiplicativity of f and. . .
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18. Categorize all positive integers n that cannot be written
as the sum of three squares.

19. Prove that any positive integer n can be written as the
sum of four squares.

20. Find the exact value of each summation, or show that the
sum diverges.

(a)
∞∑
n=1

1

n2

(b)
∞∑
n=1

�(n)

n2

(c)
∞∑
n=1

�(n)

n2

(d)
∞∑
n=1

�(n)

n2

(e)
∞∑
n=1

�(n)

n2

21. Define sm(n) to be the number of ways n can be written
as the sum of m squares, where the order and signs of
the numbers matters. For which positive integers m is sm
proportional to a multiplicative function? Don’t stop believing that

there will be more math
problems and bad jokes and
references each day until
Friday.
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13 Parents Just Don’t

Understand
Important Stuff

1. Use an Nspire to expand this if you haven’t done it yet: Expand the expression, not

.

(1 + 2x1 + 2x4 + 2x9 + 2x16 + ⋅ ⋅ ⋅)4

The coefficient of the xn term gives the number of ways n
can be written as the sum of four squares. We called this
function s4. But its nickname was Mike.

(l) Determine s4(4).
(a) Find all the ways to write 4 as the sum of four squares

(you don’t need to write them all out). Order and
signs matter, so (−1)2 + (−1)2 + 12 + 12 is different
from 12 + (−1)2 + 12 + (−1)2.

(na) Is s4 multiplicative? Explain.

PROBLEM

Let S4(n) = s4(n)
8

and let R4 be the parent of S4. Fill in this table with
the values of R4(n).

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

R4(n) 1 0 5

S4(n) 1 3 4 3 6 12 8 3 13 18 12 12 14 24 24

n 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

R4(n)

S4(n) 3 18 39 20 18 32 36 24 12 31 42 40 24 30 72

2. Compute the following product. Keep going until you It takes Problem 2 to make
a thing go right.notice something amazing!!(

1

1s
+

2

2s
+

3

3s
+

0

4s
+

5

5s
+

6

6s
+

7

7s
+

0

8s
+

9

9s
+ ⋅ ⋅ ⋅

)(
1

1s
+

1

2s
+

1

3s
+

1

4s
+ ⋅ ⋅ ⋅

)
= hmmmm
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3. Look back at the last few days’ expansion problems. De-
scribe what happens when you multiply through by(

1

1s
+

1

2s
+

1

3s
+

1

4s
+ ⋅ ⋅ ⋅

)
What form must the other expression have for this to work?

4. Check out this table of values of the Möbius � function. Ch-ch-ch-check it out!
Wha-what’s it all about?
Wor-wor-work it out! Let’s
turn this. . . never mind.
This is the function we
called “moo” on Monday.

n factorization of n �(n) n factorization of n �(n)

1 1 1 16 24 0
2 2 −1 18 2 ⋅ 32 0
3 3 −1 20 22 ⋅ 5 0
4 22 0 21 3 ⋅ 7 1
5 5 −1 24 23 ⋅ 3 0
6 2 ⋅ 3 1 25 52 0
7 7 −1 30 2 ⋅ 3 ⋅ 5 −1
8 23 0 35 5 ⋅ 7 1
9 32 0 36 22 ⋅ 32 0
10 2 ⋅ 5 1 60 22 ⋅ 3 ⋅ 5 0
11 11 −1 77 7 ⋅ 11 1
12 22 ⋅ 3 0 99 32 ⋅ 11 0
14 2 ⋅ 7 1 210 2 ⋅ 3 ⋅ 5 ⋅ 7 1
15 3 ⋅ 5 1 2310 2 ⋅ 3 ⋅ 5 ⋅ 7 ⋅ 11 −1

Your rule for � can be a
sentence or two, it doesn’t
have to contain complicated
symbols.

Use the table to write a rule to calculate �(n) for any n.
Use your rule to calculate �(120), �(5005) and �(30030).

5. Look at the problem in the box from Day 11, then figure That right side is better
known as “1”. What again
did you say happens when
you multiply through by(

1
1s

+ 1
2s

+ 1
3s

+ 1
4s

+ ⋅ ⋅ ⋅
)

?

out the sequence of missing numerators in this equation
below. Try to do it without performing any algebra.(

?

1s
+

?

2s
+

?

3s
+

?

4s
+

?

5s
+

?

6s
+ ⋅ ⋅ ⋅

)(
1

1s
+

1

2s
+

1

3s
+

1

4s
+

1

5s
+

1

6s
+ ⋅ ⋅ ⋅

)

=
1

1s
+

0

2s
+

0

3s
+

0

4s
+ ⋅ ⋅ ⋅

6. Find the first six numerators in this insane product of infi- It’s insane, got no brain!

nite sums. What does this have to do with today’s problem
in the box?(

1

1s
+

3

2s
+

4

3s
+

3

4s
+

6

5s
+

12

6s
+ ⋅ ⋅ ⋅

)(
1

1s
+
−1

2s
+
−1

3s
+

0

4s
+
−1

5s
+

1

6s
+ ⋅ ⋅ ⋅

)

=
?

1s
+

?

2s
+

?

3s
+

?

4s
+

?

5s
+

?

6s
+ ⋅ ⋅ ⋅
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7. Patty believes that This is another Overlong
Product of Powers. The
question is, though: are you
down with OPP?1 + 1

22
+ 1

32
+ 1

42
+ ⋅ ⋅ ⋅ =

(
1 + 1

4
+ 1

16
+ 1

43
+ ⋅ ⋅ ⋅

)
⋅
(
1 + 1

9
+ 1

81
+ 1

93
+ ⋅ ⋅ ⋅

)
⋅
(
1 + 1

25
+ 1

252
+ 1

253
+ ⋅ ⋅ ⋅

)
⋅
(
1 + 1

49
+ 1

492
+ 1

493
+ ⋅ ⋅ ⋅

)
⋅ ⋅ ⋅

⋅
(
1 + 1

p2
+ 1

p4
+ 1

p6
+ ⋅ ⋅ ⋅

)
⋅ ⋅ ⋅

Is she right? Why or why not?

8. Here we go with another scenario! At least this time the
sums are finite. Overlong products of

primes! Yeah, you know me!

M =
(

1− 1

2

)(
1− 1

3

)(
1− 1

5

)(
1− 1

7

)
⋅ ⋅ ⋅

(
1− 1

p

)
⋅ ⋅ ⋅

Wouldn’t you know it, these just keep going on forever.
Some more questions!!
(m) Will you find a 1

15
term in this product? Why or

why not? If so, whatzits sign?

(e) Will you find a 1
18

term in this product? Why or why
not? If so, whatzits sign?

(g) What’s the sign of 1
17

?

(h) What happens with 1
20

? 1
30

?

(a) What denominators do you get, and with what signs?

(n) What is the result of the expansion? Holy cow!

Neat Stuff

9. So now let’s look at 1
M

: Take each term from the
original product and push it
into the denominator. Add
salt and pepper as needed.

1

M
=

(
1

1− 1
2

)(
1

1− 1
3

)(
1

1− 1
5

)(
1

1− 1
7

)
⋅ ⋅ ⋅

Hey. . . wait a minute. . . these are all in the form 1
1−r , like

a geometric series! Whoomp! There it is!

(j) Unravel each geometric series into its terms. For ex-
ample, 1

1− 1
2

= 1 + 1
2

+ 1
4

+ ⋅ ⋅ ⋅.
(o) Now multiply out the new 1

M
, if you haven’t already.

(e) How big is 1
M

? What does that say about the value
of M?!
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10. Repeat the last two problems with this infinite product: This is pretty tough, but if
you aren’t sure what comes
next, bust a move back to
the steps you followed in
Problems 8 and 9.

N =
(

1− 1

22

)(
1− 1

32

)(
1− 1

52

)(
1− 1

72

)
⋅ ⋅ ⋅

(
1− 1

p2

)
⋅ ⋅ ⋅

What does the expansion of N look like? Find the value of
N as exactly as you can by exploring the geometric series
buried inside 1

N
. There has to be a value, since N must be

between 0 and 1! Between 0 and 1 factorial,
eh? It’s like that, and that’s
the way it is.11. (a) If two positive integers are picked at random, what

is the probability that they are both multiples of 2?
(b) What is the probability that at least one of the two

numbers isn’t a multiple of 2? Psst: use 1− p.
(c) What is the probability that at least one of the two

numbers isn’t a multiple of 3?
(d) What is the probability that the two numbers don’t

have a common factor of 5? (This is the same as the
last question.)

(e) 7? 11? Slurpee? This is the worst problem
phrasing ever constructed,
but that’s how we roll. The
choice is yours. Hey, we
can’t help it that 7 and 11
are consecutive primes.

(f) What is the probability that two positive integers
picked at random won’t have a common factor of 2,
3, or 5?

(g) Write an expression for the probability that two pos-
itive integers picked at random will share no common
factors.

12. What infinite series in the style of Problem 3 can be mul-
tiplied onto something to obtain its grandchild? Seth wonders why there are

grandchildren and
grandparents, but no
grandmasters. . .

13. What infinite series in the style of Problem 3 can be mul-
tiplied onto something to obtain its grandparent?

14. Let p be any prime. Complete this table. “gp” is not a reference to
Gangster’s Paradise.

n ggp gp parent of m m(n) = 1 child of m gc ggc

1

p

p2

p3

p4
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15. Let p be any prime. Complete this table.

n ggp gp parent of id id(n) = n child of id gc ggc

1

p

p2

p3

p4

16. Show that for any integer n ≥ 2,

�(n) = n
∏
p∣n

(
1− 1

p

)
.

What do those symbols mean anyway?

17. Investigate the behavior of this function. If you got to this problem, I
got to say it was a good day.

f(n) =

n∑
k=1

�(k)

n2

Tough Stuff

18. What is lim
n→∞

1

n2

n∑
k=1

s4(k) ? Prove it.

19. Read the 14 proofs at this website:
http://www.secamlocal.ex.ac.uk/people/staff/rjchapma/etc/zeta2.pdf

Which one do you like best? We hope at least one of them We like the proofs, the
proofs that go boom. We’re
Sara and Maura and we like
the boom.

amazes you!

20. Suppose you have an unlimited supply of beads with k
different colors. How many distinct necklaces with length If R and B are two colors

(raw umber and burnt
umber), RBRRR and
RRBRR are not distinct
necklaces since they are
related by a circular shift.

n can you make? Try to find a way to solve this problem
using Möbius inversion.

21. Find a nice rule for s3(n), the number of ways to write n
as the sum of three squares.

22. For what m is sm proportional to a multiplicative func-
tion?
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14 SS2P 2009: Rated PG

Important Stuff SS2P: Strictly Sums To
Products!

PROBLEM

The s2 function is a bit of a mess. It gets up, gets down, it’s zero a lot,
This function would lose its
mind in Detroit Rock City.

and when it’s not zero it’s almost always a multiple of 4. One way to deal
with a bizarre function like this one is to turn it into a running average.

So, any way you like, compute the average value of s2(n) when

To everything, turn, turn,
turn it into a running
average.

(t)n goes from 1 to 25

(e)n goes from 1 to 49

(r)n goes from 1 to 75

(i)n goes from 1 to 108

You may find the handout from Day helpful, mostly.

Dang, this number seems to
have disappeared faster than
the guy who did “Spirit in
the Sky”.

1. Sandy believes that

1 +
1

2s
+

1

3s
+

1

4s
+ ⋅ ⋅ ⋅ =

(
1 +

1

2s
+

1

4s
+

1

8s
+ ⋅ ⋅ ⋅

)
⋅
(

1 +
1

3s
+

1

9s
+

1

27s
+ ⋅ ⋅ ⋅

)
⋅
(

1 +
1

5s
+

1

25s
+

1

53s
+ ⋅ ⋅ ⋅

)
⋅
(

1 +
1

7s
+

1

72s
+

1

73s
+ ⋅ ⋅ ⋅

)
⋅ ⋅ ⋅

⋅
(

1 +
1

ps
+

1

p2s
+

1

p3s
+ ⋅ ⋅ ⋅

)
⋅ ⋅ ⋅

Is she right? Why or why not? Sandy is all right now.
They’re bad references, but
at least they’re free.2. Each of the infinite sums above, like

1 +
1

2s
+

1

4s
+

1

8s
+ ⋅ ⋅ ⋅ ,

is a geometric series. Find the value of each geometric
series. Rewrite the messy equation above as simply as you
can.
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3. Warning: Notation ahead!

5∑
n=1

f(n) = f(1) + f(2) + f(3) + f(4) + f(5)

∞∑
n=1

f(n) = f(1) + f(2) + f(3) + f(4) + f(5) + ⋅ ⋅ ⋅

5∏
n=1

f(n) = f(1) ⋅ f(2) ⋅ f(3) ⋅ f(4) ⋅ f(5)

∏
p

f(p) = f(2) ⋅ f(3) ⋅ f(5) ⋅ f(7) ⋅ f(11) ⋅ ⋅ ⋅

Write the messy equation from the last problem using as-
clean-as-you-can notation, then celebrate by marching in
a parade. A parade? What? Oh, right,

we had one of those. But
today it’s a classic rock Hit
Parade!

4. Let s = 1 in the messy equation. What happens? Use this
to prove that there must be infinitely many prime numbers.

5. Calculate enough terms of this infinite product so that you
can identify what the answer is.(

1− 1

2s

)(
1− 1

3s

)(
1− 1

5s

)(
1− 1

7s

)
⋅ ⋅ ⋅

(
1− 1

ps

)
⋅ ⋅ ⋅

=
?

1s
+

?

2s
+

?

3s
+

?

4s
+

?

5s
+

?

6s
+ ⋅ ⋅ ⋅

Be strategic about expansion; what kinds of terms will you
get? Curses! FOIL’d again! I

would’ve gotten away with it
too, if it weren’t for those
meddling kids.

6. Multiply this out. What happens?(
1

1s
+
−1

2s
+
−1

3s
+

0

4s
+
−1

5s
+

1

6s
+ ⋅ ⋅ ⋅+ �(n)

n2
+ ⋅ ⋅ ⋅

)
⋅

(
1

1s
+

1

2s
+

1

3s
+

1

4s
+

1

5s
+

1

6s
+ ⋅ ⋅ ⋅+ 1

n2
+ ⋅ ⋅ ⋅

)
= hmmmm

7. Find the result of this product. Use the last two problems,
buddy/buddette!(

1− 1

4

)(
1− 1

9

)(
1− 1

25

)(
1− 1

49

)
⋅ ⋅ ⋅

(
1− 1

p2

)
⋅ ⋅ ⋅
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Review Your Stuff

The final day of this course is mostly taken up by review
problems. So we think it would be a good idea for groups to
form some summarizing questions that come out of whatever
you might find valuable in this course. So, we want your table
to write two problems on any subject that has cropped up in
the course.

Here are some topics you might consider writing problems
about.

Multiplicative functions �, � , �, �
Modular arithmetic Parents and children

Circles and summations Power series
Convergence and divergence Old school rap

The goal is to create a review whose problems get at the fact
that we’ve come a long, long way in three weeks. The problems
should help others synthesize their learning of the aforemen-
tioned topics.

So, don’t write any stumpers; consider yourself writing two
problems that could both fit into “Important Stuff.” If your
table wants to write more than two, thats fine, and the extra
questions can be a little more “Neat” or “Tough.” We reserve
the right to combine, edit, change, ignore, or otherwise mangle
your problems. And it’s ok to be funny, as long as it doesnt get
in the way of the math.

Neat Stuff

8. What does this equal? Give a justification.

lim
n→∞

n∑
k=1

s2(k)

n
9. Imagine two dice with an infinite number of sides, labeled

1 to . . . um, yeah. Two of these presumably spherical dice
are rolled, and a result is calculated: the greatest common
divisor of the two numbers rolled.
(a) Try this a few times. Randomly pick ten pairs of

five- or six-digit numbers, then calculate the greatest
common divisor of each pair. Anything surprising?

(b) Explain why it’s exactly 4 times more likely for the
result to be 1 than for it to be 2.

PCMI 2009 69



Today we take it back to My Old School, with everything older than (anyone on) the hills.

SS2P 2009: Rated PG

(c) How many times more likely is it for the result to be
1 than 3?

(d) Find the exact probability that the result is 1.

10. Use a result from this week to prove that no positive inte-
ger can have more factors that are “3 mod 4” than factors
that are “1 mod 4”.

11. (a) What’s the formula for the area of a circle?
(b) What’s the formula for the volume of a sphere?
(c) What’s the formula for the, uh, hypervolume of a

four-dimensional, uh, hypersphere? Either use calculus or look
this up. Easy choice, right??
We hope the answer is still
surprising.

12. In today’s box you calculated the long-term average value
of s2. Try again with s4, and see if you find anything
interesting.

13. Here’s a grid of n2 fractions:
1
1

1
2

1
3
⋅ ⋅ ⋅ 1

n

2
1

2
2

2
3
⋅ ⋅ ⋅ 2

n

...
...

...
...

n
1

n
2

n
3
⋅ ⋅ ⋅ n

n

As n grows, what proportion of the fractions are in lowest
terms? 6

5
is in lowest terms, but 6

4
isn’t.

14. Show that∑
d∣n
∣�(d)∣ = 2number of distinct primes dividing n

15. You are the first contestant on the “Showcase Showdown”
of Price is Right, and on your first spin you get 65 cents.
Are you more likely to win by spinning again and risking
going over $1.00, or by staying on 65 cents? Rigorously
defend your logic.

Tough Stuff

16. What does this infinite product equal?(
1 +

1

4

)(
1 +

1

9

)(
1 +

1

25

)(
1 +

1

49

)
⋅ ⋅ ⋅

(
1 +

1

p2

)
⋅ ⋅ ⋅
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17. Prove that no positive integer can have more factors that
are “2 mod 3” than factors that are “1 mod 3”. Generalize
to other mods. . . if possible.

18. Find a way to generate all of the Pythagorean triples in
which the two leg lengths are one away from each other.
One example is 21, 20, 29.

19. Solve the continuous version of the “Showcase Showdown”
problem above, where numbers are picked continuously
from 0 to 1 instead of discretely by increments of 0.05.
Find the cutoff number n where it’s correct to stay when
you get more than n on the first try, and to go again with
less than n.
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Last Call

15 Last Call

Supremely Unimportant Stuff

0. Let f(n) be the height of the day number on Day n’s prob-
lem set. Is f linear, quadratic, exponential, or something
else? If f(1) = 1 unit, is f multiplicative? Ask Darryl why the 15 isn’t

large enough to take up an
entire page.

Your Stuff

4. Notice that Hm, spoken like someone
from the Number Theory
working group, so a special
note for them: I hear
ℤ[
√
−163] has unique prime

factorization! What’s up
with that?

�(8) = �(7) + �(6)− �(3)− �(1)

Is it also true that �(9) = �(8) + �(7)− �(4)− �(2)? How
long does this last? Can you “fix it” when it breaks?

8. Find the solutions to
(a) x3 = 1 mod 7
(b) x3 = 1 mod 13
(c) x3 = 1 mod 19
What do you notice in each case? Hm, you could use thes to

solve x3 = 1 mod 1729,
which is a very interesting
cab number!

10. Find all solutions to x2 = 4 in mod 145 using the factor-
ization 145 = 5 ⋅ 29.

0. Find all solutions to x3 − x = 4 in mod 170.

12. Why does the array model work for �(21) but doesn’t work
for �(20)?

�(21) = (3− 1) ⋅ (7− 1) �(20) ∕= (4− 1) ⋅ (5− 1)

1 6
1 1 6
2 2 12

↑
�(21)

1 4
1 1 4
3 3 12

↑
∕= �(20)
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9. Complete this table giving numbers that have one answer
in mod 12, and a second answer in mod 7.

n
u
m

b
er

m
o
d

7

6 6

5 12 5

4 4 11

3 3 10

2 2 9

1 1 8

0 0 7

0 1 2 3 4 5 6 7 8 9 10 11

number mod 12

What number between 0 and 84 is 1 in mod 12 and 0 in
mod 7? What number is 0 in mod 12 and 1 in mod 7?

9. Repeat the above problem for mod 8 and mod 12. What Commentary from Table 9:
“Art is funny.” Is he a
clown? Does he amuse you?
(Yes.)

happens? Is there a number that is 1 in mod 8 and 0 in
mod 12?

4. Consider the infinite sequence of circles from Day 8’s hand-
out. Find the total circumference of the circles (ignore the
dotted circle, whose name is Art). As a reminder, the sum of

the diameters of these
circles ended up being this
crazy number, �2

6
.

4. Consider the sequence of circles from Day 9, the ones
that go left-right-left-right. For each circle, find the x- The circles go left, right,

left, right, like an N*SYNC
dance number. Bye bye bye
PCMI!

coordinate of its center. As more and more circles are
constructed, what happens to the centers? Specifically, do
these circles’ centers head toward the point ( 6

�2 , 0)?
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12. The diagram below represents Felipe, his friend Jennifer
and his other friend Jennifer. All three of them are shown
as circles with diameter 1 that are tangent to each other.
Now plop a circle in the middle and call him Adnan (the
shaded circle below)! And lo, a PLOP was heard

through the land, and they
called him Adnan.

Descartes found this (totally bodacious) formula relating
the four diameters; as before, each variable is the reciprocal
of the real diameter: Amazing how simple this

formula is, and how similar
it is to the case of using a
tangent line. Hey wait, what
happens when you let
d = 0? What’s up with
that?

(a+ b+ c+ d)2 = 2(a2 + b2 + c2 + d2)

(a) What is Adnan’s diameter?
(b) Now do it again, plopping yet another circle called

Marty, between Adnan and the Jennifers. What is
Marty’s diameter? Marty would also like to

hang out with Felipe, but
can’t reach across Adnan.

(c) As more circles are plopped, what happens to their
diameters? Do the diameters form a recognizable se-
quence?

2. We’ve been computing the ways to write any integer as
the sum of two squares. As n increases, does the number
of ways generally increase? Is there a way to predict the You could define a new

function that gives 1 when
the number can be written
as the sum of two squares,
and 0 when it can’t. There’s
a nice way to do this with
power series, but it’s not
easy to find.

density of the numbers that can be written as the sum of
two squares?

2. In the box from Day 14, as n increases, what happens to
the average value of s2(n)? How is this physically and/or
geometrically related to the handout from Day 11, which
gave the x2 + y2 value at each location (x, y)?
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3. Fill in the following table. That crazy squiggle is a
“zeta”, not a “weird C/S
lookin’ thing”. Others may
call �(s) the “Riemann zeta
function” but you say it’s
just a friend. What does
multiplying by �(s) seem to
do to a function? Dividing?

�(s)n Calculation Result

�(s)−1

�(s)0

�(s)1
1

1s
+

1

2s
+

1

3s
+ ⋅ ⋅ ⋅ 1

1s
+

1

2s
+

1

3s
+

1

4s
+ ⋅ ⋅ ⋅

�(s)2
(

1

1s
+

1

2s
+

1

3s
+ ⋅ ⋅ ⋅

)2

1s
+

2s
+

3s
+

4s
+ ⋅ ⋅ ⋅

�(s)3

Make a connection between what you see here and one of
the “problems in the box”.

3. Prove that if f is multiplicative, then its child g must also
be multiplicative. If Chucky and his bride have

a child, can the child
reproduce? [Seriously, a
“Bride of Chucky” gag? It
wasn’t us.]

10. Given a function, how do you obtain the child? parent?
grandchild? grandparent? Take a function and calculate
its grandparent and grandchild functions, then multiply
those together after writing them as ?

1s
+ ?

2s
+ ⋅ ⋅ ⋅. What

happens?! Wow!

7. You know that a multiplicative function satisfies f(xy) =
f(x)f(y). Or we hope you do! Find a function for which
each of these is true for any choices of the variables. We apologize for the bizarre

function names, which serve
no purpose other than for us
to be Equal Opportunity
Name-Droppers.

(k) traci(x+ y) = traci(x) + traci(y)
(e) randy(x+ y) = randy(x) ⋅ randy(y)
(n) aaron(xy) = aaron(x) + aaron(y)
(t) chris(x+ y) = (chris(x))y

7. Given any integer n > 2, describe how to find a sequence of
n consecutive non-primes. Does this contradict the earlier
finding that there are an infinite number of primes?

12. Is there a “family tree” of all the functions we’ve studied Maybe they’re married or in
the same high school class
or something, we’re really
stretching the analogy for no
good reason here.

these three weeks? If so, what does it look like? It may
help to think that functions in the form f(n) = xn are all
“related” though this isn’t a parent-child relationship.
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1. Show that x2 + y2 = 2003 has no integer solutions.
(k) If you had easy access to complete tables for all func-

tions we have studied, which would you go to to show
this result immediately?

(a) What are the possible values of x2 in mod 4?
(t) Based on this, what can you say about the possible

values of x2 + y2 in mod 4?
(h) Can 2009 be written as the sum of two squares? If

so, find one way to do it.
(y) When is the next year that cannot be written as the Clearly it will be the

re-release of “Cars That Go
Boom”.

sum of two squares? What will be the top song that
year?

8. How many lattice points are on the graph of x2 + y2 =
3530? What are they? Eww; “What are they?” is

much tougher than “How
many” for this kind of
problem.

Our Stuff

1. Here are some circles. Hey, they sort of look like a torus
line in a parade, and maybe those two leading the line are A Torus Line: great math

song, or greatest math
song? You decide.

Amelia and Carol. Each circle is constructed so that the
nth circle has diameter is 1

n
. Find the total circumference

and area of all the circles built this way.

1 2 3 4 5

2. Consider m and n, relatively prime integers. Suppose a is
0 in mod m and 1 in mod n, and b is 1 in mod m and 0 in
mod n. If 0 ≤ a, b ≤ mn, show that b = mn− a+ 1.

3. Define a function � that gives �(n) = 1 if n has an even Now we’ve gone from cows
to sheep. The moo function
and this lamb-duh function
seem pretty similar.

number of prime factors and �(n) = −1 if n has an odd
number of prime factors. This function takes into account
the number of times that a prime factor is repeated. So,
for example, �(1) = 1 because 1 has zero prime factors,
�(2) = −1 because 2 has one prime factor (namely, 2).
The value of �(4) = 1 because 4 = 22 so it has the prime
factor 2 appearing twice. Fill in this table with the values
of �, its child louis and its parent mary.
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n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

mary(n) 1

�(n) 1 −1 −1 1

louis(n) 1

n 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

mary(n) 1

�(n) 1

louis(n) 1

4. Prove that if a, b, c are positive integers and

(a+ b+ c+ d)2 = 2(a2 + b2 + c2 + d2)

then d must also be an integer. What does this imply
about these circle packing diagrams? Warning: this statement

might not be true! And that
last statement definitely
isn’t true. But the previous
two statements are both lies.

Tough Stuff

5. Define lori(n) =
n∑
k=1

�(k). Is lori(n) ≤ 0 for all n > 1?

Prove or find a counter-example.

6. Two days ago we showed that the equation

x

(
1− x2

�2

)(
1− x2

4�2

)(
1− x2

9�2

)
⋅ ⋅ ⋅ = x−x

3

6
+
x5

120
−x

7

7!
+⋅ ⋅ ⋅

leads to a proof that 1 + 1
4

+ 1
9

+ ⋅ ⋅ ⋅ = �2

6
. What about the

x5 term? Is there some formula involving 120 in there?

7. Calculate
∞∑
n=2

n−1∑
m=1

1

(mn)2
.

8. Calculate
∞∑
n=1

∞∑
m=1

1

(mn)2
. It’ll be related to �2

6
.

9. Use the previous two facts and a lovely grid to show that

∞∑
n=1

1

n4
=
�4

90

10. Use a similar setup to find the exact value of
∞∑
n=1

1

n6
.

11. Explain why e�
√
163 is an integer. Amazing!

78 PCMI 2009



Draft. Do not cite, quote, or dream.

IMCePtion

1 IMCePtion
Hey, welcome to the class. We know you’ll learn a lot of math-
ematics here—maybe some new tricks, maybe some new per-
spectives on things with which you’re already familiar. A few
things you should know about how the class is organized: s

•Don’t worry about answering all the questions. If
you’re answering every question, we haven’t written the
problem sets correctly. At least one problem in this

course is unsolvable. Can
you find them all?•Don’t worry about getting to a certain problem num-

ber. Some participants have been known to spend the entire
session working on one problem (and perhaps a few of its
extensions or consequences).

•Stop and smell the roses. Getting the correct answer to
a question is not a be-all and end-all in this course. How
does the question relate to others you’ve encountered? How
did others at your table think about this question?

•Respect everyone’s views. Remember that you have
something to learn from everyone else. Remember that ev-
eryone works at a different pace.

•Learn from others. Give everyone the chance to discover,
and look to those around you for new perspectives. Resist
the urge to tell others the answers if they aren’t ready to
hear them yet. If you think it’s a good time to teach ev-
eryone about manifolds, think again: the problems should
lead to the appropriate mathematics rather than requiring
it. The same goes for technology: the problems should lead
to appropriate uses of technology rather than requiring it.
Try to avoid using technology to solve a problem “by itself”.
There is probably another, more interesting, way.

•Each day has its Stuff. There are problem categories:
Important Stuff, Neat Stuff, Tough Stuff, and maybe more.
Check out Important Stuff first. The mathematics that is
central to the course can be found and developed in Impor-
tant Stuff. After all, it’s Important Stuff. Everything else is
just neat or tough. If you didn’t get through the Important
Stuff, we noticed... and that question will be seen again
soon. Each problem set is based on what happened before
it, in problems or discussions.

Every three days, go back and read these again.
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PROBLEM

Get Sketchpad working on your computer. The actual problem in the
box will be done later.

Point your web browser to http://www.tinyurl.com/getgsp.

The first day of class is a
perfect time for a huge
logistical undertaking! Woo.

Important Stuff.

1. Sameer tells you the perimeter and area of a rectangle. Is Or whatever his name is.
The hat guy.it possible to confidently determine the dimensions of the

rectangle?

2. Here are some perimeters and areas. Find the dimensions
of each rectangle.
(a) perimeter 24, area 36
(b) perimeter 24, area 35
(c) perimeter 24, area 32
(d) perimeter 24, area 27
(e) perimeter 24, area 34
(f) perimeter 24, area 37

3. Find all solutions to each equation. I found ’em! They were
right over there!(a) x2 − 12x+ 36 = 0

(b) x2 − 12x+ 35 = 0
(c) x2 − 12x+ 32 = 0
(d) x2 − 12x+ 27 = 0
(e) x2 − 12x+ 34 = 0
(f) x2 − 12x+ 37 = 0

4. Get Sketchpad on your computer!

5. A rectangle has perimeter 36. What could its area be?

6. Chance tells you the surface area and volume of a rect- If you can confidently
determine the dimensions,
Chance will be sad: he’ll
have nothing left.

angular box. Is it possible to confidently determine the
dimensions of the box?
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PROBLEM

Three cities located at points M , A, L get together to build an airport.
Where should the airport be placed to minimize the lengths of the new
roads that need to be built?

There’s a problem in the
box inside the problem in
the box! MIND-blowing.
Let us know if you need help
using Sketchpad to measure
anything.

Three computers are located at points M , A, L. Where should a
router be placed so that the smallest amount of cable is needed to
connect it to the computers?

M

A L

X ?

Build this sketch, then use Sketchpad to figure out where point X should
be placed.

Is there anything special about this point?

Neat Stuff.

7. For each point, decide if it is the same distance from (7, 1)
and (−2, 9). This problem has four parts,

but it’s not multiple choice!
Mind-blowing.(a) (7, 10)

(b) (−1, 1)
(c) (−17,−17)
(d) (−2, 0)

8. Find some rectangles whose perimeter and area have the
same numeric value. More. MORE!

9. Find some rectangular boxes whose surface area and vol-
ume have the same numeric value. More?

10. Rina tells you the perimeter and area of a triangle. Is it
possible to confidently determine the side lengths of the
triangle?
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11. Yesterday was 7/4/11, and 7 + 4 = 11. Hooray for Amer-
ica. But...
(a) How many more times this century will there be a day

like this? By this we mean the next one is August 3,
2011.

(b) How many times next century will there be a day like
this? At least one answer to this

problem is totally awesome.
Or found in the lyrics of a
Talking Heads song. Or
both.

(c) How can your second answer help you check the first?

Tough Stuff.

12. A triangle has perimeter 24. Find its maximum possible
area, and explain how you know that this must be it.

13. Given positive integer n, the unit fraction 1
n

can be written
as the sum of two other unit fractions: Like the blood type, a and b

must be positive. Unlike the
blood type, they must be
integers.

1

n
=

1

a
+

1

b

Find a rule for the number of ways to write 1
n

as the sum
of two unit fractions.

14. Find a rule for the number of ways to write 1
n

as the sum
of three unit fractions.

15. Spin a top so that it does not stop spinning. Or does it?
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2 PsyChoMetrIcs

PROBLEM

Art (at point A) has to take a high-stakes test at point T . Since he is
in Park City, he is extremely thirsty, and needs to take a big gulp from
nearby river NL.

T

A

N LX ?

Drink water! Be sure your
table synergies efficiently. If
you figure out where point
X should be, start thinking
about how you could
construct point X more
directly, how you could
prove that point X must be
the right one, or how to
change the problem in
interesting ways.

Where should he run toward (point X) to minimize the total distance
AX +XT?

What river is Art drinking
from? deNiaL!

Okay, now it’s time to think outside of the (rectangular) box.

Important Stuff.

1. (a) What’s (11 +
√

2) + (11−
√

2)?
(b) What’s (11 +

√
2)(11−

√
2)?

(c) What’s (11 + x)(11− x)?

2. (a) A rectangle has perimeter 44 and area 117. What are
its length and width?

(b) A rectangle has perimeter 44 and area 119. What are
its length and width?

(c) A rectangle has perimeter 44 and area 100. What are
its length and width?

(d) A rectangle has perimeter 44 and area 130. What are We mean a real rectangle
here, not something as
imaginary as a belief that
Vanilla Sky is more popular
than IMCePtion.

We like shortcuts, but we
especially like shortcuts that
do not involve the phrase
“4ac”.

its length and width?

3. Find all solutions to each quadratic equation.

(a) w2 − 22w + 121 = 0
(b) w2 − 22w + 120 = 0
(c) w2 − 22w + 117 = 0
(d) w2 − 22w + 119 = 0

(e) w2 − 22w + 100 = 0
(f) w2 − 22w + 2 = 0
(g) w2 − 22w − 408 = 0
(h) w2 − 22w + 130 = 0
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4. Two numbers add up to 200 and their product is 9,991.
What are the numbers?

5. Find three rectangles that have the same numeric value for
their perimeter and area.

6. Blanca says she has found two rectangular boxes with dif-
ferent dimensions, but the same surface area and volume. These boxes show multiple

personality disorder.Either find your own pair of boxes with this property, or
prove that no such pair of boxes can exist.

7. Triangle SAM has points S(2, 1), A(4, 1), and M(4, 6). This Sam is not wearing a
hat.(a) Draw triangle SAM in the plane.

(b) New points are created from the points in triangle
SAM according to the rule Check with others to verify

the new points and feel
validated.

(x, y) 7→ (−y, x)

Draw the new triangle created in this way in the same
plane, and describe how this triangle is related to the
original.

8. Transform triangle SAM according to the rule We need you to leverage
your enterprise. It’s a
paradigm shift.

(x, y) 7→ (−x,−y)

Draw the new triangle and describe how this triangle is
related to the original.

9. (a) Show, beyond a reasonable doubt, that (14,−4) is
not equidistant from (−2,−5) and (4, 11).

(b) Again for (−10, 7).
(c) Again for (x, y). Hmm!

Neat Stuff.

10. Cuong repeats the transformation in Problem 7 a whole
bunch of times.
(a) What happens after the transformation is applied

twice? These triangles won’t
self-actualize until you find
their meaning and purpose.

(b) What happens after the transformation is applied
three times?

(c) . . . four times?
(d) . . . five times?
(e) . . . thirteen times?
(f) . . . 101 times?
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11. For any rectangle you can assign a point (l, w) in a co-
ordinate plane, defined by the length and width of the
rectangle.
(a) Plot four points that all correspond to rectangles with

area 20.
(b) How many rectangles are there with area 20? Plot

them all.
(c) Plot all the rectangles with perimeter 20.
(d) Is there a rectangle with perimeter 20 and area 20?

12. (a) Put a point Q on the number line. Define f(P ) to be Sketchpad can be helpful
here, but it’s a challenge.
You can pick specific values
for the points, or be general.

the distance from point P on the number line to point
Q. What does the graph of f(P ) look like?

(b) Put point R on the number line, and now define f(P )
as the total distance from any point P to the two given
points. What does the graph of f(P ) look like?

(c) Put point S on the number line, and do all that stuff These problems take a
holistic approach in
parabolizing the . . . yeah, we
got nothin’.

we said again.

13. Felipe says he has found two triangles with different side
lengths, but the same perimeter and area. Either find your Careful, he might be

delusional!own pair of triangles with this property, or prove that no
such pair of triangles can exist.

14. Find three rectangular boxes where the numeric value of One of them is gleaming,
like a 1989 skateboard
movie.

their surface area equals the numeric value of their volume.

15. Find three triangles that have the same numeric value for
their perimeter and area.

16. Let f(x) = x3 + 3x2 − 8x − 80. Use long division to find
the remainder when f(x) is divided by each of these. Feel free to uh, divide the

work on this one among one
another, there is no need to
do all five of these yourself.
But make sure you record all
five answers and verify that
the values are correct.

(a) (x− 1)
(b) (x− 2)
(c) (x− 3)
(d) (x− 4)
(e) (x− 5)

17. Complete this table for f(x) = x3 + 3x2 − 8x− 80.
x f(x)
0
1
2
3
4
5
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18. Find the remainder when f(x) = x12 + 3x − 1 is divided
by each of these. A codependent relationship

with synthetic division will
not help here.

(a) (x− 1)
(b) (x− 2)
(c) (x− 10)
(d) (x+ 1)

19. Jessica takes triangle SAM from Problem 7 and applies a
wacky transformation:

(x, y) 7→ (x+ y,−3x+ 7y)

(a) Draw this new triangle JES. Is it even a triangle
anymore?

(b) What is the area of this new shape? How does JES
compare (in area) to SAM? Jessica and Sam are

equally-valued partners in
our shared holism, and any
comparison is purely for
educational purposes.

20. Find all the ways to write 1
10

as the sum of two unit frac-
tions. Here’s one for free:

1

10
=

1

20
+

1

20

Tough Stuff.

21. Given positive integer n, the unit fraction 1
n

can be written
as the sum of two other unit fractions:

1

n
=

1

a
+

1

b

Find a rule for the number of ways to write 1
n

as the sum
of two unit fractions.

22. There’s a point inside most triangles that forms three 120◦

angles with segments to the three vertices. A Matsuura
triangle is a triangle whose side lengths are all integers,
and whose three interior segment lengths from the 120◦

point are also integers. Find some Matsuura triangles, or
prove they do not exist.

23. Find a rule for the number of ways to write 1
n

as the sum
of three unit fractions.
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3 The Ladybug PiCMIc

PROBLEM

Equilateral triangle DAN has point X inside it.

So, the first task is to sketch
a Dorito, sometimes called
an “equilateral triangle”. . .

A

X ?

D

N

Where should point X be placed so that the three perpendicular segments
to the three sides of the triangle have a minimum total length?

In Sketchpad, you can draw
a perpendicular line. . . then
what? I swear I once saw
this picture on the outside
of an Arby’s in Hollywood.

Important Stuff.

1. Two numbers add up to 200, and their product is 9,919.
Find the two numbers. Look! Over there! Numbers!

2. (a) Two numbers add up to 30, and their product is 161.
Find the two numbers.

(b) Two numbers add up to 30, and their product is
225− n. Find the two numbers.

(c) Two numbers add up to 30, and their product is 289. Say, isn’t 289 a perfect
square? 8-15-17, or
something like that? Oh,
never mind.

Find the two numbers.

3. For each point, determine whether or not it is 10 units
away from (13,−7).

(a) (5, 3)
(b) (7, 1)

(c) (10,−16)
(d) (x, y)

4. For any rectangle you can assign a point (l, w) in a co- Hope you brought some
rectangular graham crackers
to the PiCMIc.

ordinate plane, defined by the length and width of the
rectangle. Rectangle RAUL has length 10 and width 15.
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(a) Plot four points that all correspond to rectangles sim-
ilar to RAUL. Two shapes are similar if

one is a scaled copy of the
other, like a napkin and a
Cheez-It.

(b) How many rectangles are similar to RAUL? Plot them
all.

(c) Find a rectangle similar to RAUL, but whose perime-
ter in units is larger than its area in square units.

(d) Find a rectangle similar to RAUL whose perimeter
and area have the same numerical value.

5. Darryl is so one-dimensional, he lives on the x-axis. He How one-dimensional is he?
His width and height are
infinitesimal! Ha!

needs to make a round-trip once each to (1, 0), (3, 0), and
(17, 0) from home. Where should Darryl live to mini-
mize his total travel distance? You have 30 seconds to
guess. . . go!

6. (a) Point Q has coordinates (3, 0) and point P has co-
ordinates (x, 0). Define f(P ) to be the distance from
point P to point Q. What does the graph of f(P ) look
like?

(b) Point R has coordinates (17, 0). Now define f(P ) as
the sum of the distances PQ and PR. What does the
graph of f(P ) look like?

(c) Point S has coordinates (1, 0). You take it from here.
(d) Where should Darryl live to minimize his total travel

distance? OMG BBQ

7. Find three rectangular boxes where the numeric value of One of them is a common
shape of Jell-O.their surface area equals the numeric value of their volume.

8. Bill bought two briefcases this weekend. Remarkably, both However, one of the
briefcases was 80% off. Ask
Bill all about it. He’ll be
thrilled to tell you all the
details.

have the same surface area and both have the same volume.
And yet, the two briefcases are not the same size. Find
some possible dimensions for Bill’s briefcases.

9. Find two triangles where the numeric value of their perime-
ter equals the numeric value of their area. Or not. There may not even

be two such triangles. We
ain’t tellin.

Neat Stuff.

10. Find three pairs of positive numbers a and b, with a ≥ b,
that satisfy

1

a
+

1

b
=

1

2
11. Find all rectangles with integer side lengths whose area,

in square units, is exactly double the perimeter in units.
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12. Go back and do problems 16 through 18 from Day 2 if you
haven’t already. They are cool. Problem 12 is the ladybugs’

favorite.
13. Let p(x) = x4−2x3+3 and q(x) is the remainder when p(x)

is divided by (x−2)(x−5). . . in other words, x2−7x+ 10. But Problem 13 is like ants
at the PiCMIc.(a) Complete this table of values for p(x):

x p(x)
0
1
2
3
4
5

(b) Complete this table of values for q(x):
x q(x)
0
1
2
3
4
5

Notice anything interesting?

14. Let f(x) = 3x2 − 10x + 21. Use polynomial long division
to find a linear function that agrees with f(x) when x = 3
and when x = −5.

15. Let f(x) = 3x2 − 10x+ 21. Ooh, the same function.
(a) Use division to find g(x), a linear function that agrees This isn’t a typo. Use the

method from Problem 14.
THIS ISN’T A TYPO!

with f(x) when x = 3 and when x = 3.
(b) Graph f(x) and g(x) on the same axes, using Sketch-

pad or a graphing calculator. What do you notice?

16. Find the equation of the tangent line to f(x) = x3 at
x = 2. Do not use the calculus!

17. Do the problem in the box, but this time use a generic Okay, who brought the
generic-brand Doritos to the
PiCMIc. . .

triangle instead of an equilateral one. What happens?

18. (a) Point A has coordinates (0, 0) and point P has co-
ordinates (x, y). Define f(P ) to be the distance PA.
What does the graph of f(P ) look like?

(b) Point L has coordinates (8, 0). Now define f(P ) as
the sum of the distances PA and PL. What does the
graph of f(P ) look like?

(c) Point M has coordinates (3, 6). You take it from here.
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19. In the box from Session 2, Art runs just as fast to the river
as he does away from it. But in reality, Art runs twice as
fast when he’s thirsty as he does when he’s not. How does
this change the sketch and its solution? Can you model
this in Sketchpad? On a graphing calculator? What is
Snell’s Law?

20. What is the largest prime number ever used in the lyrics
of a Top 40 song?

Tough Stuff.

21. Find the equation of a parabola that is tangent to the
function f(x) = x4 − 2x3 + 3 at x = 1, and also intersects
f(x) at x = −1. Under no circumstances are you to use
the calculus for this problem! We’ll know!

22. Given a positive integer k, there are a number of values of
b so that the quadratic x2 + bx+ kb is factorable over the
integers. Determine, based on k, how many such values of
b there are.

23. The quadratic equation x2 − 10x+ 22 = 0 has two roots.
(a) Find a quadratic whose roots are the squares of the

roots of x2 − 10x+ 22 = 0.
(b) Find a quadratic whose roots are the nth powers of

the roots of x2 − 10x+ 22 = 0.

24. Find all integer solutions to this system of equations: Nope, there’s more.

a+ b = cd
c+ d = ab

25. There’s a point inside most triangles that forms three 120◦

angles with segments to the three vertices. A Matsuura
triangle is a triangle whose side lengths are all integers,
and whose three interior segment lengths from the 120◦

point are also integers. Find some Matsuura triangles, or
prove they do not exist. We’ll keep these on the

problem sets until someone
gets ’em! Just kidding. Or
are we. . .
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4 uPCoMIng attractions

Important Stuff.

1. Look at this lovely diagram! Like Roxette, it’s got the
look.

b

a c

hs

(a) Find an expression for the area of the equilateral tri- It’s okay for the expression
to have more than one
variable, just like it’s okay
not to have the box come
first.

angle pictured above.
(b) Find a triangle with area 1

2
as. It might be hiding!

(c) Find a second expression for the area of the equilat-
eral triangle, then work your magic. Poof goes the proof, and

boom goes the dynamite.

PROBLEM

Sketch a right triangle that stays a right triangle when you move its points
around. (What would you need to construct first?)

Then, build three equilateral triangles on the outside of the right triangle
by using each side of the right triangle as the base for an equilateral
triangle.

Find a relationship between the areas of the equilateral triangles.

We interrupt today’s
Important Stuff with this
friendly and informative
moment: the Pythagoreans
were a bunch of squares.

PROBLEM

Redo the above construction using an arbitrary triangle (that is, a generic
one instead of a right triangle) as the starter, building equilateral triangles
along each side.

Use this sketch to construct the 120◦ point. See if you can figure out
how, and why. If you’ve already built this construction, try to find another.
The sketch from Day 3 might help!

PCMI 2011 13



Do not cite, quote, or give two thumbs down.

uPCoMIng attractions

2. Now that you are in new groups, ask your tablemates for Gotta make my mind
up. . . which seat can I take?the dimensions of some rectangles whose area and perime-

ter have the same numeric value. Compile a list. For each
rectangle, calculate

1

L
+

1

W
where L and W are the length and width of each rectangle.

3. Rectangle ARON has length 20 and width 15.
(a) In a coordinate plane, plot (l, R), where l is the length

of ARON and R is the ratio of the area of ARON to
the perimeter of ARON.

(b) Find several rectangles similar to ARON, and plot
them on the same axes.

(c) Find the one rectangle similar to ARON whose perime-
ter and area have the same numeric value.

4. Tom starts with a 3 by 4 by 5 box.
(a) Mimi finds a box similar to Tom’s box whose surface

area and volume have the same numeric value. What
are the dimensions of Mimi’s box?

(b) Call the dimensions of Mimi’s box T , O, andM . Find
the exact value of 1

O
is not quite the same as

dividing by zero. . .1

T
+

1

O
+

1

M

What!!

5. For each point, determine whether or not it is twice as far
from (20, 0) as it is from (5, 0). This one isn’t multiple

choice, either!

(a) (10, 0)
(b) (−6, 8)

(c) (8, 6)
(d) (x, y)

6. Two positive numbers multiply to 49. What is the largest
and smallest sum possible?

7. Which of the following is the worst possible title we could
have used this week? Write in part (j) and submit

your own!

(a) hyPoglyCeMIa
(b) PsyChosoMatIc
(c) y-IMterCePt
(d) I, MuttonChoPs
(e) nIMCompooP

(f) I, creaMCuPs
(g) rePubliCaMIze
(h) I, MicroChiP
(i) PoliCyMakIng
(j)

14 PCMI 2011



Do not cite, quote, or give two thumbs down.

uPCoMIng attractions

Neat Stuff.

8. Look, it’s yet another lovely diagram! And it goes, “Na na na na
na, na na na na na, na na
NA na na na. . . ” It’s got
the look. Sorry.x2 + y2 = 1

P

y = mx − 1

(0,−1)

For each value of m given, determine the exact coordinates
of point P .

(a) 2
(b) 3

2

(c) 4
3

(d) 4
(e) 10
(f) a

b

9. Let f(x) = x3 − 6x2 + 4x + 8. For each quadratic below,
find the remainder when f(x) is divided by the quadratic,
then plot f(x) and the remainder on the same axes (using
techmology). What do you notice? Sketchpad can do this too?

Indeed.(a) (x− 2)(x− 6) = x2 − 8x+ 12
(b) (x− 2)(x− 5) = x2 − 7x+ 10
(c) (x− 2)(x− 4) = x2 − 6x+ 8
(d) (x− 2)(x− 3) = x2 − 5x+ 6

10. Let f(x) = x3−6x2 + 4x+ 8. Do what you did on the last
problem. What do you notice?
(a) (x− 2)2

(b) (x− 3)2

(c) (x− 4)2

(d) (x− 5)2

11. Find the equation of the tangent line to f(x) = x4 at
x = 1.

12. Mary draws an equiangular octagon with alternating sides All the angles in this
octagon are 136 degrees
within ±1 margin of error.
As with triangles, some of
the altitudes may extend
outside the shape.

of length 3 and length 2. She then challenges you to find
the point inside the octagon with the minimum total of
the eight altitudes drawn from that point to the sides of
the octagon. Go!
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13. If you draw the altitudes from any interior point to all
sides of an equilateral triangle, the altitudes’ lengths add
up to a constant. What about these shapes? For those
that work, prove it; for those that don’t, explain why they
don’t work.

(a) a square
(b) a rectangle
(c) a rhombus
(d) a parallelogram
(e) a regular pentagon
(f) an equilateral hexagon (not regular)
(g) an equiangular hexagon (not regular)

14. The sum of two numbers is s and the product is p. Find
the sum of the. . . I got this, you got

this. . . Now you know it!(a) squares of the two numbers.
(b) cubes of the two numbers.
(c) fourth powers of the two numbers.
(d) . . . a generalization?

Tough Stuff.

15. Take a triangle, and move its points according to the rule
(x, y) 7→ (ax + by, cx + dy). Find integer values for a, b, c,
and d so that the new shape has a smaller area than the
original shape, but still some area.

16. So we’ve discovered that this 120◦ point gives the least
possible total distance to the three vertices. But what
about other points? They’re worse, but some are not much
worse. Indeed, the shape of the points that are equally bad
is interesting. What’s it look like? What’s it look like if
you move outside the original triangle?

17. Find several triangles that have integer side lengths (with
no common factors) and a 120◦ angle. Generalize?

18. Find some Matsuura triangles, or prove they do not exist.
(See previous sessions for the definition.)

19. Find this sum exactly:

0 +
1

100
+

4

10000
+

9

1000000
+ · · ·+ n2

102n
+ · · ·
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5 Week 2: The Slurpe-NING

Hey, welcome back to the class. We know you’ll continue to
learn a lot of mathematics here—some new tricks, some new
perspectives on things you might already know about. A few
things to recall about how the class is organized:

•Don’t worry about answering all the questions. If
you’re answering every question, we haven’t written the
problem sets correctly.

•Don’t worry about getting to a certain problem num-
ber. Some participants have been known to spend the entire
session working on one problem (and perhaps a few of its
extensions or consequences).

•Stop and smell the roses. Getting the correct answer to
a question is not a be-all and end-all in this course. How
does the question relate to others you’ve encountered? How
did others at your table think about this question?

•Respect everyone’s views. Remember that you have
something to learn from everyone else. Remember that ev-
eryone works at a different pace.

•Learn from others. Give everyone the chance to discover,
and look to those around you for new perspectives. Resist
the urge to tell others the answers if they aren’t ready to
hear them yet. If you think it’s a good time to teach every-
one semiperimeter formulas, think again: problems should
lead to the appropriate mathematics rather than requiring
it. The same goes for technology: the problems should lead
to appropriate uses of technology rather than requiring it.
Try to avoid using technology to solve a problem “by itself”.
There is probably another, more interesting, way.

•Each day has its Stuff. There are problem categories:
Important Stuff, Neat Stuff, Tough Stuff, and maybe more.
Check out Important Stuff first. The mathematics that is
central to the course can be found and developed in Impor-
tant Stuff. After all, it’s Important Stuff. Everything else is
just neat or tough. If you didn’t get through the Important
Stuff, we noticed... and that question will be seen again
soon. Each problem set is based on what happened before
it, in problems or discussions.
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Important Stuff.

1. Two positive numbers multiply to 81. What is the largest
and smallest sum possible?

PROBLEM

Start a new Sketchpad sketch and follow these steps.

•Draw a circle.

Say, this box is nearly a
square. Circle gets the
square! Paul Lynde would
be proud, or at least
snickering.

•Draw a line that intersects the circle using two points that
are outside the circle, and on opposite sides. Label one of
these outside points A.

• Select the line and the circle, then click on “Construct” and
“Intersection.”

Two, two, two intersections
in one!

•Label the constructed points P and Q.

1. Find the location of Q that maximizes the sum AP + AQ.
You can drag the other unlabeled point on the line to move
P and Q. ♥

2. Find the location of Q that maximizes the product AP ·AQ.

We ♥ math! We ♠ our dog!
We ♣ all weekend! We ♦ a
shrubbery!

3. Find the location of Q that minimizes the sum AP + AQ.

4. Move point A so that it is inside the circle. For this new
location of A, find the location of Q that maximizes the
product AP · AQ.

2. Find a rectangle similar to a 7 by 11 rectangle and has the
same numerical value for area and perimeter.

3. Todd starts with a 5 by 6 by 20 box. We were this close to
putting a 7 by 11 by 61.6
box on the problem set
instead. Oops, we just did!

(a) Betul finds a box similar to Todd’s box whose surface
area and volume have the same numeric value. What
are the dimensions of Betul’s box?

(b) Call the dimensions of Betul’s box T , O, and D. Find
the exact value of

1

T
+

1

O
+

1

D
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4. For each of these points, determine whether or not it is
three times as far from (9, 0) as it is from (1, 0).

(a) (0, 3)
(b) (7, 0)
(c) (−2, 2)

(d) (−3, 0)
(e) (1,−5)
(f) (x, y)

5. Do the “SAM ” problem (number 7) from Day 2 if you
haven’t already.

6. Let s = 2 + i and m = 4 + 6i be complex numbers. Find When you see i2, make it
−1. The number i is the
imaginary square root of −1.

What is it? That depends
on the definition of is.

each of these.

(a) s+m
(b) s−m
(c) 3s+ 3m

(d) sm (the product)
(e) is
(f) im

7. Simplify these seemingly nasty-looking expressions that in-
volve square roots of square roots of negative numbers.

(a)
√

(3 + 4i)(3− 4i)

(b)
√

(5− 12i)(5 + 12i)

(c)
√

(15 + 8i)(15− 8i)

(d)
√

(x+ yi)(x− yi)

8. How far is each of these points from the origin? The coordinates of the
origin are hole numbers.

(a) (3, 4)
(b) (5,−12)

(c) (15, 8)
(d) (x, y)

9. (a) Draw a graph of all the points (x, y) that are 5 units
from the origin.

(b) Write an equation for the graph you just drew.

10. Find all 12 complex numbers a + bi with integers a, b so
that A complex number with

integers a, b is called a
Gaussian integer. You can
look up one of the 12
answers.

√
(a+ bi)(a− bi) = 5

Useless Stuff.

11. What is 6÷ 2(1 + 2)? “In the Middle Ages, people
in convents were not allowed
to eat beans because they
believed something about
them we now know isn’t
true. What?” Paul Lynde:
“Well, I know they took a
vow of silence. . . ”

12. Solve for X:

(X10 + (mushroom)2)4 +X10 = snake
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Neat Stuff.

13. For each point P , determine if it is twice as far from the
line x = 2 as it is from the point (−1, 3). Is x = 2 vertical or

horizontal? Decide by asking
what points are on its graph.(a) (5, 3)

(b) (0, 3)
(c) (−2, 4)

(d) (−3, 2)
(e) (−2, b)
(f) (x, y)

14. Square ZACK has one vertex at A(1, 0). The center of the
square is the origin O(0, 0). Find the coordinates of the
other vertices.

15. Find all four solutions to the equation x4 − 1 = 0. Here’s a useless reminder
that a2− 9 = (a+3)(a− 3).
Or is it?16. Equilateral triangle DEB has one vertex at B(1, 0). The

center of the triangle is the origin O(0, 0). Find the coor-
dinates of the other vertices.

17. Find all three solutions to the equation x3 − 1 = 0. You can factor something by
using long division. Divide,
and if the remainder is zero,
woot.

18. Regular hexagon BUSHRA has one vertex at A(1, 0). The
center of the hexagon is the origin O(0, 0). Find the coor-
dinates of the other vertices.

19. Find all six solutions to the equation x6 − 1 = 0.

20. Let z =
√
2
2

+
√
2
2
i. Take powers of z until it becomes

awesome, then tell us the value of z101. The value of z101 is
contributing awesome rock
to Niagara Falls and the
surrounding area!

21. Find a complex number z so that z12 = 1 but no smaller
positive integer n has zn = 1. Did we say “a”? We meant
“all” of them.

More Useless Stuff.

22. A free Slurpee is a truncated cone with a volume of 7.11
fluid ounces. Determine its total surface area. “In one state, you can

deduct $5 from a traffic
ticket if you show the
officer...what?” Paul Lynde:
“A ten dollar bill.”

23. Seriously, go get a free Slurpee!
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Neat Stuff.

24. Let P be a point at (0,−1) and A be a point inside the
unit circle. Let the line AP intersect the unit circle at
point Q.

P

Q

A

(0,−1)

Calculate f(A) = AP · AQ for each of these points by
determining the lengths AP and AQ. “Why do sheep sleep

huddled up?” Paul Lynde:
“Because Little Boy Blue’s a
weirdo!”

(a) A = (1
2
, 0)

(b) A = (1
4
, 0)

(c) A = (−1
2
, 0)

(d) A = (1
3
,−1

2
)

(e) A = (1
3
, 1
2
)

(f) A = (x, y)

What happens if A is outside the circle?

Tough Stuff.

25. Suppose n is a positive integer. Find a rule that deter-
mines whether or not there is a right triangle with area n
and rational numbers as side lengths.

26. Complete this long division problem, where all the missing
digits are marked with an X. (There is no remainder.)

X X X X X X X
X X X

X X X X
X X X

X X X X
X X X X

X X 8 X X
X X X X
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PCMI rocks! Woot woot!
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6 Day of Recko-NING

PROBLEM

Graph the circle x2 + y2 = 65 and determine all of its lattice points. A

Please don’t confuse this
with a lettuce point, usually
found at a salad bar.

lattice point has integer coordinates.

Important Stuff.

1. Solve for h and x.

h2 + x2 = 132

h2 + (15− x)2 = 142

2. Find the perimeter and area of this triangle. Bill says he will cut you if he
sees you using anything with
the letter s when solving
this problem. The 13-14-15
triangle is called
Superheronian! It can leap
tall buildings in a single
bound, but also its side
lengths are consecutive
integers and its area is an
integer.

13 14

15

3. Find the side lengths of a triangle similar to the 13-14-15
triangle whose perimeter and area are equal numerically. In no particular order, Jack

Bauer, Douglas Adams,
Adele, and a calculator
appreciate the answers to
these triangle problems.

4. Find the area of this triangle.

13

15

4

5. The conjugate of the complex number z = a + bi is z =
a− bi.
(a) If z = 5 + 2i, what is z?
(b) Let w = 3− 4i. Calculate w + w and ww. By the way, ww is just w

multiplied by w.(c) Find a complex number v so that v + v = 14.
(d) Find a complex number v so that vv = 65.
(e) Find a complex number v so that v + v = 14 and

vv = 65.

6. Find two numbers whose sum is 14 and product is 65. We’re told you can solve this
problem by “looking it up”.
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7. The magnitude of the complex number z = a+ bi is |z| =√
zz.

(a) Find the magnitude of z = 5 + 2i and of w = 3− 4i. Does anyone else remember
the “Day of Reckoning”
space from the Game of
Life? That game has a
spinner because dice are
evil. Seriously: the original
version came out in 1860
and had a spinning top with
the numbers 1 to 6 on it,
because dice are evil.
The. . . More. . . You. . . Know!

(b) Rewrite the equation |z| =
√

(a+ bi)(a− bi) as some-
thing that doesn’t have i in it.

(c) Can the magnitude of a complex number ever be zero?
Can it be negative?

(d) Find a complex number whose magnitude is
√

65.

8. How many complex numbers a + bi have integer a, b and
magnitude

√
65?

9. (a) Find the magnitude of 5 + 2i.
(b) Find the magnitude of (5 + 2i)2.
(c) Find a Pythagorean triple with hypotenuse 29.

10. Find a Pythagorean triple with hypotenuse 65.

11. Three positive integers add up to 25 and multiply to 360. Man, 360 is really divisible!
Wouldn’t it be awful if there
were multiple answers here?
Just awful. Seriously.

What are the numbers?

12. Find the volume and surface area of the box with dimen-
sions 1

15
, 1

6
and 1

4
.

Neat Stuff.

13. Consider the transformation rule

(x, y) 7→ (5x− 2y, 2x+ 5y)

For each point, calculate the new point created by this
transformation rule.
(a) P (1, 0)
(b) Q(5, 2)
(c) R(21, 20)
(d) S(65, 142)

14. The notation |z| that is used for magnitude is the same Real numbers are complex
numbers, they’re just
numbers like 7 + 0i or
−
√
2 + 0i.

symbol as the notation used for absolute value. Do real
numbers have the same magnitude as their absolute value?

15. A primitive Pythagorean triple is a set of three positive
integers a, b, c with a2 + b2 = c2 where a, b, c share no com-
mon factors besides the blatantly obvious. 6, 8, 10 is not one of these,

nor is 60, 80, 100.(a) Find a primitive triple with hypotenuse 65.
(b) Find both primitive triples with hypotenuse 85.
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16. Let P be a point at (−1, 0) and A be another point. Let
the line AP intersect the unit circle at point Q.

P

Q

A

(−1, 0)

Calculate f(A) = AP · AQ for each of these points by
determining the lengths AP and AQ.

(a) A = (1
2
, 0)

(b) A = (−1
2
, 0)

(c) A = (1
3
,−1

2
)

(d) A = (3, 2)
(e) A = (−3, 2)
(f) A = (x, y)

17. Find a way to make triangles that have integer side lengths
and integer area, and make a bunch of them. No formulas! Bill mad! Bill smash if you

use square roots or cosine.
18. Find more Superheronian triangles. Heck, find them all!

There’s a really small one, but 13-14-15 is the second-
smallest.

Useless Stuff.

19. Solve for X: Honey X don’t care!

(X10 + (mushroom)2)4 +X10 = snake

20. Solve for Y : This band inspired today’s
problem in the box. Or did
they? No.

((I’m) + Y + (daba(dee + di))7)2 = Europop

PCMI 2011 25



I reckon you shouldn’t cite or quote this.

Day of Recko-NING

Tough Stuff.

21. Find all the triangles with integer-length sides whose area
and perimeter have the same numerical value. Do they
have anything else in common?

22. Find a number n that is the hypotenuse of exactly four
primitive Pythagorean triples.

23. Same as the last one, but now exactly eight primitive
Pythagorean triples!

24. Describe what types of positive integers n can be written
in the form n = a2 + b2 for integer a, b. For example, 450
can be written this way: 450 = 212 + 32.

25. The number 450 has eight odd factors: 1, 3, 5, 9, 15, 25,
45, 75, 225. Odd factors can be split into factors in the
form 4k+ 1 and 4k+ 3. 450 has 6 odd 4k+ 1 factors and 2
odd 4k + 3 factors. It turns out there’s a remarkable con-
nection between the number of these types of factors and
the number of different ways 450 (or any positive integer)
can be written in the form n = a2 + b2 for integer a, b. 450
can be written many different ways (a = 3, b = 21 is one
of them). Figure out what the rule is—then prove that it
works (harder). Don’t forget that a or b can be negative
or zero.

26. Nobody’s found a Matsuura triangle yet. Maybe they
don’t exist.

by Thomas Dobrosielski http://nfccomic.com/index.php?comic=205

26 PCMI 2011



Do not cite or quote unless the USA wins.

Boom Win-NING

7 Boom Win-NING

PROBLEM

Pour some salt on some triangles... Umm... Yeah, we’ll explain what
to do.

Today’s problem in the box
is a real happe-NING
brought to us by our very
own Troy Jones. Pour some
salt on me! One more, in
the name of math.

Discuss the answers to these questions with your group. Feel free to use
this GSP file to investigate:

http://www.tinyurl.com/saltgsp

•What is so special about where the top of the salt heap is
located?

•What is so special about where the ridges are located?

•Why is the top of the salt heap the same to the
three ?

Charles Nelson Reilly would
have the definitive answer
here.

Important Stuff.

1. Find the area of this triangle. This could be called a Boxx
problem, or a Rapinoe
problem, but most people
will probably call it a
Wambach problem.

15 7

20

2. Find the area of this triangle.

25 6

29

PROBLEM

Snag this file http://www.tinyurl.com/circlegsp and adjust the
circle until it is the largest one that doesn’t pass outside the triangle.
What is the radius of this circle?

3. (a) In your diagram from the second box, find a triangle
with area 20. It might be hiding! A look back at problem Solo

from day Sauerbrunn might
be helpful.

(b) Find an expression for the area of the entire triangle
in terms of things that aren’t the height of the triangle.
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4. Consider the complex numbers s = 2 + i, a = 4 + i,m =
4 + 6i.
(a) Plot and label s, a, and m in a complex plane. Plot the complex number

x+ yi at the point (x, y) in
the complex plane. Don’t
worry, there are no snakes.

(b) Multiply each number by i, then plot and label each
of the new numbers in the same complex plane.

(c) Multiply each of s, a, and m by i twice, then plot and
label each of the new numbers in the same plane.

(d) Three times? Four times? Five times? Thirteen
times? 101 times? This all seems so familiar

somehow. . .
5. Let z = 1 + i. Plot each of these in the same complex

plane, and find the magnitude of each.
(a) z
(b) z2

(c) z3

(d) z4

(e) z5

6. Craig stands at the origin (0, 0) and stares at the powers
of 1 + i as they are built. Describe what happens to the
powers from his perspective: where do they go? how far
away?

7. Let z = 3+2i. Find the magnitude of each of these complex z = Rampone + Mitts. But
z should really just pick a
value and stick to it. Y U
NO STOP CHANGING Z!

numbers.
(a) z
(b) z2

(c) z3

(d) z4

8. Let z = 3
5

+ 4
5
i. Plot and label each of these on the same

complex plane. Approximations are fine here.
(a) z
(b) z2

(c) z3

(d) z4

(e) z5

9. Mahen stands at the origin (0, 0) and stares at the powers
of 3

5
+ 4

5
i as they are built. Describe what happens as Fortunately, Mahen is not a

Care Bear, otherwise we’d
all be in trouble.

accurately as you can. How is it similar to what happens
with the powers of 1 + i? How is it different?
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Neat Stuff.

10. If a = 3 + 4i and b = 5 + 12i, find the magnitude of a, the
magnitude of b, the magnitude of ab.

11. (a) Find the magnitude of w = 2 + i.
(b) Perform an operation to w that results in a complex

number that has magnitude 5. Yes, we mean 5, not
√
5.

12. Do stuff to take each of these complex numbers and pro-
duce a primitive Pythagorean triple. Triples are fun! This is

Hurley’s favorite problem.
Hurley was so 2008. Boom.
Boom. Pow. It’s okay, we
don’t get it either.

(a) 4 + i
(b) 8 + 3i
(c) 15 + 4i
(d) 16 + 7i
(e) 23 + 2i
(f) 42 + 9i

13. (a) Three numbers add up to 14 and multiply to 72. Find That’s three numbers, not
two and a half numbers.
Boom.

both sets of three positive integers that work here.
(b) Use the results to find two boxes whose surface area

and volume equal one another.

14. Can two non-congruent triangles have the same perimeter
and area? Explain!!

15. A triangle has side lengths a, b, and c. Without using
fancypants formulas, find its height. What, there’s more Guys like me from Wall

Street wear fancypants.
Boom.

than one height? Fine, the area then.

16. The magnitude of 3 + 4i is 5. Find all the Pythagorean
triples with hypotenuse 125 (including non-primitive ones).

17. Use the concepts from problem 10 to find a primitive
Pythagorean triple with hypotenuse 1105. Then another
one! How many are there?? What’s so special about

1105 anyway?

Tough Stuff.

18. (a) Find a way to generate all of the Pythagorean triples
in which the two leg lengths are one away from each
other. One example is 21, 20, 29. These problems are for the

Hot Shots. . .(deux) Find a way to generate Pythagorean triples that
are incredibly close to being 30-60-90 right triangles.
They can’t be, but they can be super close!
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19. Besides being Heronian, this triangle has some other in-
teresting feature. Find a way to generate more that have
its special property.

25 11

30

20. Where are our Superheronian triangles! Bah!

21. A
BC

+ D
EF

+ G
HI

= 1. Here, each letter is a unique and
distinct number from 1 to 9, and the denominators are
two-digit numbers. Find a solution! Wait, are you reading this

before doing the problems at
the beginning? Get back to
the first page, now !

22. As you keep taking powers of z = 3
5

+ 4
5
i, will they even-

tually wrap around onto themselves? In other words, are
there powers k and m with zk = zm for this z?

23. In triangle ABC, angle A is twice angle B, angle C is
obtuse, and the three side lengths a, b, and c are integers.
Determine, with proof, the minimum possible perimeter.
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PROBLEM

For each of these complex numbers, plot the number and its square in the

Reminder: direct teaching is
discouraged. All activities
here can be completed
without formulas.

same complex plane. You might want to draw segments from the origin
to each number. If you need to measure lengths or angles, consider using
Sketchpad.

You can type “3∧0.5” to
get
√
3 in Sketchpad.

A = 3 + i
S = 1 + 2i
H = 3 + 2i

L =
√
3
2

+ 1
2
i

I = i
Keep doing examples until you can describe precisely where the square is

located in relation to the original number.

Extension questions: what
about cubes? square roots?
reciprocals?

Important Stuff.

1. Let z = 12
13

+ 5
13
i. Find and plot all of these on the same

complex plane. (Estimate to three decimal places if you
like.)

(m) z0

(o) z1
(n) z2

(i) z3
(c) z4

(a) z5

2. Use Sketchpad to find the angle that forms when you go You mean it’s the same
angle each time? Maybe,
maybe not! You’ll have to
be a pattern sniffer, man.

from one power of z = 12
13

+ 5
13
i to the next.

3. What does it look like in the complex plane when you
add two complex numbers w and z? Give some examples. We have clearance,

Clarence. Roger, Roger.
What’s our vector, Victor?

What does w + w look like?

4. If a complex number w is multiplied by a real number c
(also called a scalar), what happens to the magnitude? the
direction? What if c is negative?

5. If a complex number w is multiplied by i, what happens
to the magnitude? the direction? We heard that on Tuesday

one participant multiplied
their underwear by i2.6. Let w = 1 + i and z =

√
3 + i. Find the magnitude and

direction of wz, and compare the results to the magnitude
and direction of w and z.
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7. What, in general, happens to magnitude and direction
when you multiply two complex numbers? Well, you know, the

numbers, like, combine,
man. . .8. (a) Find the magnitude of 3 + 2i.

(b) Calculate (3 + 2i)2 and find its magnitude.
(c) What Pythagorean triple has hypotenuse 13?

9. Make some more Pythagorean triples. Totally awesum!!!

Neat Stuff.

10. (a) Three numbers add to 13 and multiply to 36. Find
both sets of positive integers.

(b) Find two distinct rectangular boxes with volume 162
and surface area 234.

(c) If each box’s dimensions are a by b by c, compute the
product

(x− a)(x− b)(x− c)

and discuss any findings.

11. (a) Point Q has coordinates (3, 0) and point P has co-
ordinates (x, 0). Define f(P ) to be the square of the
distance from point P to point Q. What does the
graph of f(P ) look like? It looks like a big smile,

man.(b) Point R has coordinates (17, 0). Now define f(P ) as
the sum of the squares of the distances PQ and PR.
What does the graph of f(P ) look like?

(c) Point S has coordinates (1, 0). You take it from here.
(d) If f(P ) is the sum of the squares of the distances PQ,

PR and PS, what P produces the minimum of f(P )?

12. For each point P , determine if it is twice as far from the
point (−1, 4) as it is from the line y = 1. Is y = 1 vertical or

horizontal? It depends on
which way you’ve decided to
graph, man.

(a) (−1, 2)
(b) (−1,−2)
(c) (23, 14)

(d) (23,−14)
(e) (−91, 52)
(f) (x, y)

13. Find an equation for all the points three times as far from
(−1, 4) as from the line y = 1.

14. Find an equation for all the points half as far from (−1, 4)
as from the line y = 1.
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15. Find a triangle similar to the one below that has the same
numerical value for its area and perimeter.

15 8

17

16. Find two triangles that have the same area and the same
perimeter but that have dissimilar shapes.

17. A right triangle has leg lengths a and b. Find the radius
of its incircle. Try it with numbers first

perhaps you will?
18. Use the results from problems 3-5 to prove that when you

multiply a complex number by a + bi, it . . . oh, crap, we
forgot. What does it do?

19. Find a primitive Pythagorean triple whose hypotenuse
length is 133. What was that movie where

Sean Astin finds a primitive
Pythagorean triple in his
backyard then Pauly Shore
gives it a makeover? Oh,
right, Encino Math.

20. Show how squaring the complex number m + ni can be
used to generate this identity that can be used to generate
Pythagorean triples:(

m2 − n2
)2

+
(
2mn

)2
=
(
m2 + n2

)2
21. Let a be a complex number with magnitude 5, and b be a Vegeta says these

magnitudes can be over
9000!!!

complex number with magnitude 13. Consider a+ b: what
could its magnitude be? Do you add magnitudes when you
add complex numbers, or what?

22. Suppose x can be written as the sum of two squares, and
y can also be written as the sum of two squares. Prove
that xy can also be written as the sum of two squares.

23. As the powers of z = 12
13

+ 5
13
i grow, eventually the powers The powers of z are movin’ !

They’re numbers . . . on the
grow, man.

work around the four quadrants, then back around into
Quadrant I. Find the first power of z that re-enters Quad-
rant I.
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24. Suppose a regular n-gon is placed with its center at the Darryl says the rectangles in
Cracklin’ Oat Bran are
regular n-gons.

origin and one of its vertices at (1, 0).
(a) For what values of n will (−1, 0) be a vertex of the

n-gon?
(b) For what values of n will (0,−1) be a vertex of the

n-gon?
(c) Find all points that are on the regular 12-gon but

aren’t on any smaller n-gon.

25. Take all the vertices on the regular 12-gon as points in the
complex plane. Square them and plot the squares. What
happens?

26. You’ve now seen that squaring complex numbers gener-
ates Pythagorean triples. But does this squaring method
generate all the Pythagorean triples? Explain.

Tough Stuff.

27. Prove that at least one number in every Pythagorean triple
must be even. Then prove that exactly one number in
every primitive Pythagorean triple must be even.

28. Build an identity for generating primitive Pythagorean
triples where the hypotenuse is a perfect square.

29. Hey, it’s another division problem where we’ve provided
one of the digits, an 8. The other digits are unknown.

X X X X X X X
X X X

X X X X
X X X

X X X X
8 X X X

X X X X X
X X X X

30. Sketch the graph of the equation xy = yx in the first quad-
rant. What point is that, and why? Whaddaya mean, what

point? THAT one. Duh.
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PROBLEM

Download this file for today’s sketch: Accio Sketch!

http://tinyurl.com/complexgsp

Let v be a complex number with magnitude 2.
Magnitude 2, like Fred and
George Weasley? Oh.

•Draw a shape to indicate where v could lie in the complex
plane.

•Pick a value of v and square it: where does it go? Describe
all the possible places where v2 could lie.

Sadly the Sorting Hat is on
holiday. He’ll be back
Monday.

Important Stuff.

1. Use complex numbers to make three ridiculous primitive
Pythagorean triples. Riddikulus!

2. Find the area of this triangle. Keep careful track of your
steps and do not use any “instant winner” formulas. Expecto Heronus!

While it is possible to
“eyeball” the triangle by
picking just the right
altitude, please additionally
work through the
calculations. They’ll be
helpful on the next page.

28

25

17

3. Explain why the area of a triangle is given by

A =
1

2
Pr

where P is the triangle’s perimeter and r is the radius of
its incircle.

4. Find the incircle radius of the triangle up there. Wingardium Leviosa!
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5. Find the area of this triangle by following the same steps
you followed in problem 2. Y U NO GIVE ME SIDE

LENGTHS!!!!!

a

c

b

6. Find the incircle radius of a triangle whose side lengths are Specialis Revelio!

a, b, and c.

7. Take an 8-15-17 right triangle and a 5-12-13 right triangle Triangles with integer side
lengths and integer area are
called Hermionian triangles.

and slap them together in some way to form a triangle
with integer side lengths and integer area. You may need
to scale one or both triangles first. Engorgio!

8. Find at least two more ways to turn the 8-15-17 and the
5-12-13 into Hermionian triangles. Sweet, huh? Ten points to Gryffindor!

9. Use your ridiculous Pythagorean triples to make a few
ridiculous Hermionian triangles. Woo hoo!

10. The complex numbers z and w are plotted below. Plot
z + w and indicate how you know where it should be.

z

w

Neat Stuff.

11. Compute (1 + 2i)(1− 2i). Here, 1− 2i is the conjugate of
1 + 2i.

12. Find the magnitude and direction of 1 + 2i. Sketchpad can help you
measure angles; remember,
the “direction” angle is
measured counterclockwise
from the positive real axis.
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13. Here’s three complex numbers: j = 3+i,m = 3+2i, i = i.
They can be connected to make a triangle.
(a) Plot these three numbers in the complex plane.
(b) Multiply each number by 1+2i, then plot the results

in the complex plane.
(c) Describe, as precisely as possible, how the new points’

locations compare to the old. Prior Incantato!

(d) How does the area of the new triangle relate to the
area of the old triangle?

14. Find the surface area and volume of a 4 by 10 by 15 box
and a 5 by 6 by 20 box.

15. Multiply these out until you don’t feel like it anymore. Impedimenta!

(a) (x− 4)(x− 10)(x− 15)
(b) (x− 5)(x− 6)(x− 20)
(c) (4x− 1)(10x− 1)(15x− 1)
(d) (x− 1

4
)(x− 1

10
)(x− 1

15
)

16. Find the dimensions of a box with the same total edge
length and volume as the box with dimensions 1

4
by 1

10
by 1

15
.

17. So now you’ve got a cool formula for the area of a trian-
gle given its sides. But those crazy formula people were
busting out this crazy formula: This thing s is called the

semiperimeter.

A =
√
s(s− a)(s− b)(s− c)

Can you turn your cool formula into this one with an s?

18. Yesterday, Mary showed a sketch (available on the PCMI The file is called
“mary’s-cool-triangle.gsp”.
Blame Darryl! But it is cool.

@ Mathforum website) where a circle of radius 2 is built,
then a triangle is built using three points of tangency.
(a) Why was this so cool?
(b) Investigate: is it possible to construct triangles with

specific characteristics using this concept?

19. Find a different Heronian triangle with the same perimeter
and area as the 17-25-28 triangle. Geminio!

20. A triangle has side lengths 15, 7, and x, and its area and
perimeter have the same numerical value. Find all possible
values of x.

21. Find an equation for all the points that are α times as far Make sure what you find
agrees with what you
learned through Problems
12–14 from Day 8.

from (−1, 4) as from the line y = 1. (Let α be a positive
number.) Describe how the shape created depends on the
value of α.
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22. Suppose z is a complex number with magnitude 1 and
direction θ. Then z = a+ bi with a = cos θ and b = sin θ. If you’re not working with

trigonometry regularly, these
last four will be relatively
boring problems and are
easily skipped.

(a) Calculate z2 directly by squaring z = a+ bi. Wow!!
(b) Find a formula for cos 3θ.

23. Suppose z and w have magnitude 1, z has direction α and
w has direction β. Let z = a+ bi and w = c+ di.
(a) Calculate zw.
(b) What are the magnitude and direction of zw?
(c) What’s the formula for sin(α + β)?

24. If tanA = a and tanB = b, find a simple way to compute
tan(A+B) without formulas. Multiply! Find the right

complex numbers and you’re
off to the races.25. Pick angles A, B, and C that form a triangle. (You know

what we mean.) Now let tanA = a, tanB = b, tanC = c.
Which is bigger, the product abc or the sum a+ b+ c? Try
another triangle and compare. WHAT! Petrificus Totalus!

Useless Stuff.

26. Solve for X. Check my time, it’s X.

Yest = X − 1
2D = X

2M0 = X + 1
X + 2 = afterwards

Tough Stuff.

27. A triangle is uniquely determined by its side lengths, so Confundo!

it makes sense there is a formula for the area in terms of
the three side lengths. Did you know that a triangle is
also uniquely determined by its median lengths? Uh-huh!
That means there is a formula for the area in terms of
the lengths of the three medians. Go find it and rejoice
because it’s awesome.

28. There is also a formula for the area of a triangle in terms Crucio!

of the lengths of its three altitudes. It is less awesome but
still possible. Looks like we’ve come to

the end of the road. Still, I
can’t let go. I want a perfect
body of problems. You may
hate me but it ain’t no lie.
Next week it will be a whole
new world. . . don’t you dare
close your eyes! It’s 3 am, I
must be lonely.

29. There is also a formula for the area in terms of the lengths
of its three angle bisectors. Good luck with that.

30. Prove that every Pythagorean triple must have a multiple
of 3, a multiple of 4, and a multiple of 5 in it somewhere.
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10 New Directions

PROBLEM

Download this file for today’s sketch:
http://tinyurl.com/complexgsp

Let v be a complex number with magnitude 2.

If you “Plot Point,” GSP
will keep the point’s
coordinates when you
translate the origin, zoom
in, or zoom out. Use a
plotted point to fix the
radius of your circle to the
coordinate plane. This helps
if you need to change your
scale. Plot points also
advance the storyline!

•Draw where v could lie in the complex plane.

•Pick a value of v and cube it: where does it go? Describe
all the possible places where v3 could lie.

•Where does v + i go and how does it move as v changes?
What about v + 3? 2iv? v2 + v? v2 − v?

You might be interested in
experimenting with the
“Trace” or “Locus”
functions in GSP. Sue: “You
might want to put us all out
of our misery and shave off
that Chia Pet.”

Important Stuff.

1. Here are two Pythagorean triples: 5-12-13 and 85-132-157.
Use them to produce more than one Heronian triangle.
Then find its area and incircle radius using any method
you like. You can do it however you

like, however you like. . .
2. Solve these quadratic equations.

(a) (x− 3)(x− 17) = 0
(b) (2x− 3)(2x− 17) = 0
(c) (10x− 3)(10x− 17) = 0 FACT0R’D!!!!!

(d) (100x− 3)(100x− 17) = 0

3. Solve these quadratic equations. We’re not going to do
your dirty work this time. Please, no formulas.
(a) x2 − 14x+ 45 = 0 Dude, use the first one to

help you do the second one!!
Dude!! Dude.

(b) 4x2 − 28x+ 45 = 0
(c) 100x2 − 140x+ 45 = 0
(d) 10000x2 − 1400x+ 45 = 0

4. (a) Write a quadratic equation whose solutions are x = 2
3

and x = −4
7
.

(b) Oh, we meant one with no fractions, and completely
multiplied out, and with 0 by itself on one side.

(c) Did you know that 2
3
− 4

7
= 2

21
? Interesting. Discuss. Sue: “You know what they

say? Those who can’t,
teach. Turns out, maybe
you actually can.”

(d) In the quadratic equation ax2 + bx + c = 0, what is
the sum of the two solutions? What is the average of
the two solutions?
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5. Let f(x) = ax2 + bx + c, and use the quadratic you used The pencil was invented in
1795. Papyrus was first
manufactured by the
Egyptians around 3000
BCE. Beat that.

in the previous problem.
(a) Graph f(x) using your favorite technology.
(b) What are the x-intercepts of the graph?
(c) What is the x-coordinate of the vertex? The vertex is the turny spot.

6. What is the x-coordinate of the vertex of f(x) = ax2+bx+c
in terms of a, b, and maybe c?

7. Consider points P (x, 0), Q(3, 0), R(17, 0), S(1, 0), and T (11, 0).
(a) Define a(P ) to be the distance PQ. What does the

graph of a(P ) look like, and where is its minimum?
(b) Redefine a(P ) to be the sum of the distances PQ and

PR. What does the graph of a(P ) look like, and where
is its minimum achieved?

(c) Redefine a(P ) to be the sum of the distances PQ,
PR, and PS. Again, again! Hooray for

repetition!(d) Redefine a(P ) to be the sum of the distances PQ,
PR, PS, and PT . What does the graph of a(P ) look
like, and where is its minimum achieved?

8. Consider points P (x, 0), Q(3, 0), R(17, 0), S(1, 0), and T (11, 0).
(a) Define b(P ) to be the square of the distance PQ.

What does the graph of b(P ) look like, and where is
its minimum achieved?

(b) Redefine b(P ) to be the sum of the squares of the
distances PQ and PR. What does the graph of b(P )
look like, and where is its minimum achieved? Again, again! Hooray for

repetition!(c) Redefine b(P ) to be the sum of the squares of the
distances PQ, PR, and PS.

(d) Redefine b(P ) to be the sum of the squares of the Wink wink, nudge nudge,
know what I mean?distances PQ, PR, PS, and PT . What does the graph

of b(P ) look like, and where is its minimum achieved?

9. Which of the following points is a total of 30 units away
from (−9, 0) and (9, 0)?
(a) (−15, 0)
(b) (0, 12)

(c) (6, 11)
(d) (9,−48

5
)

(e) (12, b)
(f) (x, y)

10. The distance from (x, y) to the point (9, 0) is 3
5

of its dis-
tance to the line x = 25. Which of the following points
makes that statement true?
(a) (15, 0)
(b) (0,−12)

(c) (13, 6)
(d) (9, 48

5
)

(e) (−12, b)
(f) (x, y)
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Neat Stuff.

11. The eccentricity of an ellipse is the ratio c
a

of two dis- The eccentricity of Glee is
Emma Pillsbury.tances: the distance from the center of the ellipse to a

focus (called c), and the distance from the center of the
ellipse to a vertex (called a). For any ellipse discovered in
Important Stuff, compute its eccentricity.

12. The distance from (x, y) to the point (9, 0) is 4
5

of its dis-
tance to the line y = x. Which of the following points
makes that statement true? Don’t stop believing that

you can do this! Sue: “If I
hear one song from that
classic rock outfit Journey, I
will start pulling catheters.”

(a) (7, 2)
(b) (23,−2)

(c) (11,−14)
(d) (19,−19)

(e) (27,−18)
(f) (x, y)

13. Show that this is true: Squares, squares,
everywhere. Sue: “I will kick
you square in the taco.”

(a2 + b2)(c2 + d2) = (ac− bd)2 + (ad+ bc)2

14. Suppose m can be written as the sum of two squares, and
n can also be written as the sum of two squares. Prove
that mn can also be written as the sum of two squares.

15. Use the result in problem 13 to prove that when two com-
plex numbers are multiplied, their magnitudes are multi-
plied.

16. Suppose the sum and product of two complex numbers z
and w are both real. Prove that either z and w are both
real numbers, or w = z.

17. Find the eccentricity of the shape in problem 12. Maybe Rachel is the
eccentricity. Actually, the
real eccentricity is that the
school has a Slurpee
machine. Sweet!

18. Use multiplication of complex numbers to find a formula
for tan(α + β) in terms of tanα and tan β.

19. Find two values of tanα and tan β so that tan(α+β) = 5.

20. Calculate this:
(5 + i)4

(239 + i)

Any guesses on what this might be useful for? Useful?! Math is supposed
to be useful? Sue: “Asking
someone to believe in a
fantasy, no matter how
comforting, is cruel.”
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Tough Stuff.

21. Let S be the set of complex numbers z with magnitude 2. Sue: “You are the honey X,
nature’s most ferocious
animal. Look it up on
Youtube.”

Find a function (such as z 7→ z2) that produces an ellipse
(and not a circle) as the output when S is used as the
input.

22. The complex number w is a member of set M if the rule We mean here that the rule
is executed repeatedly. For
example, if w = i then the
sequence of z values is
0, i,−1 + i,−i . . . and the
hope is that none of those
has magnitude more than 2.

z 7→ z2 + w with starting point 0 never has |z| > 2.
(a) Find some numbers w that are in set M , and some

that aren’t.
(b) Find a maximum bound for the area of the shape

made by set M in the complex plane.
(c) What does set M look like if it is graphed in the

complex plane?

23. What shapes tesselate in the hyperbolic plane?

24. (a) Evaluate tan 89◦ to two decimal places.
(b) How many degrees are in 1 radian? Give your answer

to three decimal places.
(c) What is going on here? Is this a coincidence? Coincidence? I think not!
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PROBLEM

Here is David’s data.
x y

1 1
3 8
5 3
7 8

Decide, without using anything other than your brain and perhaps some

Kermit: “It’s okay, Peter,
you can be yourself.” Peter
Sellers: “There is no me. I
do not exist. There used to
be a me but I had it
surgically removed.”

paper and pencil, on an equation for a line that “best” represents his data
table. We ♦ an equation! Be prepared to defend your choice: why did
you pick this line above others?

Important Stuff.

1. One way to test the “badness” of a line toward data is to POINTS. . . IN. . . SPAAAAAACE!

compute the sum of squared errors. Use the data from the
box above.
(a) Trevor used the line y = x and wants you to confirm

that the sum of squared errors is 30.
(b) Marakina used y = x−1 and Olimpia used y = x+1.

How’d they do?
(c) Barb says there must be a rule, in terms of b, for the

sum of squared errors of y = x+ b. Go find it.
(d) Kate screams “OMG QUADRATIC” and finds the

best possible b. Join her! Movin’ right along. . .

2. So, given a slope, it’s possible to find one best line of that
slope for the data (according to the sum of squared errors,
anywho). Hop to it, and find the best line for each slope. Divvy up the work however

you like. However you like.

(a) slope 2
(b) slope 3
(c) slope 4

(d) slope 0
(e) slope −1

3. Graph the data and all six of the lines from the last two Wow, that is just gonzo. Or
maybe more like Lew
Zealand and the boomerang
fish.

problems on the same axes. What!!
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4. Marcelle hands you this new data set. Fozzie once did a tribute to
Marcel Marceau by
impersonating a man
standing on one leg, then a
man standing on no legs.
Waldorf said his act didn’t
have a leg to stand on. OH
ho ho ho.

x y

−3 −4
−1 3
1 −2
3 3

In terms of m, find the sum of squared errors of y = mx.
Then determine the Best m Ever!

5. Type the original four points into a piece of technology Don’t use Sketchpad, since
it doesn’t know how to
compute linear regressions
automatically.

and tell it to compute a linear regression.
(a) What is the slope of the linear regression?
(b) What important point does the graph of the linear

regression pass through?
(c) Compute the badness of the linear regression. Is it

simply the “best”?

6. A second way to test the “badness” of a line toward data is
to compute the sum of absolute errors. Use the data from
the box not above. This is different from the

sum of absolut errors,
calculated by drinking vodka
inappropriately. Wocka
wocka!

(a) Lauren used the line y = x and wants you to confirm
that the sum of absolute errors is 8.

(b) James used y = x − 1 and Timon used y = x + 1.
How’d they do?

(c) Allison got fancy and used y = x+ 1
2
. How’d she do?

(d) Becky says there must be a rule, in terms of b, for
the sum of absolute errors of y = x+ b. Go find it. We interrupt this problem

for a Muppet News Flash:
There is no news tonight.

(e) Sketch the graph of Becky’s rule as a function of b.
What do you notice?

Neat Stuff.

7. In yesterday’s problem in the box, Shirley used Geometer’s Sorry, we meant Randall
here, but he keeps telling us
to call him Shirley.

Sketchpad to visualize the locus of all points v2 + v when
the complex number v has magnitude 2. Now, check out
this awesome file:

http://tinyurl.com/comppolygsp

Explain, using the file, that z = 2 is a solution to the This sketch is
barely-controlled electric
mayhem. Gonzo: “It’s a
question of mind over
matter.” Waldorf: “Well, we
don’t mind, and you don’t
matter! OH ho ho ho!”

equation
z2 + z = 6

Then find all of the solutions to z2 + z = 6, resizing the
circle as necessary to track them down.
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8. Use the file to find at least one solution to each of these
equations. Start by using the sliders to

change the function, then
set the green circle’s radius
to 3.

(a) z2 − z = 6
(b) z2 − z = 12
(c) z2 − z = −9 (do a quick approximation)
(d) z2 − z = 20 “We’re going to need a

bigger circle.”
9. Take a number z in the complex plane. How can you con-

struct the conjugate z? What’s the conjugate of z2 + z? Take a number? Is this a
deli?

10. Zee deestunce-a frum (x, y) tu zee pueent (25, 0) is 30
mure-a thun its deestunce-a tu zee pueent (−25, 0). Vhet Iff yuoor unsver gues

thruoogh (15, 0), yuoo ere-a
oofer cuukeeng sumetheeng.

pueents (x, y) meke-a thet stetement trooe-a? Bork, bork,
bork!

11. The distance from (x, y) to the point (25, 0) is 5
3

of its
distance to the line x = 9. Test some points, then find an
equation!

12. The eccentricity of a hyperbola is the ratio c
a

of two dis- The eccentricity of the
Muppets is Sam the Eagle,
since everyone else is pretty
much a wacko.

tances: the distance from the center of the hyperbola to
a focus (called c), and the distance from the center of the
hyperbola to a vertex (called a). For any hyperbola dis-
covered in Important Stuff, compute its eccentricity.

13. For the data in the box problem find the unique line with
the smallest sum of absolute errors.

14. Brian hands you this list of points: This data is 5 observations:
t is time in seconds, and h is
the number of times Animal
banged his head against a
cymbal in that many
seconds.

t h

1 3
1 7
3 5
5 3
5 7

Find the line that has the smallest sum of absolute errors.
But wait, there’s more! Find them all.

15. Let z = 34 + i and w = 55 + i. The product zw can be 34 and 55, you say? I’d be
fibbing if I said I’d never
seen those numbers before.
Perhaps the answer is 89.
This problem is obviously
inspired by that bunny
episode of Veterinarian’s
Hospital. . . the continuing
story of a quack who’s gone
to the dogs. It’s a real
rabbit and Costello routine.

written as a scalar multiple of another complex number in
the form (something) + i. What’s the something? (Oh,
what about z

w
?)

16. Let a = 2 + i, b = 5 + i, c = 13 + i, d = 21 + i. Find the
direction of the product abcd. Can this be generalized?

17. Find the three solutions to x3 = i using Sketchpad or some
other means.
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18. (a) Multiply out (a+ bi)3.
(b) If z is a complex number with magnitude 1 and di-

rection θ, what are its coordinates? If you’re not a trig fan, just
move along, nothing to see
here.

(c) Write rules for cos 3θ and sin 3θ based on the first two
parts of this problem.

(d) The rule for cos 3θ is 4 cos3 θ− 3 cos θ. What up with
that?

19. (a) Expand the expression (x+ 2)3.
(b) How many faces are there on a cube? How many What the hexahedron is

going on here?edges? How many vertices? Wacky.
(c) Does this pattern continue at all, in lower or higher

dimensions?

20. Suppose tanA = 1
x

and tanB = 1
y
, where x and y are

integers. Is it possible for tan(A + B) to also be in the
form 1

z
for some other integer z? If so, how?

21. Let z be a complex number with magnitude 1. If z = x+yi
and y > 0, explain why y =

√
1− x2.

22. Let z = x+ (
√

1− x2)i as in the last problem. The TI-Nspire can handle
this, believe it or not.(a) Expand z2 and look at the real part. Zeros?

(b) Expand z3 and look at the real part. Zeros? Connec-
tions?

(c) Expand z4 and look at the real part. Hmmmmm!
(d) Graph the real part of z2, z3, z4 as a function of x.
(e) What might zn look like? Pafnuty says hi. Who’s

that? Look it up!

Tough Stuff.

23. So, you managed to find two noncongruent boxes with the “Hey, these problems aren’t
half bad.” “Nope, they’re all
bad! OH ho ho ho!”

same surface area and volume? Good, but can you find
three noncongruent boxes with the same surface area and
volume? What now!!

24. How does the Law of Cosines translate into the hyperbolic
plane?

25. Let fn(x) = cos x cos 2x . . . cosnx. For which integers 1 ≤
n ≤ 10 is the integral from 0 to 2π of fn(x) non-zero?

26. Meep. Meep. Meep meep. Meep meep meep. Meep meep Just when you think this
class is terrible something
wonderful happens. . . it
ends! OH ho ho ho!

meep meep meep. Meep meep meep meep meep meep
meep meep?
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PROBLEM

Sarah has this set of data giving n, the number of people enjoying the
problem set on day d.

Sweet, it’s non-decreasing!
We’ve done our job.

d n

2 40
3 30
5 35
6 20
9 10

Chris really wants to be Sarah’s new BFF, so he wants to find the BFF
(Best Fit Forever) line for this data. Without fancy technology, use what
you learned yesterday to help Chris find the BFF line that minimizes the
sum of squared errors. What “badness” did you get for this line? Check
to see that other “close” lines have higher badness.

Determine the BFF line’s prediction for the number of people enjoying
today’s problem set.

It’s 106 miles to Chicago,
we got a full tank of gas,
half a pack of cigarettes, it’s
dark, and we’re wearing
sunglasses. Hit it.

Important Stuff.

1. (a) Write an expression for the “badness” (sum of squared
errors) for an arbitrary line y = mx + b for the data
above. Don’t expand any squared things in parenthe-
ses! Make sure everyone at your table agrees on an
answer.

(b) The crazy expression you made is equivalent to this
other crazy one: Check it if you want to. I

don’t recommend it!
5(b+ 5m− 27)2 + 30(m+ 4)2 + 100

So what? What’s this new expression got going for it?

2. Use the badness expression 5(b+5m−27)2+30(m+4)2+100
to find one or two lines whose badness is exactly 130.

3. If A, B, and C are positive integers with A ≤ B ≤ C, find
all possible solutions to What is the largest possible

value of A? Given A, what
is the largest possible value
of B? Keep at this until you
exhaust all options.

1

A
+

1

B
+

1

C
=

1

2

PCMI 2011 47



Do not taunt Happy Fun Ball.

5-Minute Longs

4. Multiply out the equation in problem 3 so there are no Good morning. In less than
an hour, aircraft from here
will join others from around
the world. And you will be
launching the largest aerial
battle in this history of
mankind. Mankind – that
word should have new
meaning for all of us today.
We can’t be consumed by
our petty differences
anymore. We will be united
in our common interests.
Perhaps its fate that today
is the 4th of July, and you
will once again be fighting
for our freedom, not from
tyranny, oppression, or
persecution – but from
annihilation. We’re fighting
for our right to live, to exist.
And should we win the day,
the 4th of July will no
longer be known as an
American holiday, but as the
day when the world declared
in one voice: We will not go
quietly into the night! We
will not vanish without a
fight! We’re going to live
on! We’re going to survive!
Today, we celebrate our
Independence Day!

fractions. What do you notice?

5. Find all possible rectangular boxes with integer side lengths
whose surface areas are numerically equal to their volumes.

Neat Stuff.

6. The distance from (x, y) to the point (1, 0) is α times its
distance to the line x = −1. Figure out how the graph of
this set of points depends on the number α.

7. The function f(z) = z3+4z is an odd function. What does
an odd function do to the set of all complex numbers z with
magnitude 2? Use this awesome Geometer’s Sketchpad file
to investigate:

http://tinyurl.com/comppolygsp

While you’re at it, what about even functions?

8. Find or approximate the three different solutions to the
equation

z3 + z + 2 = 0

9. Find the five complex numbers that make z5 = 1. Don’t
do this by factoring, use Sketchpad! While you’re at it,
find the five complex numbers that make z5 = −1.

10. Find all ten solutions to z10 = 1, and plot them in the
complex plane. If z10 = 1, what are the

possible values of z5?
11. Consider the function w = f(z) = z2 + 4z + 5.

(a) Mary uses a really small circle S as input. What
does the output look like? By small we mean small.
No, smaller!

(b) Tina likes large circles so she grabs Mary’s circle and
drags it until it’s huge. What happens? Does the
output ever cross the origin? How many times?

12. The badness expression in problem 1 can also be written
this way:

155
(
m+

5

31
b− 111

31

)2

+
30

31
(b− 47)2 + 100

Explain what this is good for, and see if you can find any
similar ways to write the expression.
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13. Compute the “badness” function for the data from yester- Over? Did you say “over”?
Nothing is over until we
decide it is! Was it over
when the Germans bombed
Pearl Harbor? Hell no! And
it ain’t over now. ’Cause
when the goin’ gets tough
. . . . . . the tough get goin’ !
Who’s with me? Let’s go!
What happened to the Delta
I used to know? Where’s
the spirit? Where’s the guts,
huh? “Ooh, we’re afraid to
go with you Bluto, we might
get in trouble.” Not me!
I’m not gonna take this.
We’re just the guys to do it.
LET’S DO IT!!

day’s problem in the box as a function of m and b. Then,
rewrite that expression in a clever way to find the value of
m and b that minimizes the badness.

Let A and B be two points. What is the locus of points P such
that the ratio AP/PB is a fixed number r? Check out problems
14 through 17 if you’re interested, otherwise skip ’em.

14. Let A and B be two points and let P be a point that is
not collinear with A and B. There is a point X along the
segment AB such that AX/XB = AP/PB = r. What is
special about the location of X? Feel free to use Geome-
ter’s Sketchpad to investigate this. To make GSP construct
point X at the proper spot, measure AP and PB, then cal-
culate the ratio AP/(AP + PB). Double-click point A to
mark it as the the center of a dilation, then dilate the point
B using the marked ratio AP/(AP + PB).

A X B

P

15. Prove what you found in problem 14 by determining the
ratio of the areas of triangles AXP and BXP in two dif-
ferent ways.

16. There’s another point on the ray
−→
AB that is important. That dotted line is not a

mistake. . .Let Y be a point on
−→
AB (besides X) for which AY/Y B =

AP/PB = r. What is special about the location of Y ?

A X B

P

Y

17. Determine the measure of 6 XPY and its consequences for
the possible locations of point P .
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18. In radians, find the smallest positive x solving tan x = 1
5
.

19. Let f(x) = x− x3

3
+ x5

5
− x7

7
+ · · ·. Values of f(x) converge

when x is between −1 and 1. It’s a Taylor series! Run
away! Oh, sorry, it’s only a
Maclaurin series. False
alarm.

(a) Approximate f(1
5
) to six decimal places. You might

need to take a few terms.
(b) Approximate f( 1

239
) to six decimal places. Did this

take more terms, or less terms?
(c) Evaluate 16f(1

5
)−4f( 1

239
) to five decimal places. What!

(d) Hey, we forgot: find the direction of the complex
number

(5 + i)4

239 + i

What might this be useful for??

Tough Stuff.

20. Here’s a graph of a candidate fit line and the data from
today’s problem in the box. Find the line that minimizes
the total shaded area.

2 4 6 8 10

10

20

30

40

21. Factoring x5 − 1 over the integers isn’t too bad, it’s

(x− 1)(x4 + x3 + x2 + x+ 1)

The tough part is to factor that quartic piece into two
quadratic factors, where each quadratic factor has real co-
efficients (not restricted to integers or fractions). Find the
factoring, then look for connections between the factoring
and the construction of a regular pentagon.

50 PCMI 2011



Do not cite or quote, or you will be dropped on the stage like Kirstie Alley.

Dining with the STaRs

13 Dining with the STaRs

PROBLEM

Karen puts 3 regular polygons together so they meet at a point with no
overlap and no empty space. One option is to shove together 3 hexagons,
but there are other ways.

Don’t worry about whether
or not these polygons will fill
the entire plane this way.
We’re just looking at one
vertex.

Find all the ways you can fit 3 regular polygons together at a point.
Write each set in increasing order by the number of sides in the polygons.

Three. Three regular
polygons. Ah ha ha ha.

yay! boo!

WHAT!!! WHY!!!

Important Stuff.

1. Find all the ways you can fit 4 regular polygons together
at a point. Four ! Four regular

polygons, ah ha ha ha.
1. Find all the positive integer solutions to this awesome

equation, where G ≤ A ≤ B ≤ E:

1

G
+

1

A
+

1

B
+

1

E
= 1

3. Find all the ways you can fit 5 regular polygons together Five!! Five regular polygons,
ah ha ha ha!at a point. . . 6 regular polygons. . . 7 regular polygons.

4. Draw a picture of what it looks like when you do math. Or, a picture of Marie
Osmond fainting. Your
choice.
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5. Pedro, Arden, Lindsey, and Sandy form a square. They The four people are friends
so they will be PALS. When
they go to the pool, they do
LAPS. When in Europe,
they visit the ALPS. If they
get in a fight, they SLAP.
And when Therese joins
them for a food fight, they
SPLAT.

just met at PCMI and now they want to connect them-
selves. Connect them with paths so the total distance of
all the paths is as small as possible. (Two people will be
considered connected if there is any path from one to the
other. Directly connecting is okay, but not required.)

S

A

L

P

Neat Stuff.

6. Find some right cylinders that have the same numerical The surface area of these
right cylinders includes the
top and bottom discs.

value for volume and surface area.

7. If Jocelyn tells you a right cylinder’s total surface area
and total volume, is that enough information to uniquely
determine its dimensions? Try it! These cylinders are just a

series of tubes! Not many
people know this, but I
owned the first radio in
Springfield. Not much on
the air then, just Edison
reciting the alphabet over
and over. A, he’d say; then
B. C would usually follow.

8. Go back to yesterday’s data set and look for a line with
the lowest sum of absolute errors. In the m-b plane, where
m is the slope and b is the n-intercept, what is the locus
of all points (m, b) corresponding to lines with the same
“badness”?

9. Open this awesome Geometer’s Sketchpad file:
http://tinyurl.com/comppolygsp

Investigate how the function f(z) = z2 − 2z + 4 operates
on different “magnitude circles” (circles centered at 0).
Estimate with very poor accuracy the two solutions to
z2 − 2z + 4 = 0. (They are both on the same magnitude
circle.)

10. You have 30 seconds. Given f(x) = x3 + 6x+ 3, estimate
f( 1

100
) and f(100). GO. 29. . . 28. . . 27. . .
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11. Consider the function f(z) = z3 + 6z + 3. This one has z instead of x.
It’s like, totally different!(a) What does the output of f(z) look like when you use

a very small magnitude circle? If you can’t tell, your circle
isn’t small enough yet.(b) What does the output of f(z) look like when you use

a very large magnitude circle?
(c) Explain how you know that there must be a magni-

tude circle that contains a point z with f(z) = 0.

12. You have 60 seconds. Given f(x) = x3+12x−4. Estimate
each of the following. GO. This one probably ended up

on the cutting room floor of
“Minute to Win It”.(a) f( 1

100
)

(b) f(− 1
100

)
(c) f(100)
(d) f(−100)

13. Without using Sketchpad, answer the same questions in
problem 11 but for f(z) = z3 + 12z − 4.

14. Convince yourself and everyone else that this is true:

If f(z) is a polynomial of degree n then there must “Degree n” just means that
the polynomial starts
f(z) = azn + · · ·be at least one complex number z with f(z) = 0

in the complex plane.

15. Use exterior angles to explain why the stuff with the reg-
ular polygons just happened.

16. So the tiling of the two hexagons and the square from the
box didn’t work out. Or did it!
(a) Calculate 1

6
+ 1

6
+ 1

4
. How much more than 1

2
is it?

(b) How many “missing” degrees are there at the vertex? As the Beastie Boys might
say, “Another dimension
another dimension another
dimension another
dimension”.

How many “missing” degrees would there be for 24
vertices?

(c) Is there a tiling with two hexagons and a square at
each vertex? What does it look like?

17. There’s another option: tilings that overlap. For exam-
ple, a tiling of three heptagons (7-sided figures). What
might that look like, and is there any relationship to the
fractions?

18. Use Geometer’s Sketchpad to construct the locus of points It’s a plague of locusts! I
haven’t seen this many
locusts since
nineteen-dickety-two. We
had to say dickety because
the Kaiser had stolen our
word “twenty”.

(x, y), whose distance to the point (1, 0) is α times its
distance to the line x = −1.

19. Consider the function f(z) = z2 − z.
(a) Find a solution to z2 − z = 1 using Sketchpad.
(b) Find a way to use this sketch to build a golden rect-

angle.
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20. Use Sketchpad to approximate the five solutions to x5 +
2x2 + 10 = 0. How many of the roots are real numbers? If the last three digits of

your raffle ticket precede
5309, you win! Claim yo
prize.

21. Use Sketchpad to approximate the four solutions to x4 +
3x2 + 1 = 0. Yes, there are four solutions and not two.
What happens, in general, to even functions? (Tougher:
Find the four roots by factoring.)

22. Track down the solutions to x3−7x2 + 15x−9 = 0. What
does a “double root” look like in the complex plane? How
many solutions does this equation have? Poor Karen Carpenter. . . Ask

Cal to give the punchline.

Review Your Stuff.

Historically, the final day is considered review. Because this is
a self-reflective process of discovery, we think that an end prod- Is there really such a thing

as a “self-reflective process
of discovery”? Yes, there
really is! Don’t believe us?
Ask Google. And don’t
forget to put quotes around
that.

uct of this discovery might be some summarizing questions of
what you might find valuable in this course. We would like these
to get at what you think are important mathematical themes
in the course, and also themes that might apply to what you
teach. We hope this will be a valuable journey, but mostly we
just want you to write two problems on any topics that have
cropped up in the course. We may or may not use your review
questions, depending on how much other material we write and We can’t bust heads like we

used to, but we have our
ways. One trick is to tell
’em stories that don’t go
anywhere, like the time I
caught the ferry over to
Shelbyville. I needed a new
heel for my shoe, so I
decided to go to
Morganville, which is what
they called Shelbyville in
those days. So I tied an
onion to my belt, which was
the style at the time. Now,
to take the ferry cost a
nickel, and in those days,
nickels had pictures of
bumblebees on ’em. “Give
me five bees for a quarter”,
you’d say. Now where were
we? Oh yeah: the important
thing was I had an onion on
my belt, which was the style
at the time. They didn’t
have white onions because
of the war. The only thing
you could get was those big
yellow ones.

on the color of the paper on which you submit your questions.

Tough Stuff.

23. Construct a regular pentagon using the quadratic factor-
ing of x5 − 1, then look for quadratic factorings of other
polynomials in the form xn − 1.

24. Find some connections between what we’ve been doing
with tangent and Taylor series.

25. Use the Taylor series for sinx, cosx, and ex to show that
eiπ + 1 = 0. Woo!

26. What is one possible value of ii? (Use a TI-Nspire in
radian mode.) How on earth would one arrive at such a
thing? Why did we say “one possible value”?

27. Solve this problem then claim your prize:
http://www.claymath.org/millennium/Riemann_Hypothesis/

Don’t forget to give us 50% of your prize.
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PROBLEM

Open this awesome Geometer’s Sketchpad file:
I know my calculus. . . it says
you plus me equals ganas. . .

http://tinyurl.com/comppolygsp

Let’s investigate the function w = f(z) = z3 − 2z2 − 5z + 6. Come on, let’s!

•When we restrict the input z to a very small magnitude
circle, what does the output look like?

•When we restrict the input z to a very large magnitude
circle, what does the output look like?

Embiggen your circle!
Biggen!

•Explain how you know that there must be a magnitude circle
that contains a point z with f(z) = 0.

Amazingly Fantastic Stuff.

1. David says he can use the method of the box problem to
show that, for any polynomial, there is at least one z with
f(z) = 0. He’s just nuts, right?

Your Stuff.

2. A tetrahedron has three of its faces meeting together at
right angles. Find a relationship between the areas of its It’s like a corner of a cube

sliced out. Take that,
Pythagoras!

four faces.

3. Judi, Dan, Cuong and Katherine are walking to 7-11 lo-
cated at point (7, 11) at 7:11 p.m. (on July 11th for free
Slurpees, of course). Dan bet Katherine she couldn’t find Free Slurpees may be

available on other days, but
only in rare circumstances.

the area of the triangle created by our trip from Prospec-
tor (86, 2) to 7-11 at (7, 11) and back to her room (7,−7).
Did she collect? What is the area?

4. Faynna, Joey, and Danielle are standing at the vertices
of triangle FJD. At what point A should Anna stand to
minimize FA+JA+DA? Let L be this minimum distance. Clearly, Anna should stand

at the nearest Chili’s for
FAJADAs. And, no, Anna is
not actually bad, except
possibly in the Michael
Jackson or Domenico
Modugno sense.

Define Anna’s badness, B(A), to be FA+JA+DA. What
does the locus of points of a fixed badness look like? What
if Anna stands outside of triangle FJD? What is the locus
of points with a fixed B(A)2?

PCMI 2011 55



Do not cite or quote, or we’ll be hot with teachers.

You + Me = Us

5. How can you prove that the 120-degree point has the short-
est total distance to the three vertices in a triangle? Does
your proof work for any triangle?

6. Find two non-congruent triangles with integer side lengths
that share the same area, A, and the same perimeter, P .

7. Start with z = 1 + i and graph (sketch) several positive
integer powers of it. Then do the same thing, but starting
with w = 1

2
+ 1

2
i. What is the value of the infinite sum

1 + w + w2 + w3 + · · ·?

8. Find all positive integer solutions to the equation below,
where A ≤ B ≤ C. If you find a connection

between this problem and
others from these sessions,
let us know, because we
looked!

1

A
+

1

B
+

1

C
=

2

3

9. A more general version of the unit fraction problem is

1

x1
+

1

x2
+ · · ·+ 1

xn
=
k

2

where n, k, and all xi are positive integers. Find some con-
ditions on n and k for which this problem has a solution.

10. Go back to problem 5 from Day 13, but now suppose that The four people are friends
so they will be MMMM.
When they have a satisfying
meal, they go MMMM.
Their favorite Crash Test
Dummies song is MMMM
MMMM MMMM. If they
don’t know the words at
karaoke, they MMMM. And
when Heron joins them to
make a pentagon, they go
MMHMM.

Mike, Mariam, Matthew and Monty are arranged in a rect-
angle rather than a square. How does the solution change?
If they are arranged in a general quadrilateral, will the
solution be unique? What if there are five points in an
arbitrary arrangement?

11. Three regular polygons can meet at a point with no over-
lap and no empty space in several ways. But which ones
tessellate the plane?

12. For each regular -gon, find the side length that will make
its area numerically equal to its perimeter.

(a) 3-gon
(b) 4-gon
(c) 6-gon

(d) 8-gon
(e) 12-gon
(f) n-gon

13. Given a specific surface area and volume, how can we find
all the boxes with that surface area and volume? What if
we are restricted to boxes with integer side lengths?

14. Can every Heronian triangle be deconstructed into two
Pythagorean triples?

56 PCMI 2011



Do not cite or quote, or we’ll be hot with teachers.

You + Me = Us

15. On Day 4 we intersected the unit circle y2 + x2 = 1 with
a line of slope m passing through (0,−1). The other in-
tersection with the unit circle could be found in terms of
m, and magical things happened: we could find as many It’s magic! If you squint

hard enough, the hyperbola
transforms into a unicorn.

rational-coordinate points on the unit circle as we wanted!
Repeat this process with the unit hyperbola y2 − x2 = 1
with a line of slope m passing through (0,−1). Find the
other intersection in terms of m and enjoy the magic.

Q

P ( −0,  1)

16. Compute each value. Find all possible answers! DOES NOT COMPUTE.
Meep meep meep.

(a) i2

(b) i3

(c)
√
i

(d) 6
√
i

(e) (3 + 4i)2
(f)

√
3 + 4i

(g)
√

3− 4i

17. Find another complex number whose direction is 60 de-
grees counterclockwise from these given complex numbers,
as seen from the origin. What are the roots of that

thing with two numbers that
add to whatever that thing
is? Eh, you know what we
mean.

(a) 1 + i
(b) 3− 2i
(c) 5
(d) a+ bi

18. Find a third point in the coordinate plane that will com-
plete an equilateral triangle with these given two points. Psst: the last problem might

help you! Or it might not!
OH ho ho ho.

(a) (3, 4) and (4, 5)
(b) (2, 1) and (5,−1)
(c) (3x, 2) and (3x+ 5, 2)
(d) (x, y) and (w, z)
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19. The “taxicab distance” (a.k.a. “Manhattan distance” or
“rectilinear distance”) between any two points in a plane In Park City, the taxicab

distance is usually greater
than the walking distance,
and may even be slower at
night.

is equal to the sum of the absolute differences of their co-
ordinates. If you think of the lattice points on a graph
as being the intersection of streets and avenues, the taxi-
cab distance between two points represents how far a taxi
must go to get from one intersection to another travel-
ling only on the streets and avenues of the plane. The
taxicab distance between (3, 5) and (7, 3) is calculated as
|7 − 3| + |5 − 3| = 4 + 2 = 6. Note that there are sev-
eral paths between the two points that have this minimum
path length.
(a) Jason is a fireman in brand new Gridville, which only Jason wanted to grow up to

be a bow-tie-wearing lounge
singer, or perhaps a night
sky photographer, but both
of these options fell through.
So he’s stuck as a fireman.

has three houses at (1, 4), (6, 1), and (9, 5). Where
should his firehouse be built to minimize the average
taxicab distance to the three houses? This Geometer’s
Sketchpad file may be useful:

http://www.tinyurl.com/taxicabgsp

(b) Two more houses are built in Gridville at locations
(2, 7) and (3, 6). Fortunately, Jason’s firehouse is easily
moved. Where should he move it?

(c) Stop and reflect on where these “best” points are and
how they relate to the locations of the houses. Notice
anything?

(d) A sixth house is built at (6, 6). Find a new firehouse
point for these six houses. And more! How many are
there? Did you find six of them? Wait... why not?! We aren’t sure if Jason is

telling the truth here, or if
his pants are en Fuego.

(e) Farmville crops up nearby with two neighborhoods of
houses. The houses are located at (2, 8), (2, 9), (3, 7)
and (3, 10), as well as at (5, 1), (7, 4), (8, 2), and (10, 5).
Find all the firehouse spots for this set of houses. Good
luck and good night. Or, in Jason’s case, good

morning! Be sure to wake
him up!20. Go back through the previous problem and find firehouse

spots that have the lowest possible maximum taxicab dis-
tance to any house. How are these points related to the
median?
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21. There may or may not exist in the real world a unicorn Man, what were we smoking
when we wrote this
problem? Oh, right, one of
you wrote it.

tetrahedron. These are special tetrahedra defined by hav-
ing integer edge lengths, integer areas of faces, and integer
volumes. If they exist, and you construct one out of pa-
per, you will see a magic unicorn—sparkling with glitter.
Please, please, for all that is good in this world, show that Which Bill are we talking

about? There is Bill and
then there is B̈ill who spells
his name with an umlaut.

in our world, a unicorn tetrahedron exists. Or be cruel and
dash Bill’s hopes and show that they don’t.

22. Is it possible for a clock to have 120 degrees between all
three hands if it is
(a) a continuously-moving second hand?
(b) a clock with discrete second “ticks” (with minute and

hour hands moving incrementally)?

23. Is it possible to spoken-word sing both “Goodnight Irene”
and Jimmy Eat World’s “The Middle” in the span of two
minutes? Gertrude would know the

answer to this.

Our Other Stuff.

24. Yesterday’s arm-waving guy with the accent and the soap
said that for a regular octagon, the shortest path is made
by using the boundary instead of creating interior “Steiner
points”. Do you see any particular reason why this would
be?

25. Go back to Brian’s data from problem 14 on Day 11. Sup-
pose h = mt + b is an attempt at a best fit line and its
badness is measured using the sum of absolute errors. In
the m-b plane, what is the locus of all points (m, b) corre-
sponding the same badness?

26. Jemal asks you to close your eyes and imagine a four-
dimensional hyper-box with dimensions A, B, C, and D. Jemal also asks you to

imagine his driver’s license
expires in 2012, but we
know that’s just fiction.

(He’s really good at this. Ask him how.) Find all possible
dimensions for this hyper-box so that A ≤ B ≤ C ≤ D
are integers, and its four-dimensional hypersupervolumey-
thing has the same numerical value as its total “face-volumes.”
Oof, my head hurts.

27. When’s the next time we’ll see you again? Thanks for
playing and thanks for teaching.
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Welcome to PCMI. We know you’ll learn a lot of mathematics
here—maybe some new tricks, maybe some new perspectives
on things with which you’re already familiar. A few things you
should know about how the class is organized.

• Don’t worry about answering all the questions. If you’re
doing that, we haven’t written the problem sets correctly. Some of the problems have

yet to be solved. Those are
the really fun ones.• Don’t worry about getting to a certain problem number.

Some participants have been known to spend the entire
session working on one problem (and perhaps a few of its
extensions or consequences).

• Stop and smell the roses. Getting the correct answer to a
question is not a be-all and end-all in this course. How
does the question relate to others you’ve encountered?
How do others think about this question?

• Respect everyone’s views. Remember that you have
something to learn from everyone else. Remember that
everyone works at a different pace.

• Teach only if you have to. You may feel the temptation
to teach others in your group. Fight it! We don’t mean
you should ignore people but give everyone the chance to
discover. If you think it’s a good time to teach quadratic
reciprocity, think again: the problems should lead to
the appropriate mathematics rather than requiring it.
The same goes for technology: problems should lead
to appropriate uses of technology rather than requiring it.

• Each day has its Stuff. There are problem categories: Im-
portant Stuff, Neat Stuff, Tough Stuff. Check out Important
Stuff first. All the key mathematics in the course can be
found and developed in Important Stuff. It’s Important Do something really inter-

esting, and maybe every-
one else will be asked to
try it the next day! That also
means we want to hear
about what you’re doing.

Stuff! Everything else is just Neat or Tough. If you didn’t
get through the Important Stuff, we noticed . . . and we’ll
change the course (yes, literally) to account for it. Every
problem set is based on what happened in the previous
set, and what happened in the previous class.

When you get to Problem Set 3, come back and read this Will you remember?
Maybe . . .introduction again.
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Problem Set 1: Shuf’ling Draft. Do not cite or quote, but do drink a metric ton of water today.

Opener

Let’s watch a video. Don’t worry, it’s only like 2 minutes long.

Wait what? Figure out what you can about this. What is this I don’t even.

Important Stu�

1. Does the perfect shuffle work for other deck sizes? If not,
why not? If so, what stays the same and what changes?

2. Evelyn is thinking of a positive integer, and because she’s
a math teacher she calls it x. What information would
you know about x based on each statement?

a. 3x has last digit 4
b. 7x has last digit 4
c. 4x has last digit 4
d. 5x has last digit 4

3. a. What number is 9 · 101 + 9 · 100 + 4 · 10−1 + 4 · 10−2? The little 10 here means the
number is in base 10. Bases
will generally be given when
they seem needed, and
we’ll try not to be confusing.

b. Ben’s favorite number is 802.1110. Write it as a sum
of powers of 10.

4. a. What number is 1 · 33 + 0 · 32 + 2 · 31 + 0 · 30 + 1 · 3−1?
b. Carol’s favorite base-3 number 2110.23. Write it as a

sum of powers of 3. Surely you came to PCMI
armed with your favorite
number in each base.

c. Convert 2110.23 to base 10.

5. Write each number as a decimal. Write each number as a
decimal. Write each number as a decimal. These directions either

terminate or repeat.

a. 1
2

b. 1
50

c. 1
9

d. 2
9

e. 9
9

f. 1
13
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Draft. Do not cite or quote, but do drink a metric ton of water today. Problem Set 1: Shuf’ling

6. Hey, we just met you, and this is crazy; but here’s some
numbers, so make them base three. We missed you so bad. We

missed you so, so bad.

a. 9

b. 13

c. 242

d. 1
9

e. 1
13

f. 1
242

7. Write each number as a base-3 “decimal”.

a. 1
9

b. 1
2

c. 2
2

d. 3
2

e. 1
13

f. 1
242

Neat Stu�

8. Under what circumstances will a base-10 decimal repeat?

9. Under what circumstances will a base-3 decimal repeat?

10. The repeating decimal .002 means .002002002 . . . . But
what number is it? That depends on the base! Ace this
problem by finding the base-10 fraction equal to .002 in
each given base. Psst: You did some work

on base 3 already. Ace this
base problem, and you’ll
see the sine.a. base 3

b. base 4
c. base 5

d. base 7
e. base n
f. base 2?!

11. We overheard Sara and Joe debating about whether or
not the number .99999 . . . was equal to 1. What do you We didn’t hear who was

arguing each side, we
mostly just ran away.

think? Come up with a convincing argument, and if you
already know one, come up with a different one!

12. a. Find all positive integersn so that the base-10 decimal
expansion of 1

n
repeats in 3 digits or less.

b. Find all positive integersn so that the base-3 “decimal”
expansion 1

n
repeats in 4 digits or less.

13. Write 13 and 242 in base
√

3 instead of base 3. Hee hee
hee. Or maybe this turns out to be totally awesome!
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Problem Set 1: Shuf’ling Draft. Do not cite or quote, but do drink a metric ton of water today.

Tough Stu�

14. Aziz has a cube, and he wants to color its faces with
two different colors. How many different colorings are
possible? By “different” we mean that you can’t make
one look like the other through a re-orientation.

15. What about edges?

16. a. Convert 13 to base 3
2 .

b. Convert 13 to base π.
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Draft. Do not cite or quote, but do come to class on time tomorrow! Oh, right. Happy 4th! Problem Set 2: Slhi’unfg

Problem Set 2: Slhi’unfg

Today’s title comes from the
German word for “shuffling”.Opener

Can perfect shuffles restore a deck with 9 cards to its original state? If so,
how many perfect shuffles does it take? If not, why not? Split the cards 5-and-4, and

keep the top card on top.

Important Stu�

1. Working with your table, fill in a whole lot of this table: The file is in the computer!
Oh, only one computer per
table, please.http://www.tinyurl.com/perfectshuffle

2. Find the units digit of each annoying calculation. Put The units digit of 90210 is
0, matching Brenda’s IQ.those calculators away!

a. 2314 · 426 + 573 · 234
b. (46 + 1)(46 + 2)(46 + 3)(46 + 4)(46 + 5) You down with ZPP? (Yeah,

you know me!)c. 714 · 734 · 774 · 794

3. Find all possible values for the units digit of each
person’s positive integer.

a. Amy: “When you add 5 to my number, it ends in
a 2.”

b. Brandon: “When you multiply my number by 3, it
ends in a 7.”

c. Carmen: “When you multiply my number by 6, it
ends in a 4.”

d. David: “When you multiply my number by 5, it ends
in a 3. Yup.”

4. Unlike “base 10”, in mod 10 the only numbers are the
remainders when you divide by 10. In mod 10, 6 + 5 = 1 This is sometimes called

modular arithmetic. Clock
arithmetic is mod 12. Four
hours from now, it will be
four hours later than it is
right now.

That last one says box to
the fourth power, by the
way.

because 1 is the remainder when 6 + 5 is divided by 10.
Answer all these questions in mod 10.

a. 2 + 2 =

b. 3 · 4 =

c. + 5 = 2

d. 4 · = 2

e. 5 · = 3

f. 4 = 1

5. Repeat the previous problem, except this time do the Good news: there are only
7 numbers in mod 7. Bad
news: in mod 7, every
Monday is the same.

arithmetic in mod 7 instead of mod 10.
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Problem Set 2: Slhi’unfg Draft. Do not cite or quote, but do come to class on time tomorrow! Oh, right. Happy 4th!

6. Go back to the big table that we all filled in together. Some examples of bad
patterns:

“I noticed that most of the
values in the table were
numbers.”

“All the digits in the table
could also be found on a
computer keyboard.”

“Some of the numbers in
the table were bigger than
others, while others were
smaller.”

“The leftmost column
increased by 1 each time.”

“Purple Gingham.”

“New Mexico got to have the
first two columns because
they’re in a different time
zone.”

We’ve provided some blank
space below for you to write
your own bad patterns . . .

What patterns do you notice?

Neat Stu�

7. Write each fraction as a base-10 decimal.

a.
1
5

b.
1

25

c.
1
7

d.
3
7

e.
2
7

f.
6
7

g.
1

13

h.
2

13

8. Write each base-10 fraction as a base-3 decimal. Some of
the answers are already given, in which case—awesome!

a.
1

13
= 0.0023

b.
2

13

c.
3

13

d.
9

13

e.
10
13

f.
1
7

= 0.0102123

g.
3
7

h.
9
7

i.
6
7

9. Write the base-10 decimal expansion of

1
142857

10. Marvin wonders what kinds of behavior can happen
with the base-10 decimal expansion of 1

n
. Be as specific

as possible!

11. If 1
n

terminates in base 10, explain how you could You now know the entire
plot of the horrible movie
Terminator 1/4: 0.25 Day .

determine the length of the decimal based on n, without
doing any long division.

12. Robyn wonders what kinds of behavior can happen with
the base-3 decimal expansion of 1

n
.
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Draft. Do not cite or quote, but do come to class on time tomorrow! Oh, right. Happy 4th! Problem Set 2: Slhi’unfg

13. We overheard Sara and Joe still yelling about whether A little ditty, bout Sara and
Joe. Two mathematical kids
doin’ the best that they
know.

or not the number .99999 . . . was equal to 1. Is it? Be
convincing.

14. a. Suppose ab = 0 in mod 10. What does this tell you
about a and b?

b. Suppose cd = 0 in mod 7. What does this tell you
about c and d? It tells you that a through d

hog the spotlight too much.
No love for the middle of the
alphabet in algebra.15. Investigate shuffling decks of cards into three piles

instead of two. What are the options? Does it “work” like
it does with two piles?

16. a. Investigate the base-10 decimal expansions of n
41 for

different choices of n. What happens?
b. Investigate the base-3 expansions of n

41 for different The fraction n
41 is still in

base 10 here, so don’t
convert 41 to some other
number.

choices of n. What happens?

17. a. Find all positive integersn so that the base-10 decimal
expansion of 1

n
repeats in exactly 4 digits.

b. Find all positive integersn so that the base-3 “decimal”
expansion of 1

n
repeats in exactly 5 digits.

18. Write 223 and 15.125 in base 2. Then write them in base√
2. How cool is that?! While this problem is

cooler than most math, the
Supreme Court recently
ruled that math cannot
actually be cool.

Tough Stu�

19. Aziz has a cube, and he wants to color its faces with
two different colors. How many different colorings are
possible? By “different” we mean that you can’t make
one look like the other through a re-orientation.

20. Barbara has an octahedron, and she wants to color its
vertices with two different colors. How many different
colorings are possible? By “different” we mean that
you can’t make one look like the other through a re-
orientation.

21. What about edges? Edges? Edges? We don’t
need no stinkin’ edges!

22. Find all solutions to x2 − 6x+ 8 = 0 in mod 105 without
use of any technology. There’s probably more.

PCMI 2012 7



Table for Problem Set 3

This table gives the number of shuffles necessary to
restore an n-card deck to its original state using the
shuffling style from Problem Set 1.

# cards # shuffles

4 2
6 4
8 3

10 6
12 10
14 12
16 4
18 8
20 18
22 6
24 11
26 20
28 18
30 28
32 5
34 10

# cards # shuffles

36 12
38 36
40 12
42 20
44 14
46 12
48 23
50 21
52 8
54 52
56 20
58 18
60 58
62 60
64 6
66 12



Draft. Do not cite or quote, but do bring an umbrella in case of ash showers! Problem Set 3: Suln’hfig

Problem Set 3: Suln’hfig

Today’s title is a rejected
name of a Sesame Street
character. The character’s
real name is much harder to
spell. Wait, no, it’s actually
the Klingon word for killing
someone while shuffling.

Opener

With an even number of cards, there is a different way to do a “perfect shuffle”
by starting from the bottom half instead of the top. For example,

123456⇒ 415263

What changes? Determine the number of shuffles needed for different
deck sizes.

Important Stu�

1. What’s the difference between mod 7 and base 7? Write
a brief explanation (with a numerical example) that a
middle-school student could understand.

2. Using the shuffle from today’s opener, describe the path Except for holidays and
weekends, we seem to be
shuffling at least once in
each 24-hour period.

taken by the top card when you repeatedly shuffle an
eight-card deck.

3. These are the entire tables for addition and multiplication
in mod 7. FINISH THEM!!! MODALITY! Sub-zero

equals six. But only in mod
7. Get it? Whatever.+ 0 1 2 3 4 5 6

0
1
2 5
3
4
5 0
6 5

× 0 1 2 3 4 5 6
0
1
2 6
3 0
4
5 3
6 1

4. Use the tables you built to find all solutions to each A Higgs boson walks into a
church. “What are you doing
here?” asks the priest. “You
can’t have mass without
me!” replies the Higgs
boson.

equation in mod 7. Some equations may have more than
one solution, while others may have none.
a. 5 + a = 4
b. 4 · b = 3
c. (5 · c) + 6 = 1
d. d2 − 4 = 0
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Problem Set 3: Suln’hfig Draft. Do not cite or quote, but do bring an umbrella in case of ash showers!

5. a. Build addition and multiplication tables for mod 10.
b. Solve the four equations from Problem 4 in mod 10.

6. a. Are there negative numbers in mod 7? Does any
number behave like −1? Sub-zero says hi.

b. Are there perfect squares in mod 7? How many?
c. Are there powers of 2 in mod 7? How many? The number 1 is a power of

any positive integer b, since
b0 = 1.7. a. Gabriel is calculating the powers of 3 in mod 100.

Compute the next three entries in the sequence. DOES NOT COMPUTE . . .
OH WAIT IT TOTALLY
DOES. Figure out how to
do this without calculating
37 = 2187.

1, 3, 9, 27, 81, 43, 29 . . .

b. Compute the sequence of powers of 3 in mod 3. Uhh.
c. Gail declares that mod 3 wasn’t very interesting, and

demands that you compute the sequence in mod 7. Gail = Gabriel + US - rebus!

Neat Stu�

8. Jason handed us a cute blue Post-It that said: It was both very much like
and very much unlike a
Smurf.102 + 112 + 1102 = 1112.

a. Surely the numbers 10, 11, 110, and 111 in the note
are in base 2. Check to see if the statement is true in
base 2.

b. Hey wait, maybe those numbers are in base 3. Check
to see if the statement is true in base 3.

c. Oh, hm, maybe it was in base 4.
d. Sorry, it was actually in base n. What!

9. a. Find all the powers of 3 in mod 9. Oh, that was
exciting.

b. Find all the powers of 2 in mod 9.

10. a. If n > 2, is it possible for every number to be a power
of 2 in mod n?

b. If n > 2, is it possible for every number except 0 to be
a power of 2 in mod n? Alright, part (b) kind of gives

away the answer to part (a)
here.11. Euler conjectured that it takes at least k kth powers to

add up to another one. For example, 32 + 42 = 52 but you
need three cubes to add up to another cube. In the 1960s
this was finally disproven:
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Draft. Do not cite or quote, but do bring an umbrella in case of ash showers! Problem Set 3: Suln’hfig

1335 + 1105 + 845 + 275 = n5

Without a calculator, and hopefully without multiplying
it all out, find the value of n.

12. In the opener, we said you could only do this other We finally found the Higgs
boson, so now we can
redirect all efforts on finding
that darn Waldo.

shuffle with an even number of cards. We lied. Figure
out how to do today’s shuffle with an odd number of
cards. What do you notice?

13. Arielle, Becky, and Chelsea were standing in Tuesday’s
ridiculous lunch line and had an idea. If any two neigh-
bors switch places, it would create a different arrange-
ment... like

ABC⇒ ACB

They decided to make a big graph of all six ways they Note that only neighbors
may switch places. Arielle
and Chelsea can trade
places, but not as the first
move.

could be arranged, and all the connections that could
lead from one way to another. Your turn!

14. Darren gets in the back of the line behind Arielle, Becky,
and Chelsea, and they realize they’re going to be stuck
making a much larger graph. Good luck! This graph will contain lots

of little copies of the last
graph! Neat.15. If a number can be represented as a repeating decimal

in base 10, does it have to be a repeating decimal in
every other base? If yes, explain why. If no, are there any
particular bases in which it must be a repeating decimal?

16. Today is 7/5/12, and 7 + 5 = 12. Oh snap!
a. How many more times this century will there be

a day like this? By this we mean the next one is
August 4, 2012. And the last one is . . . later

than the others?b. How many times will Buck Rogers in the 25th
Century see a day like this? You may assume that
Buck Rogers arrives on January 1, 2401 and remains
alive through the entire century. Wow, that is a really cool

answer!c. How can the second answer help you check the first?

17. Predict the length of the base-10 repeating decimal
expansion of 1

107 , then see if you were right.
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Problem Set 3: Suln’hfig Draft. Do not cite or quote, but do bring an umbrella in case of ash showers!

Tough Stu�

18. Predict the length of the base-2 repeating decimal expan-
sion of 1

107 , then see if you were right.

19. For even n, the maximum number of perfect shuffles A Higgs boson walks into
a bar. “Want a drink?”
asks the barman. The
Higgs boson doesn’t reply,
because it’s a Higgs boson,
not a person.

needed to restore a deck with n cards to its original state
appears to be n− 2. Find a rule that tells you when an n-
card deck will have the maximum number of necessary
perfect shuffles.

20. It’s p-adic number time! Every 2-adic positive integer looks Where he at, where he
at . . . p-adic numbers,
p-adic numbers, p-adic
numbers with a baseball
bat!

like it normally does in base 2, except it has an infinite
string of zeros to the left. For example

7 = ...000000000000000111.

a. Verify that 7 + 4 = 11 using 2-adic arithmetic.
b. What about subtraction? Try 4 − 3, and then try 3 − 4. Oh man are you going

to have to do a lot of
borrowing!

c. Compute the sum

...111111111111111. + ...0000000000001.

d. Compute this sum using 2-adic arithmetic:

1 + 2 + 4 + 8 + 16 + · · ·

21. Judy’s favorite number is the golden ratioφ = (1+
√

5)/2
and the other Judy loves to do arithmetic in base φ.
The only problem is that even if the only allowable
digits in base φ are 0 and 1, not every number has a
unique representation. Prove that every number has a
unique base-φ representation if two consecutive 1s are
disallowed.

22. a. Find all solutions to x2 − 6x + 8 = 0 in mod 105
without use of any technology. There’s a lot of them.

b. Find all solutions to x2 − 6x + 8 = 0 in mod 1155
without use of any technology. Tell you what, we’ll give you

two solutions: x = 2 and
x = 4. See, now it’s not
nearly as tough.
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Draft. Do not cite or quote, but do search for "Everyday I’m Snufflin" on YouTube! Problem Set 4: Shuf’ling Shuf’ling

Problem Set 4: Shuf’ling Shuf’ling

Opener

Write down all the powers of 2 in mod 17. Write down all the powers of 2 On Monday, perfect shuffles
were like the McDLT: the top
card stayed on top, and the
bottom card stayed on the
bottom. Thursday’s perfect
shuffles were more like the
McRib, since they made
everything move. Wow,
what a horrible analogy.

in mod 13.

Perform Thursday-style shuffles on a 16-card deck, tracking the position
of the first card. Do it again for a 12-card deck.

Important Stu�

1. Complete this table.

n Powers of 2 in mod n Cycle Length

7 1, 2, 4, 1, 2, 4, 1, . . . 3
9

11
13
15
17
19
21
23
25
27

2. If you perform Thursday-style shuffles on a 24-card deck, MORE shuffling? Oh man,
in all possible time spans,
we’re shuffling.

what positions will the top card take?

3. a. Kathryn has a deck of 12 cards. Write out the order
of her cards after a few of the Monday-type shuffles.

1 2 3 4 5 6 7 8 9 10 11 12

b. Kathy has a deck of 12 cards. Write out the order of
her cards after a few of the Monday-type shuffles.

0 1 2 3 4 5 6 7 8 9 10 11
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c. Kathi has a deck of 10 cards. Write out the order of
her cards after a few of the Thursday-type shuffles.

1 2 3 4 5 6 7 8 9 10

d. Why might you want to number the cards starting
from 0 or 1 for a particular type of shuffle? Does
anything change with an odd number of cards? Girl look at those numbers.

They work out!

4. What are the powers of 2 in mod 51?

5. Explain why, in the 52-card deck we saw on Monday, the
second card in the deck returns to its original position in
8 shuffles. It’s times like you would

think a Shufflebot would be
useful. Sadly, Shufflebot is
only programmed to dance
and to apologize.

Neat Stu�

6. Perform Thursday-style shuffles on a 20-card deck and
track where each card goes. Complete this table.

Card
Positions

Cycle Card
Positions

Cycle
No. Length No. Length

1 11
2 12
3 13
4 4, 8, 16, 11, 1, 2, 4, . . . 6 14
5 15
6 16 16, 11, 1, 2, 4, 8, 16, . . . 6
7 17
8 18
9 19

10 20

7. All 52 cards from the deck we saw on Monday have a
cycle. List all 52 cycles. Maybe there is some way to do it
without listing the entire cycle for every single card?

8. Really, aren’t you sick of calling these Monday and The worst possible names
for these shuffles are
SkyBlu and Redfoo.

Thursday shuffles? What should we call them? Best
names win!
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9. The last problem set asked you to find the perfect squares
and powers of 2 in mod 7.
a. You can build a multiplication table to find all the

perfect squares in mod 15, but there might be other
ways. How many perfect squares are there in mod
15?

b. Refer to Problem 1. How many powers of 2 are there
in mod 15? Compare to the result from

Problem 6 from Day 3.

10. Our favorite repeater, 1
7 , can be written as a “decimal”

in each base between base 2 and base 10. Find each
expansion and see if they have anything in common.

11. Corey, Debbie, and Erik are waiting in line, wondering
if they can get to any arrangement through these two
rules:
• The person in the back of the group may jump to the

front: XYZ⇒ ZXY Swaps, swaps, swaps!
Swaps swaps swaps!• The two people at the front of the group may swap

places: XYZ⇒ YXZ

Kan all six possible arrangements be made? Make a Sorry for party typo. Or is
it? Perhaps it completes a
phrase. Fun fact: LMFAO
won the Kids’ Choice award
for Favorite Music Group,
forcing them to declare their
name stood for Loving My
Friends And Others.

graph illustrating the options.

12. Fred joins the back of the group. Under the same rules,
decide whether or not all 24 possible arrangements can
be made, and make a graph illustrating the options.

13. So 28 = 1 in mod 51. All this actually proves is that the
first moving card returns to its original position after 8
shuffles. Complete the proof by showing that every other
card also returns to its original position after 8 shuffles.

14. Sometimes while shuffling, the deck completely flips. Flipping your deck while
shuffling sounds like one of
the greatest breakdancing
moves ever. Breakdancing
hasn’t been the same since
they cancelled production
on Breakin’ 3: The Booga-
loo Kid.

Flipping your deck while
shuffling sounds like one of
the greatest breakdancing
moves ever. Breakdancing
hasn’t been the same since
they cancelled production
on Breakin’ 3: The Booga-
loo Kid.

When this happens, all cards appear in reverse order
(except for the end cards when using a Monday-style
shuffle). Some people observed that when this happens,
that was a halfway point to the shuffling. Is this true?
Explain why or why not.

15. When using Thursday-style shuffles, for what deck sizes
does the deck completely flip?
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16. Monday’s 52-card shuffle didn’t have a flipped deck at 4
shuffles, because we would have noticed that. But does
anything interesting happen at the 4th shuffle? Look The observation here may

be easier with two decks of
cards; one to shuffle, and
one to leave in the original
setup.

carefully and compare the deck after 4 shuffles to the
original deck. Can you explain why this happens?

17. Find a mathematical equation that is true in mod 2 and
mod 3, but not true in general.

18. Find a mathematical equation that is true in mod 2, mod Psst: you can skip mod 2.
Why?3, mod 4, and mod 5, but not true in general.

19. Investigate any connection between the number of
powers of 2 in prime mods and the number of powers of
2 in composite mods. Look for an explanation or proof
of what you find.

20. It’s p-adic number time! In 3-adic numbers, non-negative Aww yeah! The p-adic
numbers make as much
sense as most LMFAO
videos.

integers are written in base 3 with leading zeros:

16 = ....00000000000121.

a. Try 16 − 9. Hey, that wasn’t so bad!
b. Try 16 − 17. Oh dear.
c. What is the value of 1 + 3 + 9 + 27 + 81 + · · · ?

Tough Stu�

21. The length of the repeating decimal for 1
2 in base p, where The first person to find and

prove this will receive a
champagne shower! Offer
expires 7/5/2012.

p is prime, is sometimes even and sometimes odd. When?
Find a rule and perhaps a proof even?

22. For what primes p is there an even length of the repeating
decimal for 1

5 in base p?

23. For what primes p is there an even length of the repeating
decimal for 1

10 in base p?

24. Determine and prove the Pythagorean Theorem for p-
adic numbers, or decide that this problem is completely
bogus and there is no such thing. It’s mathy and you know it.
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Problem Set 5: Super Bowl

Opener

Complete this table. Don’t worry, none of it is in base 2. Long division is
fun! While it’s a good idea to split the work among one another, please
don’t use any technology in this work or you may miss some big ideas. We are the PCMI Shufflin’

Crew. Shufflin’ on down,
doin’ it for you.

Jokes so bad we know we’re
good. Blowin’ your mind like
we knew we would.

You know we’re just shufflin’
for fun, struttin’ our stuff for
everyone.

Fraction Decimal representation # of repeating digits

1/3 0.333 1

1/5 0.2 n/a

1/7 0.142857 6

1/9

1/11

1/13

1/15

1/17

1/19

1/21

1/23

1/25

1/27

Important Stu�

1. a. When doing long division, how can you tell when a In other words, when do you
get to say “I’m done!” with
these problems? I suppose
you could really say that
right now, but that’s no fun,
is it? Get back to work!!

decimal representation is about to terminate?
b. How can you tell when a decimal representation is

about to repeat?

2. Explain why the decimal representation of 1
n

can’t have
more than n repeating digits. Is there a better upper

bound than n digits?
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3. Find all solutions to each equation in mod 10. In mod 10, the only num-
bers are 0 through 9. For
example, 6 + 5 = 1. Fridge’s
number changes to 2, but
McMahon gets to keep his
9.

a. 0x = 1
b. 1x = 1
c. 2x = 1
d. 3x = 1
e. 4x = 1

f. 5x = 1
g. 6x = 1
h. 7x = 1
i. 8x = 1
j. 9x = 1

4. a. Complete this multiplication table for mod 8 arith-
metic. In mod 8, Fridge would be

especially unhappy to see
his number changed to 0,
since he’d be stuck wearing
the same number as the
punter with the cowbell and
Panama hat.

× 0 1 2 3 4 5 6 7
0
1
2 6
3 0
4
5
6 4
7 1

b. How many 1s did you see in your table above? Don’t include the ones on
the sidelines.

5. Numbers can multiply with other numbers to make 1! It
happens, but not always. Whenever this happens, both
numbers are called units.

a. If you’re working just with integers, what numbers When working with integers
only, 5 is not a unit, since
5× 1

5 = 1. But . . .
are units?

b. If you’re working just with rational numbers, what
numbers are units?

c. If you’re working in mod 10, what numbers are
units?

d. List all the units in mod 8. The “Shufflin’ Crew Band”
and “Shufflin’ Crew Chorus”
do not count as additional
units.

e. List all the units in mod 15.

6. Pick some more mods. Try to determine rules for what
numbers are units in modm, and how many units there
are. Keep picking more mods until you have a feel for it. “A Feel For Units” was

narrowly rejected as the title
for Chaka Khan’s greatest
hit.
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Neat Stu�

7. What size decks will get restored to their original order I’m Samurai Mike I stop’em
cold. Part of the defense,
big and bold.

I’ve been jammin’ for quite a
while, doin’ what’s right and
settin’ the style.

Give me a chance, I’ll rock
you good, nobody messin’
in my neighborhood.

(This man went on to coach
the 49ers.)

after exactly 10 Thursday-style shuffles (and not in any
fewer number of shuffles)?

8. a. How many units are there in mod 9? Call this
number “Bond”.

b. Build a multiplication table for mod 9 but only include
the units. This multiplication table’s size will be Bond-
by-Bond.

c. Shuffle an 8-card deck using Thursday’s shuffle style,
and list the positions of all the cards at each shuffle.
Look for something interesting! Fun Fact: Da Bears were

nominated for a Grammy
award for their performance,
and they remain the only
professional sports team
with a Top 41 hit single.
(Wait, there’s a Top 41
now?)

9. Can a power of 2 be a multiple of 13? Explain.

10. Multiply out these expressions.

(2a − 1)(1 + 2a + 22a + 23a + · · ·+ 2(b−1)a) = ?

(2b − 1)(1 + 2b + 22b + 23b + · · ·+ 2(a−1)b) = ?

What does that tell you about 2n − 1 when n has factors?

11. Find the three prime factors of 214 − 1 astoundingly
quickly, by hand.

12. That thing this morning. How’d we do that? How’d we do what? You
know what. The thing, with
the thing.13. With one per table, people picked 14 cards today for our

magic trick.
a. Why isn’t it a good idea to ask the question “What What is the probability that

the New England Patriots
won the 1985 Super Bowl?

is the probability that at least two groups picked a
duplicate card?”

b. If you draw 14 cards from a deck, with replacement,
what is the probability that you pick a duplicate
card?

14. What size decks will get restored to their original order I’m mama’s boy Otis, one of
a kind. The ladies all love
me for my body and my
mind.

I’m slick on the floor as I
can be, but ain’t no sucker
gonna get past me.

after exactly 14 Thursday-style shuffles (and not in any
fewer number of shuffles)?

15. Determine all deck sizes that can be restored to their
original order in 15 or fewer shuffles, and the specific
number of shuffles needed for each.
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16. Nicole, Amanda, Peggy, and Shaffiq are waiting in line,
wondering if they can get to any of their 24 possible
arrangements through these two rules:
• The person in the back of the group may jump to the

front: NAPS⇒ SNAP Oh, SNAP!

• The person in the third position may switch with the
person in the first position: NAPS⇒ PANS

Can all 24 possible arrangements be made? Make a graph Hey I’m Bowen, from EDC.
I write books called CME.

I stay up late most every
night, writin’ problems that
come out right.

I add numbers fast, just like
magic, but my hairline is
getting tragic.

You all got here on the
double, so let’s all do the
PCMI shuffle . . .

illustrating the options.

17. It’s p-adic number time! Here are two interesting 10-adic
numbers, and we’re only going to show you their last six
digits. (There are more digits to the left, feel free to try
and figure out what they are.)

x = ....109376.

y = ....890625.

a. Calculate x+ y.
b. Calculate the product xy.
c. Calculate x2 and y2.
d. How crazy are the p-adic numbers?! Willie Nelson? Patsy Cline?

Aerosmith? Britney Spears?
Gnarls Barkley? Eddie?
Horse? Madonna is crazy
for U(n).

Tough Stu�

18. Let n be an integer. Let U(n) be the set of all deck
sizes that are restored to its original order after exactly,
and no fewer than, n Thursday-style shuffles. (You can
disregard trivial decks with 0 or 1 cards.) In Problem 7,
you calculated U(10). My name’s Darryl, I’m from

LA. I work with math most
ev’ry day.

I love to laugh, I love to eat,
my Mathematica programs
can’t be beat.

I’ve taught kids of every age,
now I’m in Park City writin’
page by page.

I’m not here to fuss or
fumble, I’m just here to
do the PCMI Shuffle . . .

a. Prove that U(n) is never empty: there is always
some deck for which n shuffles is the lowest possible
number.

b. For which n does U(n) contain only one element?

19. a. For n = 1 through n = 7, find all n-digit numbers
who last n digits match the original number. For
example, 252 = 625, ending in 25.

b. Find a connection between this and the p-adic
numbers, or decide that there is no such connection.

20 PCMI 2012



Draft. Do not cite or quote, but do remember to kick it out four times. Problem Set 6: Cupid

Problem Set 6: Cupid

Pre-Important Stu�

Wait what, Pre-Important
Stuff? We’re pregaming and
it’s only 8 am, that’s big
trouble.

Don’t forget tonight is Pizza
and Problem Solving. You’ll
have a good time. Or, at a
minimum, pizza.

1. a. Find the repeating decimal for
1

41
. List all the re-

mainders you encountered during the long division,
starting with 1 and 10.

b. Write
100
41

as a mixed number.

c. Find the repeating decimal for
18
41

. List all the re-

mainders you encountered, including 1 and 10.

d. Find the repeating decimal for
1

37
. List them remain-

ders!

e. Find the repeating decimal for
1

27
. Coolio.

No, it’s not Coolio, the guy’s
name is Cupid. He even
named the dance after
himself, which seems a
little presumptuous.Opener

Complete this table. Splitting up the work is a great idea, but please do it
without fancy spreadsheets or computer programs.

→ Reminder: You don’t
have to calculate 105 to
figure out the 4 in this row.
Since you already know the
previous 3 is equal to 104

in mod 13, you can use
3 × 10 = 30 = 4 mod 13.
It’s super helpful! Also, be
careful of Cupid’s arrows.
This arrow points to the
right, to the right.

You’re going to have to walk
it by yourself, walk it by
yourself.n Powers of 10 in mod n Cycle Length

41
37
3
7
9
11
13 1, 10, 9, 12, 3, 4, 1, . . . 6
17
19
21
23
27
29
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Important Stu�

2. Consider the numbers n in the opener. Find all n among
the list that are . . .

a. . . . factors of 9. Ferris has been absent
9 times. 9 times? NINE
TIMES.

I got 99 factored, and 7 ain’t
one.

Appropriate Beatles song:
Number Nine.

Appropriate Nine Inch Nails
song: 999999.

b. . . . factors of 99 but not of 9.

c. . . . factors of 999 but not of 9 or 99.

d. . . . factors of 9999 but not of 9, 99, or 999.

e. . . . factors of 99999 but not of 9, 99, 999, or 9999.

f. . . . factors of 999999 but not of . . . alright already.
What’s up with that? Ooooo weeeee, what up

with that, what up with that!

3. Calculate each of the following. You may also want to
look back at Problem Set 5.
a. 999999÷ 7
b. 999999÷ 13
c. 99999÷ 41 ⇒ Only five 9s this time!

Cupid’s arrow still points to
the right, to the right.d. 999999÷ 37

4. Complete this table. A number x is a unit in mod n if

←Was that just a Sneakers
reference? I guess it is now!
To the left, to the left.

there is a number y such that xy = 1. Yesterday we You can say x is relatively
prime to n, which is totally
different than saying that x
is optimus prime.

noticed that this is also the list of numbers in mod n that
have no common factors with n.

n Units in mod n # units in mod n
8 1, 3, 5, 7 4

15 1, 2, 4, 7, 8, 11, 13, 14 8
25
30
49 too many units

5. How many units are there in mod 105? Counting them
all would be a little painful.

6. Karen points out that the list of units in mod 15 contains
2 and 7, and 2× 7 = 14 is also a unit.
a. Solve 2a = 1 and 7b = 1 in mod 15.
b. What is the value of 14ab in mod 15?
c. Explain why, if x and y are units in mod 15, then xy

is also a unit.
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7. Kieran points out that the list of units in mod 15 includes
powers of 2: 1, 2, 4, 8.

a. Write a complete list of all the powers of 2 in mod
15. OK! OK, Cupid? OKCupid’s

website says “We use math
to get you dates”; its founder
has a math degree. The
More You Know . . .

b. Explain why, if x is a unit in mod 15, then x2 is also a
unit.

c. Same for xp for any positive integer power p.
d. Why won’t there just be billions of units if you can

take any unit to any power p and make another one?

Neat Stu�

8. Donna asks what size decks will get restored to their
original order after exactly 10 Thursday-style shuffles
(and not in any fewer number of shuffles).

9. Jen asks for what n does the decimal expansion of 1
n For example, 1

15 = 0.06
does not immediately
repeat.

have an immediate repeating cycle of 10 digits and no
fewer?

10. Let S = {1, 2, 3, 4, 5, 6, 7, 8} be an ordered list in mod 9.
a. Find a numberM such that 2M = 1 in mod 9.
b. CalculateM ·S in mod 9. Keep everything in its original

order.
c. CalculateM2S in mod 9. ⇐M2S can also be used to

send pictures to someone’s
phone. For large k, MkS
indicates that several
people enjoyed a meal. To
the left, to the left.

d. Calculate MkS in mod 9 for all k until something
magical happens, then look back to see just how
magical it is.

11. a. What are the units in mod 11?
b. Which of the units in mod 11 are perfect squares?

Which are not perfect squares? In mod 11, 5 is a perfect
square because 4 · 4 = 5.
It’s not the same in mod 13!

c. What are the units in mod 13?
d. Which of the units in mod 13 are perfect squares?

Which are not perfect squares?

12. a. There are 16 units in mod 17. Of them, make a list of
the eight that are perfect squares and the eight that
are not.

b. If x and y are perfect squares, is xy a perfect square...
always? sometimes? never?
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c. If x is a perfect square and y isn’t, is xy a perfect
square... always? sometimes? never?

d. If neither x nor y is a perfect square, is xy a perfect
square... always? sometimes? never? I get stupid. I shoot an

arrow like Cupid. I’ll use
a word that don’t mean
nothin’, like looptid. Hey,
that guy named the dance
after himself, too!

13. In shuffles, there are values of k for which there is only
one deck size that restores in k perfect shuffles and
no fewer. Are there values of k for which there is only
one denominator n such that 1

n
has a k-digit repeating

decimal?

14. A repunit is a number made up of all ones: 11111 is a
repunit. Investigate the prime factorization of repunits,
and determine the values of k for which the k-digit
repunit is prime.

15. Hey, we skipped n = 15 in the opener. What’s up with
that? Well . . . I said, ooooo weeeee, what

up with that, what up with
that! Ooooo weeeee, what
is up with that!

Well, looks like we’re out of
time.

a. What is the length of the repeating portion of the
decimal representation of 1

15?
b. What is the smallest positive integer n for which

10n = 1 in mod 15?
c. Aren’t your answers for the previous two problems

supposed to match? Figure out what’s going on and
rectify the situation.

Tough Stu�

16. a. Expand (x− 1)(x− 2)(x− 3) · · · (x− 6) in mod 7. Turns out lots of people
get to name dances af-
ter themselves, including
Dougie, Hammer, Urkel,
Freddie, Macarena, Bat-
man, Bartman, Pee-Wee,
Ben Richards, and, of
course, Carlton.

b. Calculate 16, 26, 36, . . . , 66 in mod 7.
c. For p prime and x 6= 0, prove xp−1 = 1 in mod p.

17. Turns out you can move the top card in a 52-card deck
to any position, with a lot less than 52 shuffles. You just
need a sequence of both Monday-style and Thursday-
style shufflin’ shufflin’. Find a method for moving the
top card to any desired position in the deck with six or
fewer shuffles.
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Problem Set 7: Slurpee Mix

Opener

Behold!

n 2n − 1
Factors of 2n − 1 Deck sizes restored Deck sizes restored

(less than 100) by n out-shuffles by n in-shuffles
1 1 1 2 —-
2
3 7 1, 7 8 6
4
5
6
7
8 255 1, 3, 5, 15, 17, 51, 85 18, 52, 86 16, 50, 84
9

10 1023 1, 3, 11, 31, 33, 93 12, 34, 94
11

Important Stu�

Hey, me just met you, and
this is crazy, but you got
Slurpee, so share it maybe?

1. Working with your table, fill in a whole lot of this table: Any table caught violating
the instructions in the
spreadsheet will be forced
to listen to the Super Bowl
Shuffle on infinite repeat.

http://www.tinyurl.com/numberofunits

A number x is a unit in mod n if there is a number y such
that xy = 1. This is also the list of numbers in mod n that
have no common factors with n.

2. What do these equations have to do with
1

13
?

Oops, we didn’t finish it all!
For a colorful version, see
the online class notes. If
you’re already looking at the
online class notes, please
stop reading this sentence...
now. (Good.)

1 = 0 · 13 + 1
10 = 0 · 13 + 10

100 = 7 · 13 + 9
90 = 6 · 13 + 12

120 = 9 · 13 +

= 2 · 13 +

= · 13 +

Finish the equations, then use the same method to find

the decimal expansions of
2

13
and

1
7 · 11

.
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3. a. List the powers of 10 in mod 7 · 11: I’m at the Pizza Hut, I’m
at the Taco Bell. I’m at the
Taco Bell, I’m at the Pizza
Hut. I’m at the permutation
Pizza Hut and Taco Bell!

1, 10, . . .

b. How long is the repeating decimal for
1

7 · 11
?

c. Explain why the length of the repeating decimal for
1
n

is the same as the length of the cycle of powers of

10 in mod n.

4. Complete this table with help from techmology. Woooooww!

n # units in mod n 2(# units in mod n) in mod n 10(# units in mod n) in mod n
13
17
21
41
51

7 · 11

What implications does this table have for shuffling cards Yo. Science, what is it all
about. Techmology. What is
that all about? Is it good, or
is it wack?

and repeating decimals?

Neat Stu�

5. Suppose you know that in mod n, there’s a number x 6= 1
that makes x10 = 1.
a. Find some other integers k for which you are com-

pletely sure that xk = 1. There are four different 7-
11s in Park City. Plenty of
places to get free Slurpees.

b. Find some integers k < 10 for which it is possible that
xk = 1.

c. Find some integers k < 10 for which it is definitely
impossible that xk = 1.

6. Suppose you know that in mod n, ab = 1 and cd = 1.
a. Explain why a,b, c, and d are all units in mod n.
b. Find something that solves this equation: This proves that the product

of two units is a unit.

(ac) · ( ) = 1

c. Find something that solves this equation: This proves that the power
of a unit is a unit, and the
daughter of a Zappa is also
a unit.

(ak) · ( ) = 1

26 PCMI 2012



Draft. Do not cite or quote, but do remember to mix and shuffle flavors! It’s Free Slurpee Day (11am-7pm)!!! Problem Set 7: Slurpee Mix

7. Let H = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} in mod 11. Wait, Problem 7 is about
mod 11? Boom goes the
dynamite.a. Find a number A such that 2A = 1 in mod 11.

b. Calculate A · H in mod 11. Keep everything in its
original order.

c. Calculate A2H in mod 11. ⇐ A2H indicates that
you’re at the dentist after
too many Slurpees. For
large k, AkH indicates that
zombies are nearby.

d. Calculate AkH in mod 11 for all k until something
magical happens.

8. Kathi suggests you recheck your work from Problem 3
on Set 4. Notice anything?

9. a. There are 6 units in mod 7. For each number x in
mod 7, compute x6 in mod 7. Cool! Cool. Cool cool cool.

b. There are 4 units in mod 8. For each number x in
mod 8, compute x4 in mod 8. Cool? NOT COOL!! Unless you

are also drinking a Slurpee,
in which case you are
automatically cool.

10. a. Write out all the units in mod 15.
b. Pick one of them and call it Vo. Now multiply Vo

by all the units in mod 15 (including itself). What
numbers do you get?

c. If the units are called u1,u2,u3, . . . ,u8 show that

u1·u2·u3 · · ·u8 = (Vo·u1)·(Vo·u2)·(Vo·u3) · · · (Vo·u8)

d. Show that (Vo)8 = 1 in mod 15.

11. The decimal expansion of
1
7

is 0.142857. Now, split the
repeating digits in half and add them together:

142 + 857 = 999.

Try this with other fractions 1
n

that have an even number Some examples include
1

13 , 1
73 , 1

91 , and for the
adventurous, 1

17 and 1
23 .

of repeating digits. Any ideas why this works?

12. One way some people counted up the units in mod 105
was this: I’ll take all 105 numbers, then subtract the number From Cookie Monster’s

“Share It Maybe”: Me start
to really freak out, please
someone call a Girl Scout,
don’t mean to grumble or
grouse, this taking toll on
my house . . .

of multiples of 3, then 5, then 7. Oh, wait, then I have to add
back in the multiples of 15, 21, and 35. Oh, wait, then I have
to subtract the multiples of 105.
a. Does this work? There are 48 units in mod 105.
b. What’s the probability that a number picked between

Discus not as good as
cookie or Slurpee.

1 and 105 isn’t a multiple of 3? 5? 7?
c. Consider the product (3 − 1)(5 − 1)(7 − 1). Discus?
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13. Change the argument a little from Problem 10 to show
that for any unit in any mod,

u(# units in mod n) = 1 in mod n

14. Watch the 6 of spades as a full 52-card deck undergoes See the animation on the
“Class Notes” page on the
SSTP 2012 Mathforum web
site. The spades come first,
then hearts, clubs, and
diamonds.

Monday-style shuffles. Before each of the shuffles occurs,
make a note of whether it was in the first or second half
of the deck. If it is in the first half of the deck, write a 0 in
the appropriate spot in the table below. If it is the second
half of the deck, write a 1. Cupid says you should do it
again with the 10 of diamonds, and there is room for you To the right, to the right . . .

come on, you know the
rest! And so does the 10 of
diamonds, apparently!

to pick your own card to try.

Card
Position just before shuffle #

1 2 3 4 5 6 7 8
6♠
10♦

a. For each card, compute the base-2 number that These numbers run from 0
to 255.corresponds to the eight 0s and 1s you listed.

b. Given a card, is there a way to construct its sequences
without watching the shuffles? Since you asked, probably,

yes?

15. Carl hands you his favorite multiple of 5, written as an
eight-digit base-2 number: 011010??2. Oh noes, you can’t
make out the last two digits. What must those missing
digits be for the number to be a multiple of 5? Last year, Slurpees were

also free on 7/11. Slurpee
sales that day were 38%
higher than normal, even
though they were giving
them away for free.

Tough Stu�

16. Consider different odd primes p and q. The number p
may or may not be a perfect square in mod q, and the
number q may or may not be a perfect square in mod p.
Seek and find a relationship between these two things!
Respek. There is so little respek left

in the world, that if you look
the word up in the dictionary,
you’ll find that it has been
taken out.

17. Consider different odd primes p and q. The length of the
repeating decimal of 1

p
in base qmay be odd or even, and

the length of the repeating decimal of 1
q

in base pmay be
odd or even. Seek and find a relationship between these
two things! Booyakasha.
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Problem Set 8: Miscellaneous

Opener

What do these equations have to do with the base 2 “decimal” for
1

21
?

from Hollywood Shuffle:
Ain’t nothin’ to it, but to do it!
This movie featured Keenen
Ivory Wayans as “Jheri Curl”
(he also wrote the movie).

1 = 0 · 21 + 1
2 = 0 · 21 + 2
4 = 0 · 21 +

8 = · 21 + 8
16 = 0 · 21 +

32 = 1 · 21 +

22 = 1 · 21 +

Finish the equations above.

Important Stu�

1. Complete this table. Using the method from the
opener may be helpful to
your sanity, but you can
also use long division. Split
the work, but keep away
from techmology or you
may miss some big ideas.

The Ickey Shuffle is the
most famous touchdown
dance of all time. One of
the two TV announcers
from the movie Cars did
the Ickey Shuffle after
winning a NASCAR race.
For more information, watch
the “Return of the Shirt”
episode from How I Met
Your Mother . It’s . . . wait
for it . . .

n “Decimal” for 1/n in base 2 # of repeating digits # of units in mod n

3 0.01 2 2

5

7

9

11

13

15

17

19

21 0.000011 6
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2. a. Write out all the units in mod 21.
b. Write out all the powers of 10 in mod 21, starting . . . legendary!!

with 1 and 10.
c. Take all the powers of 10 in mod 21 and multiply

them by 2. What happens? Hey, you’re still in mod 21!
There’s no such number as
32.

d. Take all the powers of 10 in mod 21 and multiply
them by 3. What happens?

e. Take all the powers of 10 in mod 21 and multiply
them by 7. What happens?

3. Find each decimal expansion in base 10. Seek shortcuts to
simplify your work! If you use a calculator,

report your answers as
repeating decimals instead
of rounding them off.

Ali: “Now hold it. The Ali
Shuffle is a dance that will
make you scuffle. During
the time that I’m doing
this shuffle, for a minute,
you’re going to be confused.
You must get in a boxing
position, and have a little
dance.” Howard Cosell –
do the voice: “What we’ve
just seen perhaps is the
heavyweight champion of
the world in what should be
his true profession, that of a
professional dancer.”

Fraction Decimal

1/21 0.047619

2/21

3/21

4/21

5/21

6/21

7/21

8/21

9/21

10/21

Fraction Decimal

11/21

12/21

13/21

14/21

15/21

16/21

17/21

18/21

19/21

20/21

4. a. How many fractions in the table above are in lowest A fraction is in lowest terms
if it cannot be reduced. 7/11
is in lowest terms, but 6/10
is not.

terms?
b. How many units are there in mod 21?
c. Pick three different units in mod 21. For each, calcu-

late u12 in mod 21.

5. Describe any patterns you notice in the table. What
fractions form “cycles” that use the same numbers in the Coicles? I don’t see any

coicles here, nyuk nyuk
nyuk.

same order? Write out each cycle in order. How long are
the cycles?
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6. Let’s try it again, but this time we’ll use base 2. Find each
“decimal” expansion. Seek shortcuts to simplify your
work. The Curly Shuffle is

a 7-cycle on the floor:
“Woooooooooo woo woo
woo, woo woo woo.
Woooooooooo woo woo
woo, woo woo woo.” See
also: Angus Young in Let
There Be Rock; Homer
Simpson in the “Lisa needs
braces” episode.

Fraction Base 2 “Decimal”

1/21 0.000011

2/21

3/21

4/21

5/21

6/21

7/21

8/21

9/21

10/21

Fraction Base 2 “Decimal”

11/21

12/21

13/21

14/21

15/21

16/21

17/21

18/21

19/21

20/21

7. Here is a 22-card deck under Monday-style shuffling. Where? I don’t see it. Oh,
it’s in the computer.

How can we be expected to
teach children to learn how
to read if they can’t even fit
inside the building?

http://www.tinyurl.com/22cards

Follow some cards and follow some remainders. How
can you use the cards to find the entire base-2 expansion
for each fraction?

Neat Stu�

8. So, shuffling. Thomas is so good at it that he suggests Yeah yeah yeah, shake
a tail feather baby . . .
Yeah yeah yeah, do the
Harlem Shuffle. Thursday
night is karaoke night . . .
maybe this time. The
director of Harlem Shuffle’s
music video created Ren &
Stimpy !

you get a deck whose size is a multiple of 3 and try
triple-out-shuffling and triple-in-shuffling! Cut the cards
into three piles then shuffle them together from either
the left or the right.
See what you find. We recommend using the same card
notation: with out-shuffles, count cards as 0, 1, 2, . . . .
With in-shuffles, count cards as 1, 2, 3, . . . . There’s a lot
to find! Curly: I’m tryin’ to think, but

nothin’ happens!
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9. a. If you haven’t yet, go back and do Problem 10 from You’ve got to go back Marty!
Back to . . . oh, the past.
Bah.

Set 7.
b. The order of a unit u in mod n is the smallest power
k > 0 such that uk = 1 in mod n. Prove that the Anarchy in the uk!

order of any unit u in mod n must be a factor of the
number of units in mod n.

10. a. OK, so about that “magic” thing we did back on
Monday. How’d we do that?

b. Here’s a hint from Sousada: go back and do Prob- You’ve got to go back Marty!
Shut up. Oh, and if you see
anyone claiming that today
is the day from Back to
the Future II, tell them to
shut up, because they’ve
fallen for a bad Photoshop
for like the fifth time. The
real future date is October
21, 2015, and it predicted
all sorts of ridiculous
crap like Miami being in
the World Series, wall-
mounted TVs that would
show multiple channels at
once, ridiculous numbers
of 3D movie sequels, video
games you could control
with your hands, and video
conferencing. Oh.

lems 14 and 15 on Set 7 if you haven’t already.
c. Here’s another hint from Soledad: look at the eight

numbers in the table for the 6♠ row. Pretend those
numbers are written after a “decimal point” and are
repeating digits in a base-2 “decimal” expansion.
What is the value of this repeating base-2 “decimal”?

11. The decimal expansion of
1
7

is 0.142857. Now, split the
repeating digits in thirds and add them together:

14 + 28 + 57 = 99.

Try this with other fractions 1
n

whose repeating digit
lengths are multiples of 3. What’s up with that!

12. Suppose a and b are relatively prime. How does the
length of the decimal expansion of 1

ab
compare to the

lengths of the decimal expansions of 1
a

and 1
b

?

13. In a Reader Reflection in the Mathematics Teacher (March,
1997), Walt Levisee reports on a nine-year-old student
David Cole who conjectured that if the period of the
base-10 expansion of 1

n
is n− 1, then n is prime. Prove

David’s conjecture, and discuss whether it might apply
to other bases.

Tough Stu�

14. Prove that if p is an odd prime, there is at least one base
b < p in which the expansion of 1

p
has period p − 1.

Bonus: determine the number of such bases in terms
of p.
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Problem Set 9 Handout

Oh my. This is an obnoxious table.

Fraction Base 2 “Decimal”

1/51 0.00000101

2/51

3/51

4/51

5/51

6/51

7/51

8/51

9/51

10/51

11/51

12/51

13/51

14/51

15/51

16/51

17/51

18/51

19/51

20/51

21/51

22/51

23/51

24/51

25/51

Fraction Base 2 “Decimal”

26/51

27/51

28/51

29/51

30/51

31/51

32/51

33/51

34/51

35/51

36/51

37/51

38/51

39/51

40/51

41/51

42/51

43/51

44/51

45/51

46/51

47/51

48/51

49/51

50/51 0.11111010
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Problem Set 9: iPod

Opener

Use this set of equations to find the base-2 “decimal” for
5
51

.
It’s Friday! Gotta make my
mind up, which seat can I
take?

Thank goodness there are
no giant tables on this
problem set. Let’s celebrate!
As is customary, we gotta
get down. See Carl perform
as DJ Monochromatic
Rectangle, 8 p.m. at
Sidecar.

What would William Shatner
yell if he was upset with
the pedagogical style of a
tutoring website? Answer
later.

5 = 0 · 51 + 5
.

10 = 0 · 51 + 10
20 = 0 · 51 + 20
40 = 0 · 51 + 40
80 = 1 · 51 + 29
58 = 1 · 51 +

= · 51 +

= · 51 +

= · 51 + 5

Important Stu�

1. k. John demands you write all the units in mod 51.
a. Write all the powers of 2 in mod 51, starting with 1. Dave and Brian McKnight

both agree that the list of
powers ends back at 1.

l. Take all the powers of 2 in mod 51 and multiply
them by 2. What happens?

i. Take all the powers of 2 in mod 51 and multiply
them by 5. What happens? Like Anthrax, you’re caught

in a mod! Once you’re in
a pattern you are stuck. It
can’t just go bipolar on you
and change.

n. Take all the powers of 2 in mod 51 and multiply
them by 17. What happens?

2. a. Without converting to a fraction, find a base-10
decimal such that

It’s like Mariah’s “Get Your
Number”.0.291594 + 0.mariah = 1

n. Without converting to a fraction, find a base-2
decimal such that

0.011001 + 0.rachel = 1

a. In the obnoxious table, how do the base-2 expansions Wait, there’s an obnoxious
table? Oh no. NOOOOOO!
Ask Bowen and Darryl for it.

of 1
51 and 50

51 compare?
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3. Complete the obnoxious table. Be lazy and avoid the use Oh, bother.

of techmology.

4. Describe any patterns you notice in the obnoxious table.
What fractions form “cycles” that use the same numbers
in the same order? Write out each cycle in order, and find
all the cycles.

5. Here is our happy little 52-card deck doing happy little Steven Tyler: “After some
long hard thoughts, I’ve
decided it’s time to let go
of my mistress ‘American
Idol’. It was over-the-top fun,
and I loved every minute of
it. Now it’s time to bring
Rock Back. ERMAHGERD.”
The guy actually wrote
ERMAHGERD . . . in all
caps . . . in a press release.
There’s only one word you
can say to react to that.

out-shuffles, just like the very first day.
http://tinyurl.com/pcmi52cards

Follow some cards. Follow some remainders. Figure
out how you can use the cards to find the entire base-2
expansion for a fraction in the form n

51 .

Neat Stu�

6. Let’s look at some eight-digit numbers in base 2.
a. What number is 000110012 in base 10?
s. One of the fractions in the obnoxious table has a

base-2 expansion of 0.00011001. Figure out what
fraction it is without looking at the obnoxious table,
and without staring at cards like crazy.

h. Start over with 001011012 and 0.00101101.
t. Try it again with 111100002 and 0.11110000. Cupid loves you! To the

right . . .e. What are the largest and smallest possible values of
an eight-digit number in base 2?

n. Can you explain why all the entries in the obnoxious
table turn out to be multiples of [REDACTED]? Sorry, the multiplier’s been

redacted, just like last
night’s version of YMCA.
“It’s fun to say Y Y Y Y”?
Seriously?

7. z. The base-2 number 110010ab2 is a multiple of 5.
What are the missing digits?

a. The base-2 number 001101ab2 is a multiple of 5.
What are the missing digits, and what multiple of 5
is it?

c. Make your own: pick the first six digits of a base-2
number and try to find the missing digits.

k. That thing we did. How’d we do that? You know, that thing. While
cryptic, this still makes more
sense than the lyrics to
Mmmbop.

8. Based on the card animations, what do you get for the
base-2 expansion for 51

51? Interesting.
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9. j. Take all the powers of 2 in mod 51 and multiply
them by k. That was fun. Whee! It will be helpful, Stay. You only hear what

you want to.we promise.
o. A 52-card deck returns to its original position in

8 out-shuffles. But some cards return sooner. Find Zero bottles of beer on the
wall, zero bottles of beer.
You take one down and
pass it around, 50 more
bottles of beer in mod 51.

an equation that would be true for any card k that
returns to its original position after 2 shuffles, then
solve it.

s. Find an equation that would be true for any card k
that returns to its original position after 3 shuffles,
then solve it.

h. FOUR! That’s not even a question.
But don’t worry, be happy.

10. Use ideas from Problem 9 to show that if u is a unit, then
u must be part of a cycle that has the same length as the
cycle containing 1.

11. A 36-card deck returns to its original position in 12 out-
shuffles. Determine all the cards that return sooner, and
the cycle length of each.

12. Here are some shuffle animations. Triple shuffles!!! We Watch that wobble, see
that wiggle, taste that jiggle.
See, aren’t you glad now
we didn’t choose the theme
“Every Day We’re Jello
Pudd-ing?” Actually that
sounds pretty awesome.

promise they’re cool.
http://www.tinyurl.com/27cards

Go figure stuff out. Decimals in base 3, powers of 3 (in
what mod?), cycles, magic tricks, all that jazz. What stays
the same? What changes?

13. Determine all cycles of cards in the triple shuffle, and the It continues to be the case
that you are shuffling in a
typical siderial period.

cycle length of each. Given the number of units in the
mod, what cycle lengths are possible?

14. a. Find a number x so that x = 1 in mod 11 and x = 0
in mod 13.

b. Find a number y so that y = 0 in mod 11 and y = 1
in mod 13.

c. Find a number z so that z = 5 in mod 11 and z = 6
in mod 13. KHAAAAAANNNNNNNNN!

15. Find a number M so that M = 2 in mod 3, M = 3 in
mod 5, M = 4 in mod 7, and M = 5 in mod 11. Try
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this without techmology and with as little guesswork as
possible! Will computahs ever be

able to work out what
999999999999999999
9999999999999999999
multiplied by 9999999
... yo I haven’t finished
you don’t know what
I was going to say ...
99899999999.889988999
9999999999 is?

16. Look back at the table from Set 8 you made for the
fractions from 1

21 through 20
21 . All the digits from 0 through

9 are used, and there are 120 total digits in the repeating
parts of the expansions.

a. Which digit is used most frequently in the decimal
part of the expansions? Which digit is used least
frequently?

b. Does this happen in other mods? Other bases?? So
cool. Okay, it’s still not cool, but

cool by math standards. Not
cool like Kool Moe Dee cool,
but hey.17. Figure out a way to shuffle cards so that you could use

the cards’ positions after each shuffle to read off base-10
decimal expansions of fractions.

18. Nine-year-old David Cole conjectured that if the period
of the base-10 expansion of 1

n
is n− 1, then n is prime.

Using the concept of units, prove David’s conjecture, and
discuss whether it might apply to other bases.

Tough Stu�

19. Prove that there are infinitely many primes p for which
the decimal representation of 1

p
has cycle length p− 1. According to Carol, the

group is “going to do Bowen
at 3:15” today. That’s scary.
Anyway, it’s a brief tour of
the CME Project curriculum
series and some ideas
about specific topics like
graphing and factoring.

20. The Fibonacci numbers start with F0 = 0, F1 = 1, F2 = 1,
etc:

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, . . .

Show that ifm is a factor of n, then Fm is a factor of Fn.
For example, F7 = 13 is a factor of F14 = 377.

21. Show that if F is a Fibonacci number greater than 2, then
neither F2 − 1 nor F2 + 1 is prime.

22. Take a grid of circles, 12-by-21, and color each circle with Once again, Carl plays
tonight at 8 at Sidecar! Be
there or be rectangular.

one of four colors. Either find a coloring that does not
produce a monochromatic rectangle – a rectangle with
all four corners the same color – or prove that such a
coloring is impossible.
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Problem Set 10: Under the Z

Opener

You have four cards, arranged this way: 1234. You can perform any number Just look at the cards
around you, right behind
the math-camp door. Such
wonderful mods surround
you, what more is you
lookin’ for!

of in-shuffles and out-shuffles on them, in any order. Can you get to all
possible arrangements of the four cards? If so, show how. If not, explain
why not.

Important Stu�

1. Laura notices in the opener that if you know the first two The weird Z stands for the
integers. It comes from
the German word “zahlen”,
meaning “weird-looking Z”,
and was first used by Evil
Emperor Zurg.

of the four cards, you can determine the order of the last
two cards.
a. If the first two cards are 13, what is the order of the

last two cards?
b. If the first two cards are 34, what is the order of the

last two cards?
c. Can the first two cards ever be 14?
d. What is going on? Don’t forget, this Thursday

night is the “Enchantment
Under The Z” dance! Be
there, or be rectangular.

2. a. Follow the 6 of spades and the 8 of diamonds in
a regular deck of cards through the sequence of
out-shuffles.

http://tinyurl.com/6spades8diamonds
What do you notice? In Z all the numbers happy,

they glad ’cause it’s normal
math. Numbers in the mod
ain’t happy, they stuck in a
looping path.

b. Compare the base-2 “decimal” expansions of 5
51 and

46
51 . What do you notice?

c. Find other pairs of cards with the same behavior.

3. You have six cards, arranged this way: 123321. Cards
with the same number are identical. You can perform
any number of in-shuffles and out-shuffles, in any order.
Can you get the first three cards to take on all six possible One of the other arrange-

ments is 231132. The first
half tells you what the last
half has to be, so you could
just read it as 231.

arrangements of 123? If so, show how. If not, explain
why not.

4. Build an addition table for Z6. Wait what? Oh, that’s Look, it’s Andrew Ryan’s
favorite phrase. (Obscure,
but also under the sea!)just mod 6. Also, please would you kindly build a

multiplication table for Z9.
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(Z6, +) 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1
2 2
3 3
4 4
5 5

(Z9,×) 0 1 2 3 4 5 6 7 8
0 0
1 0 1 2 3 4 5 6 7 8
2 2
3 3
4 4
5 5
6 6
7 7
8 8

5. Build a multiplication table for mod 9 that includes only
its units. This table’s size will be Bond-by-Bond. The set A unit is a lot like a

mushroom . . . no!!! A
number u is a unit if there
is a number v that solves
uv = 1. The multiplication
table should help, but we’ve
also found another rule for
deciding if a number in a
mod was a unit.

If you’re using the mathe-
matical practices properly,
you can use Problem 5
to model Un! A joke only
teachers could love.

of units of Zn is called Un.

6. Here’s an equilateral triangle:

1

2 3

Suppose you can perform any number and sequence of
reflections or rotations, as long as you leave one of the
corners of the triangle pointing up as shown.
a. Draw all six possible configurations of the triangle.
b. Build an operation table for transforming the equi-

lateral triangle, where the operation is “then”. For
example, you could rotate the triangle 120 degrees This table’s size will also be

Bond-by-Bond. One of the
six options is “do nothing”,
leaving the triangle in its
present orientation.

counterclockwise, then reflect the triangle across
its vertical line of symmetry. This combination of
moves is equivalent to what single move? Do this to
complete the table.

7. a. What is the identity for addition?
b. What is the identity for multiplication?
c. Why isn’t 0 the identity for multiplication?
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d. What is the identity for triangle transformation?

8. The cycle length of an element is the number of times you The cycle length of adding 2
in Z10 is 5. The cycle length
of multiplying by 2 in Z51 is
8. The cycle length of Dory
is about 10 seconds.

have to repeat its operation to get back to the identity.
For example, in Z6 under addition, the cycle length of 4
is 3:

And then? No and then!
And then??

0 + 4 = 4 then 4 + 4 = 2 and then 2 + 4 = 0

a. Find the cycle length for all elements of Z6 under
addition. One of the cycle lengths is 1! So, it’s 1 factorial, or just 1?

b. Find the cycle length for all elements of U9 under
multiplication. Notice anything interesting? I’m crazy for Un!

c. Find the cycle length for all elements of the triangle
transformations. Notice anything interesting? I noticed that Triangle Man

hates Person Man. They
might have a fight.

Neat Stu�

9. Go back to the equilateral triangle. Suppose you’re What is a French chef’s
favorite statistical distribu-
tion? Le Poisson! Hee hee
hee, haw haw haw!

only allowed 120-degree counterclockwise rotations and
reflections across the vertical line of symmetry. Can you
get to all six possible configurations using only these
moves? If so, show how. If not, explain why not.

10. Are in-shuffling and out-shuffling commutative? Ex-
plain. We got the spirit, you got to

hear it, under the Z.

The two is a shoe, the three
is a tree.

The four is a door, the five
is a hive.

The six is a chick, the
seven’s some surfin’
guy . . . yeah

The eight is a skate, the
nine is a sign.

And oh that zero blow!

11. Are the six triangle transformations commutative? Ex-
plain.

12. Try Problem 6 again with a tetrahedron. You’ll have to
figure out how many possible configurations there are,
then build the operation table.

13. If x is an element of Zn, show that there must either be
an element y that solves xy = 1, or an nonzero element z
that solves xz = 0, but not both.
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14. a. Find all solutions to x2 = 1 in Z105. There are a lot of Near a beach, there was
a dangerous tree with a
beehive in it. A surfer rode
a big wave all the way onto
land and crashed into the
tree. The bees got mad
and chased him! He had to
dive back into the water to
escape from the bees.

Tree × hive × surfin’ equals
wanna dive!

them, and busting 105 into little pieces may help.
b. Use completing the square (!) to find all solutions to
x2 + 24 = 10x in Z105.

15. We now know that 52 shuffles will restore a deck of 52
cards using in-shuffles. This is true because 252 = 1 in
mod 53. Suppose you wanted to prove this to a friend,
but you only have a simple calculator that can’t calculate
252 exactly. Find a way to calculate 252 in mod 53 using as
few operations as possible and just a simple calculator.
What other powers of 2 would you need to calculate to
ensure that it takes 52 shuffles to restore the deck and
not some smaller number?

16. a. Without a calculator, determine the number of in-
shuffles it will take to restore a “double deck” (104
cards) to its original state. What mod is it for each of

these questions?b. How many out-shuffles will it take?

Tough Stu�

17. Without a calculator, determine the number of in-shuffles Oh man. 20,000 cards
under the Z? Somebody
call Nemo.it will take to restore a deck of 20,000 cards to its original

state.

18. Jay says there’s this box. It’s got integer dimensions, like
6-by-8-by-10 but not.
a. All three of the diagonals on the faces of the box

also have integer length. Find a possible set of
dimensions for the box, or prove that no such box
can exist. Under the Sea 3D is now

playing at a theater near
you! Well, if by near you
mean the Omnitheater at
the Science Museum of
Minnesota, which is literally
the nearest theater playing
that. While you’re there,
visit the new Math Moves!
exhibit with this totally sweet
perspective-drawing thing.

b. Additionally, the space diagonal (from one corner of
the box to the other corner in eye-popping 3D) also
has integer length. Find a possible set of dimensions
for the box, or prove that no such box can exist.
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Here’s a spot to put your triangle!

1

2 3

The numbers indicate the starting position of the triangle.



n
# of units Cycle length of
in mod n 2k in mod n 10k in mod n

3 2 2 1
7 6 3 6
9 6 6 1

11 10 10 2
13 12 12 6
17 16 8 16
19 18 18 18
21 12 6 6
23 22 11 22
27 18 18 3
29 28 28 28
31 30 5 15
33 20 10 2
37 36 36 3
39 24 12 6
41 40 20 5
43 42 14 21
47 46 23 46
49 42 21 42
51 32 8 16
53 52 52 13
57 36 18 18
59 58 58 58
61 60 60 60
63 36 6 6
67 66 66 33
69 44 22 22
71 70 35 35
73 72 9 8
77 60 30 6
79 78 39 13
81 54 54 9
83 82 82 41
87 56 28 28
89 88 11 44
91 72 12 6

n
# of units Cycle length of
in mod n 2k in mod n 10k in mod n

93 60 10 15
97 96 48 96
99 60 30 2

101 100 100 4
103 102 51 34
107 106 106 53
109 108 36 108
111 72 36 3
113 112 28 112
117 72 12 6
119 96 24 48
121 110 110 22
123 80 20 5
127 126 7 42
129 84 14 21
131 130 130 130
133 108 18 18
137 136 68 8
139 138 138 46
141 92 46 46
143 120 60 6
147 84 42 42
149 148 148 148
151 150 15 75
153 96 24 16
157 156 52 78
159 104 52 13
161 132 33 66
163 162 162 81
167 166 83 166
169 156 156 78
171 108 18 18
173 172 172 43
177 116 58 58
179 178 178 178
181 180 180 180
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Problem Set 11: U Can’t Touch This

Opener

Let’s revisit the transformations of the equilateral triangle from the last

Ma, ma, ma, ma math it hits
me so hard
Makes me say "Er, mah
gerd"
Thank U for asking me
To take triangles and shuffle
their feetproblem set. But this time, we’ll use wacky permutation notation to describe

(1 2 3) means 1 goes to 2,
2 goes to 3, 3 goes to 1.

(1 3) means 1 goes to 3, 3
goes to 1.

the six transformations you can perform. Here are the six transformations.

1

2 3

Permutation Transformation on the triangle

() Do nothing

(1 2 3)

(1 3 2)

(1 2)

(1 3)

(2 3)

Now complete this operation table, where the operation is “then”. For
any cell in the table, perform the transformation that labels the row first,
then the transformation that labels the column. Write the transformation
that is equivalent to the combination of those two transformations.

Give me a square or rectan-
gle
Findin’ symmetries at every
angle
2 . . . Legit! Find them all or
U might as well quit

That’s word because U
know . . .

“then” () (1 2 3) (1 3 2) (1 2) (1 3) (2 3)

()

(1 2 3)

(1 3 2)

(1 2)

(1 3)

(2 3)
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Important Stu�

1. Marina hands you this 8-card deck:

0 1 2 3 4 5 6 7

a. Using this deck, explain why an out-shuffle can be
represented by this permutation notation: Stop! Shuffle time. Hey wait,

why isn’t there a 0 or a 7 in
this notation?(1 2 4)(3 6 5)

b. Write permutation notation for an in-shuffle using
this deck.

c. Use the permutation notation to determine the
number of out-shuffles needed to restore an 8-card
deck to its original position, and the number of in-
shuffles needed.

2. Build an addition table for Z4. Oh, that’s just mod 4. What’s a Z4? For ending
the alphabet, silly. U5 at that
table had better get back to
work.

Also, build a multiplication table for U5. Remember U5

contains all the units in mod 5, which are 1, 2, 4 and 3.
What’s with the weird order? That’s word.

(Z4, +) 0 1 2 3
0
1
2
3

(U5,×) 1 2 4 3
1
2
4
3

3. Leah says that Z4 is “just like” U5. Say what?? I’m just like U! I’m just like
U . . .

4. In the previous problem set, you built the addition table
for Z6 and the multiplication table for U9. Can you make
those two tables match by pairing the numbers up in
some way? Explain.

5. Now compare the addition table for Z6 with the opera- Use cycle lengths to help
you! The cycle length
is the number of times
an element’s operation
repeats until the identity
appears. For addition, solve
x + x + · · · + x = 0
and figuring out how
many x’s are needed. For
multiplication . . . and for
triangle transformation . . .

tion table for the triangle transformations. Can you make
those two tables match by pairing the entries in some
way? Explain!!!

6. a. Find the cycle length for each element of Z4 under
addition.

b. Build a multiplication table for U8, then find the
cycle length for each element under multiplication.
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7. Can you match the addition table for Z4 and the mul-
tiplication table for U8 by pairing numbers up in some
way?

8. Look at the table on today’s handout. Find an important Are U glad U didn’t have to
fill this out?relationship between the number of units in mod n and

the cycle length of 2k in mod n that is consistently true. Here are some unimportant
relationships between the
columns:

“The columns all contain
numbers.”

“The columns all contain
positive numbers.”

“The columns all contain
one-, two-, and three-digit
numbers.”

“None of the entries in
any column is the number
8675309.”

Do it again between the number of units in mod n and
the cycle length of 10k in mod n.

Neat Stu�

9. Write the 52-card out-shuffle using permutation notation,
and use it to explain why the deck is restored in eight
out-shuffles.

10. a. In U9 there are six numbers: 1, 2, 4, 5, 7, 8. The
number 2 is called a generator of U9 because every
number is a power of 2: 1, 2, 4, 8, 7, 5, 1, . . . . Which It tours around U9, from 1

then all the way
It’s 2, go 2, generate it now
2
That’s all there is to say

other numbers in U9 are generators?
b. What are the generators in Z6 under addition? In-

stead of using powers (repeated multiplication) of
numbers, you will need to use repeated addition.

c. How can generators help you match the tables for
(U9,×) and (Z6, +)?

11. What are the generators in Z7 under addition? In Z8?
Neat. Of course it’s neat, this is

Neat Stuff.

12. Describe some conditions under which you can say that
the tables for two operations can definitely not be matched.
Find more than one condition! I told you, homeboy, U can’t

match this!

13. Find all n 6= 8 so that the table for Un under multiplica-
tion can match the table for U8 under multiplication.

14. Make a table of the number of generators of Un for
different n. What patterns do you notice? I love U, U love me. Oh no.

15. a. Find the cycle lengths of 3 and 5 under multiplication
in U13 and explain why each is not a generator. Never mind, I’ll find some-

one like U . . .b. What are the generators of U13?
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c. So 3 and 5 are not generators. However, Ruth says How many elements are
in U13? How long are the
cycles of 3 and 5? Hmm.

that any number in U13 can be written as 3a · 5b for
some a and b. Show that she’s right!

16. Show that no single transformation is a generator for
the six triangle transformations, but that it is possible
to choose two transformations that generate all six
transformations together. Yo, sound the bell, school is

in, sucka!

17. Here are six functions.

• m(x) = 1 −
1

1 − x
• o(x) = 1 − x

• n(x) = 1 −
1
x

• i(x) = x

• c(x) =
1
x

• a(x) =
1

1 − x

a. Build an operation table for working with these six Yummy: n ◦ o = m! It’s too
bad Hammer never had his
own cereal. He did get a
cartoon show, though.

functions, where the operation is “composition”. For
example, n(o(x)) = m(x).

b. Which, if any, other tables can match this table by
pairing the entries in some way?

18. a. Find the number of out-shuffles that it will take Stop! Shuffle time.

to restore a deck of 90 cards. Do this without a
calculator and using the most efficient method U might be more efficient if

U look back at Problem 15
from Problem Set 10.

possible, given what you learned in Problem 8.
b. Find the number of repeating digits in the decimal

expansion of 1/73 without long division or a calcula- I guess the change in my
pocket wasn’t enough, I’m
like, forget U.

tor.

Tough Stu�

19. If p is prime, prove that every Up has at least one
generator. Don’t worry, tomorrow’s

problem set is not titled “We
R Who We R”.20. If p is prime, prove that every Up has exactly

generators. Hm, looks like we left that spot blank.

21. Find all composite n for which Un has generators. Who are U? Who who, who
who?

22. If p is prime, find some general conditions under which If you missed any of today’s
comments, look them up on
Utube.

the number 2 is definitely or definitely not a generator in
Up.
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Problem Set 12: Like a d6

Opener

It’s squaresville today. What are the eight transformations that you can This episode of Square One
Television is brought to you
by the identity letter e, and
by the number e.

Cut out your own square
and label its corners on
both sides as shown in the
diagram. A special prize
will be given to the most
beautiful square!

perform on the square below so that it still fits in this space?

1 2

3 4

Permutation Transformation on the square

() Do nothing

(1 2)(3 4) Reflection across vertical axis

Now complete this operation table, where the operation is “then”. For
any cell in the table, perform the transformation that labels the row first,
then the transformation that labels the column. Write the transformation
that is equivalent to the combination of those two transformations.

Poppin’ yogurts in Grub
Steak, makes us snicker

When we think about some
math, it gets twittered

Sippin’ water while we
learn . . . some math tricks

Now I’m countin’ symme-
tries of a d6 . . .

“then” ()

()
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Important Stu�

1. Here is a picture of a d6, with the 6 facing up. Like a d6, like a d6, now
now now now now now
I’m feeling like calling it a
number cube. Wait, that’s
probably not how it goes.

a. Describe all the ways you could move the d6 so that
it keeps the 6 on top and still occupies the same We keep it real here at

PCMI. All transformations
should actually be per-
formable, which rules out
something you could do
with a square or triangle.
Like the square and trian-
gle, the d6 has to end up in
the same position, but the
orientation could be totally
different.

space.
b. How many transformations keep the 6 on top?
c. How many orientations does the d6 have in total?

You no longer have to keep the 6 on top.

2. Build an operation table for your transformations from
Problem 1a, where the operation is “then”. You can use
any notation that you like. How big should this table be?
Where have you seen a similar operation table?

3. Look back at Problem 3 on Set 10. Six cards were
arranged this way: 123321. Cards with the same number
were identical. Look for the graph on today’s handout.
Each arrow in the diagram shows how you can get from
one arrangement to another using a shuffle. Write an “I” The “out shuffle” is the

Monday shuffle with the
stuck cards, and the “in
shuffle” is the Thursday
shuffle.

next to each arrow corresponding to an in-shuffle and an
“O” next to each arrow corresponding to an out-shuffle.

4. Laurie, Marian, and Nadine are waiting in line, wonder- The set of all arrangements
of LMN is called the
Samsung Galaxy S3, or
perhaps just S3.

ing if they can get to any arrangement through these two
rules:
• The person in the back of the group may jump to the

front: LMN⇒ NLM Swaps, swaps, swaps!
Swaps swaps swaps!• The two people at the back of the group may swap

places: LMN⇒ LNM

Can all six possible arrangements be made? Make or find
a graph illustrating the options.
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5. Look back to your operation table from the Opener from
Set 11.
a. What is the “identity” in this operation table?
b. Which transformations have inverses? An element with an inverse

has been called a unit .c. For each transformation, how many times do you
have to perform it to restore the equilateral triangle
to its original state?

d. Complete this sentence: “The cycle length of each
transformation the total number of Bazinga?

transformations.”

6. Titin is waiting in line while holding an equilateral
triangle, wondering if she can get to any of the six . . . as you do. It’s probably

happened a few times here,
actually.

orientations through these two transformations:
• A rotation: (1 2 3)

• A reflection: (2 3)

Can all six possible orientations be achieved? Make or
find a graph illustrating the options.

7. Two groups are called isomorphic if there is a corre- Drink it up, yeah, drink it up

When (U5,×) around me it
be acting like (Z4, +)

spondence between them that matches their operations
completely. Describe at least three isomorphisms you
have found in this course so far, and at least two non-
isomorphisms.

Neat Stu�

8. The group S4 is the set of all possible permutations
acting on the numbers 1 through 4, where the operation
between the permutations is “then”.
a. How many elements are in S4? Explain how you

know.
b. Decide whether or not S4 is isomorphic to the group

of transformations of the square from the opener.
What what!

9. A d4 is a tetrahedral die. Picture its faces numbered 1
through 4. As a shorthand, 4 will be represented by the
word “fruit”. Worst shorthand ever?
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a. Describe all the ways you could move the d4 so that
it keeps the fruit on the bottom and still occupies the
same space. Occupy d4!

b. How many transformations keep the fruit on the
bottom?

c. How many orientations does the d4 have in total? Poppin’ yogurts in Grub
Steak . . .You no longer have to keep the fruit on the bottom.

10. A d8 is an octahedron. How many orientations does it You shoulda had a d8!

have?

11. How many orientations are there if your die is

a. . . . like a d12? In the basement rollin’ dice,
I’m a wizard

When we play we think we
fight giant lizards

Now now now now now now
don’t want my elf to die, roll
a d20.

b. . . . like a d20?

c. . . . like a d10?

12. An element of a group is a generator if repeated operation
of that element takes you through every element of the
group.
a. Find all the generators for (Z12, +) or explain why

there aren’t any.
b. Find all the generators for (U12,×) or explain why

there aren’t any.
c. Find a generator for S3 or explain why there isn’t

one.

13. Sometimes (Un,×) has a generator, and sometimes it
don’t. Sometimes you feel like a

generator, sometimes you
don’t.a. Under what conditions will Un have a generator?

b. In terms of n, how many generators are there?

14. A d6 has the numbers 1 through 6 on it. How many Roll your own d6, just not in
Vegas.different ways are there to put the numbers on a d6? By

different we mean that there is no transformation taking
one arrangement to another.

Tough Stu�

15. a. Is it possible to generate S4 using only in- and out-
shuffles on cards numbered 12344321?

b. Is it possible to generate S5 using only in- and out-
shuffles on cards numbered 1234554321?
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Problem Set 13: The Vertex Of Glory

Opener

On Monday, you made a list of all possible arrangements of the cards
1234 with an unlimited supply of in- and out-shuffles. One side of today’s An out-shuffle keeps the top

and bottom cards stationary,
while an in-shuffle moves
everything. I’m your biggest
fan, I’m shufflin’ until you
love me.

handout contains these eight arrangements. Draw arrows connecting the
arrangements. Label each arrow with “I” or “O” to indicate whether the
an in- or out-shuffle connects the two arrangements.

Important Stu�

1. Draw the eight orientations of the square from Set 12’s
opener. Use arrows in one color to connect two orien- No matter black, white, or

beige. Don’t be a drag.
You’re on the right track,
baby.

tations if the (2 3) transformation takes one orientation
to the other. Use arrows in a different color to connect
two orientations if the (1 2 4 3) transformation takes
one orientation to another. Don’t draw arrows for other
transformations. Notice anything?

2. Use your two diagrams to argue that the group generated
by in- and out-shuffles on 4 cards is isomorphic to D4,

Balderdash time! Six of the
seven definitions below are
false. Which is the right
one?

Alex says that the D in D4
stands for Diophanteen, the
latest advance in hair-care
technology.

Christina says that the D
in D4 stands for denom-
nomnator , which is what
happens when you can
completely cancel out bot-
tom of a fraction.

Dominic says that the D in
D4 stands for Dominic, duh.

Eric says that the D in D4
stands for de Bruin cycle,
which is how often UCLA
wins football games.

Kaelin says that the D in
D4 stands for de Mauve’s
Theorem, which describes
when mathematics can and
can’t be purple.

Gregory says that the D in
D4 stands for Deerichlay ,
which is a fancy wine
from the French region of
Bourbaki.

Rachell says that the D
in D4 stands for dihedral ,
meaning “two-sided”.

the group of symmetries of the square.

3. Here’s a rectangle:
1 2

3 4

a. What are the four transformations you can perform
on the rectangle so that it still fits in its space?

b. Complete an operation table for the rectangle, where
the operation is “then”.

c. Find another group you’ve worked with this week
that also has four elements, but is definitely not
isomorphic to it. Explain how you know they’re not
isomorphic.

d. Find another group you’ve worked with this week
that has four elements and is isomorphic to the
rectangle group.
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4. a. A d4 is a tetrahedral die. How many faces does a d4
have? Alright, not our most brilliant problem ever. The d in d4 stands for die,

meaning “die”.b. How many different orientations (aka symmetries)
does a d4 have?

5. How many edges does a d4 have? Use this to verify the
number of orientations you found in Problem 4.

6. Determine the number of different orientations for a
d6. Find the number of different orientations separately I want your Z12 and I

want your mod 10, you
and me could write a bad
conjecture.

using faces, then using edges, then using vertices.

7. Determine the number of different orientations for a d8.
Find those different ways! Sweet.

8. . . . for a d12.

9. . . . for a d20.

Review Your Stu�

10. We traditionally set aside part of the last problem set Is there really such a thing
as a “self-reflective process
of discovery”? Yes, there
really is! Don’t believe us?
Ask Google, and put quotes
around it.

for review. Work as a group at your table to write one
review question for tomorrow’s problem set. Spend
at most 15 minutes on this. Make sure your question
is something that ∗everyone∗ at your table can do, and
that you expect ∗everyone∗ in the class to be able to
do. Problems that connect different ideas we’ve visited There ain’t no reason A and

B should be alone

Today, yeah baby, today,
yeah baby

I’m on the vertex of glory

And I’m hanging on a corner
with you

I’m on the vertex, the vertex,
the vertex, the vertex, the
vertex, the vertex, the
vertex

I’m on the vertex of glory

And I’m hanging on a corner
with you! I’m on the corner
with you!

are especially welcome. We reserve the right to use, not
use, or edit your questions, depending on how much
other material we write, the color of the paper on which
you submit your question, your group’s ability to write a
good joke, and hundreds of other factors.

Stupid Stu�

11. Draw a table.

12. Solve for x:

(P3x+ P2x+M4ah)4 = can’t read my + x
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Neat Stu�

13. The rectangle transformation group is usually called D2, There is no common Bond
between Lady Gaga’s
groups and her makeup.

the triangle transformation group is D3, and the square
transformation group isD4. Find some common Bond
between these groups and their makeup.

14. a. Show that (1 2)(1 3) = (1 2 3). Two-element thingies like
(1 2) are called transposi-
tions.

b. Show that (1 2)(1 3)(1 4) = (1 2 3 4).
c. What’s the next one?
d. Pick apart (1 2 4 8 7 5) into five transpositions.

15. Rewrite (1 3)(2 3)(2 5)(1 2)(2 5)(4 5) using a single set of The answer is not
(132325122545).parentheses.

16. A permutation is called even if it can be broken into I’ve had a little bit too much,
mods
All of these problems start
to rush, start to rush by
How does he shuffle the
cards? Can’t stop and think,
oh man
Where’s my table? I broke
my lamp, lamp

Just math. Gonna be okay.

an even number of two-element transpositions, and
called odd if it can be broken into an odd number of
two-element transpositions. Problem 15 contains an even
permutation.

a. Of the eight permutations for the square transfor-
mation group, how many are even? How many are
odd?

b. What happens if you combine two even permuta-
tions?

c. . . . two odd permutations? One odd, one even?

17. These are the 24 permutations making up S4, all the ways
to go from one ordering of 1234 directly to another: This is not the same as

in- and out-shuffling cards
1234. This is like having
cards 1234 and just directly
sorting them any way you
want it, that’s the way you
need it.

• ()

• (3 4)

• (2 3)

• (2 4 3)

• (2 3 4)

• (2 4)

• (1 2)

• (1 2)(3 4)

• (1 3 2)

• (1 4 3 2)

• (1 3 4 2)

• (1 4 2)

• (1 2 3)

• (1 2 4 3)

• (1 3)

• (1 4 3)

• (1 3)(2 4)

• (1 4 2 3)

• (1 2 3 4)

• (1 2 4)

• (1 3 4)

• (1 4)

• (1 3 2 4)

• (1 4)(2 3)

a. Find all the even permutations. How many are there? Your work in Problem 14 will
help you decide.b. For each even permutation, write the result when

1234 is transformed by the permutation.
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18. You may or may not have made a list of all possible
arrangements of the cards 12344321 with an unlimited
supply of in- and out-shuffles. In this arrangement, the

paired cards are considered
equivalent, and the first half
of the deck tells you what
the second half must look
like.

One side of today’s handout contains these arrangements.
Draw arrows connecting the arrangements. Label each
arrow with “I” or “O” to indicate whether the an in- or
out-shuffle connects the two arrangements.

19. a. What two permutations are represented by the Fun fact: Darryl likes Lady
Gaga because she has
monsters!

shuffles in Problem 18? Are they odd or even?
b. Using a d4, find a way to reproduce these two

permutations visually. One permutation keeps “1”
in place, and another keeps “3” in place.

20. Explain why the group generated by in- and out-shuffles
on 12344321 is isomorphic toA4, the group of symmetries Alyssa says the A in A4

stands for Alyssa, duh! Ok,
actually the A in A4 stands
for alternating, meaning
that every other element in
S4 is included. Since S4 has
24 elements, A4 has 12.
An is made up of all even
permutations of Sn.

of the tetrahedron.

21. Find four functions whose group under composition is
isomorphic to the rectangle transformation group.

22. It sure is interesting that the number of orientations of
a d6 is the same as the number of orientations of a d8.
That suggests these two transformation groups might be
isomorphic. What do you think? It’s got to be yes, because

otherwise the question
wouldn’t be here, right?
Boom! QED. More mathe-
maticians should drop their
chalk like in Drumline when
they finish a proof.

Tough Stu�

23. It is always possible to write a permutation without
re-using a element. When the n! permutations of Sn are
written this way, what fraction use all n elements? For
S4, 9 of the 24 transformations use all four elements. Stop askin’, stop askin’, I

don’ wanna think anymore!

24. George Sicherman discovered a different way to populate
2d6 with positive integers, so that the sums of the two 2d6 means two six-sided

dice.d6 matched the usual distribution. Neither d6 has the
usual 1-6 on it. Only positive integers are allowed, and
repetition is allowed.
a. Figure out what numbers are on the Sicherman dice.
b. Find all possible “Sicherman-like” dice for the d4, d8,

d12, and d20. There may be more than one possible
Wait, that’s not a Gaga lyric!answer, or none at all! Woo hoo ha ha ha.
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Problem Set 14: Some Math Camp That I Used To Know

Opener

Fill in this table. Mwah ahaha! You thought
you were done with tables?

Please be careful, and do
not hit Ashli in the head with
any more solids.

Polyhedron Faces (F) Edges (E) Vertices (V) F− E+ V

Cube 6 12
Tetrahedron 4

Truncated Cube
Rhombicuboctahedron

Hexagonal Prism

Truncated Cube Rhombicuboctahedron Hexagonal Prism

Important Stu�

1. For integers a,b > 3, find all possible solutions to the But you didn’t have to come
to Utah
Meet some friends and
shuffle cards and then mod
some numbers
I guess you’ve got to leave
us though
Now we’re just some math
camp that you used to know

inequality
1
a

+
1
b
>

1
2

2. a. How many orientations does a cube have? Call this
number n.

b. Calculate each piece along with the total value of

n

4
−
n

2
+
n

3

What do you notice?
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3. A Platonic solid is made of regular polygons that meet But you say it’s just a friend.

the same way at all vertices. Suppose a Platonic solid has
faces with a sides and vertices where b edges meet.
a. If n is the number of orientations of this mystery

solid, find the number of faces, edges, and vertices Ooh, it’s a mystery solid!
Intriguing. Do tell more.in terms of n.

b. Rewrite this equation so that one side says 1
a

+ 1
b

.
c. Find all possible solutions to the equation, along

with the value of n for each. Oh snap.
d. How many Platonic solids are there, and what are

the options?

Your Stu�

NM. a. Complete this equation in base 8. What will Darryl wear to
Niagara Falls if he decides
to become a stuntman? A
Darryl barrel !0.7202013 + = 1

b. List all the powers of 2 in mod 1025 using only a
four function calculator.

c. Find the base-5 decimal for 8/15.

2. Divide 20 by 7 and leave your answer in base 2. Because it’s an alien
language, Jay knows!

10. Convert these base-10 numbers to base 5 now now now!

NOW!a. 73 b.
1

25
c.

1
2

6. a. Prove 1
3 + 1

3 + 1
3 = 1 using decimal expansions in

base 10.
b. Prove 1

3 + 1
3 + 1

3 = 1 using decimal expansions in
base 3.

c. Prove 1
3 + 1

3 + 1
3 = 1 using decimal expansions in

base 2.
d. Compare the decimal expansion of 1

3 in each of the Only 3 of your base are
belong to us! (Great joke,
Kieran! You really had that
one pegged.)

three bases. What do you notice?

5. Andrea has an 8-card deck for some in-shuffling.
a. Track the location of each card. What cycles do you

notice?
b. Armando has a 14-card deck. Repeat! What do you

notice?
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c. Go back to your 8-card deck and write out the
order of all 8 cards after each in-shuffle. Explain
the following observation. Now and then I think of all

the times you gave me Neat
Stuff
But had me believing it was
always something I could
do
Yeah I wanna live that way
Reading the dumb jokes
you’d play
But now you’ve got to let us
go
And we’re leaving from a
math camp that you used to
know

1 · 5 = 5 mod 9
5 · 5 = 7 mod 9
7 · 5 = 8 mod 9

...
d. Does this pattern work for other deck sizes?
e. How can you use this pattern to determine the

number of in-shuffles that it will take to restore
an n-card deck?

12. How many in-shuffles does it take to restore a 12-card
deck? What if you cut the deck into 3 piles? 4 piles? 6
piles? 5 piles?!

1 & 9. Suppose that while performing out-shuffles on a regular
52-card deck, you track whether a particular card appears
on the left (L) or right (R) of the cut and you record that
information.
a. If you notice that the card goes LLLRRLLR, what

card is it?
b. Repeat for LRLLRLLL.
c. The person writing the pattern for that last one might

have messed up the last two letters. What should High five, you’re a STaR!

the last two letters be, and what card is it?
d. Repeat for RLLRLR??.
e. Repeat for RRLLLR??.

3. Dowen and Barryl are avid Euchre players, so they want MOAR BARREL

to try out their “card prediction” trick from last Monday
using a 24-card Euchre deck (9 through Ace of each suit)
instead of a 52-card deck.
a. How many out-shuffles will it take to restore the

deck to its original position?
b. What is 1/23 represented as a base-2 decimal?
c. What card positions does the 5th card take before it

returns to its original position?
d. How many “Left-Rights” would you need to be told

in order to predict the exact card that was chosen?
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8. In what contexts has this graph come up during this Rejected question: “Create
an isomorphism between
something we learned in
class and any Georgia
O’Keefe painting of your
choice.”

class?

2. True or false: for all regular polygons, the number of
symmetries/orientations is equal to twice the number
of edges.

2. Make the most obnoxious table evar: an operation ta- Let’s just be crystal clear we
did not write this problem.
Table 2 is asking you to do
this. Not us.

ble for all the transformations of the cube, where the
operation is “then.”

11. a. Deborah loved Problem 3 from Set 12 so much that
she redrew the graph using blue arrows for the
in-shuffles and yellow arrows for the out-shuffles.
Where have you seen a picture like hers before?

b. Gabe suggests making another picture. He says to Picture Gabe on stage
singing some Beyonce.
Better yet, don’t.

draw the integers 0, 1, 2, 3, 4, an 5 and use yellow
arrows to to connect two integers if you get from the
first integer to the second by adding 3 (mod 6). Use
blue arrows to connect two integers if you get from
the first integer to the second by adding 2 (mod 6).
Where have you seen a picture like his before?

c. Peter says something was missing from our parade Put them together and what
do you get? Bibbity boppity
group. Symmetric across a
Z La sub3 group la group.
(Uh, what?)

construction. What was missing? Barb thinks this
must be why we were getting confused looks from
the crowd.

12. Oh noes! A feared red math germ has begun infecting Really, Table 12, really?
Really? I guess it’s true, we
can’t stop you.

PCMIers! Kieran suggests that it might be possible
to come up with a cure by shuffling the red math
germ’s genes to create an antidote. He lists the genes as
“r e d m a t h g e r m” and then transforms its genes using
(1 2)(3 11)(10 9 8 7 6). What do you think of Kieran’s
suggestion? Hey! This is math camp, not

virology camp!
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10. Refer back to Problem 1 from Set 13. Find two coun-
terexamples to the statement “You can choose any two
transformations and always achieve all eight symme-
tries/orientations.”

12. How many different transformations can you perform
on these non-platonic solids, while still making sure that If they’re non-platonic, does

that mean these solids
hooked up? Zig a zeg ahh.

they occupy the same volume of space?

Don’t let these problems
frustumrate you!

rectangular prism monolith frustum
(square base, (L 6= W 6= H) (square base,
not a cube) see a $1 bill)

7. a. If you number a 52-card deck from 0 to 51 and This problem is as awe-
some as Fred’s name tag.
It’s like the Bohemian Rhap-
sody of math. Everybody
knows that song!

track the position of card #1 during out-shuffles,
you will get this cycle: S = {1, 2, 4, 8, 16, 32, 13, 26}.
Make an operation table for these numbers, where
the operation is multiplication mod 51.

b. Show that this group is isomorphic to (Z8, +).
c. Choose a different cycle of cards by tracking a dif-

ferent card as the deck is out-shuffled. Does that set
of numbers also form a group under multiplication
mod 51?

11. a. Put the numbers 1, . . . , 12 on the edges of a cube so
that the four numbers around each face have the
same sum.

b. Find 19 other really different ways to do this, where
“really different” means not a cube symmetry of
another solution. Hint: Everybody’s shuffling.
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Our Stu�

5. Show that S4 is isomorphic to the group of symmetries Balderdash time! Six of the
seven definitions below are
false. Which is the right
one?

Richard says that the S in
S4 stands for Schrödinger ,
a man who owned too many
cats.

Tina says that the S
in S4 stands for scaler ,
someone who climbs a
large mountain in Park City.

Mark says that the S in S4
stands for subgroup, a set
of nuclear wessels.

Rina says that the S in S4
stands for set , something
you win at tennis by finding
three cards with different
properties.

Rebecca says that the S in
S4 stands for simplex , the
ability to make things easier
and harder at the same
time.

Robert says that the S
in S4 stands for seecant ,
someone who really needs
glasses.

Jodie says that the D in
S4 stands for symmetric,
meaning . . . you know,
symmetric!

of the cube by finding four interesting axes of symmetry.

4. Show that a transposition cannot be both even and odd
at the same time.

3. a. How many distinct ways are there to number the
four faces of a d4? By this we mean that you can’t
find a symmetry that brings one to another. Wow,
that’s not many!

b. How about for a d6?
c. How about for a d8? Wow, that’s . . . not not many?

2. The number of orientations of a d12 and a d20 is the
same. Are these isomorphic doyathink?

Don’t you forget about us
We’ll be alone, shufflin’, you
know it baby
These groups, we’ll take
them apart
Then put ’em back together
in parts, baby

I say (LA)55

When you walk on by

Will you call me maybe . . .

(See you again soon.)

1. Figure out how to use shuffling to find the base-10
decimal expansion of 1

51 along with other fractions.

No More Stu�
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1 Recurring Themes
Hey, welcome to the class. We know you’ll learn a lot of math-
ematics here—maybe some new tricks, maybe some new per-
spectives on things with which you’re already familiar. A few
things you should know about how the class is organized:

•Don’t worry about answering all the questions. If
you’re answering every question, we haven’t written the
problem sets correctly. At least one problem in this

course is unsolvable. Can
you find them all?•Don’t worry about getting to a certain problem num-

ber. Some participants have been known to spend the entire
session working on one problem (and perhaps a few of its
extensions or consequences).

•Stop and smell the roses. Getting the correct answer to
a question is not a be-all and end-all in this course. How
does the question relate to others you’ve encountered? How
did others at your table think about this question?

•Respect everyone’s views. Remember that you have
something to learn from everyone else. Remember that ev-
eryone works at a different pace.

•Learn from others. Give everyone the chance to discover,
and look to those around you for new perspectives. Resist
the urge to tell others the answers if they aren’t ready to
hear them yet. If you think it’s a good time to teach every-
one about eigenvectors, think again: the problems should
lead to the appropriate mathematics rather than requiring
it. The same goes for technology: the problems should lead
to appropriate uses of technology rather than requiring it.
Try to avoid using technology to solve a problem “by itself”.
There is probably another, more interesting, way.

•Each day has its Stuff. There are problem categories:
Important Stuff, Neat Stuff, Tough Stuff, and maybe more.
Check out Important Stuff first. The mathematics that is
central to the course can be found and developed in Impor-
tant Stuff. After all, it’s Important Stuff. Everything else is
just neat or tough. If you didn’t get through the Important
Stuff, we noticed... and that question will be seen again
soon. Each problem set is based on what happened before
it, in problems or discussions. Consider this your first

exposure to recursion. . .

Every three days, go back and read these again.
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Important Stuff

We’re going to start with doing the same thing, over and
over. The Fibonacci sequence is one of the most famous known For example,

F (2) = F (1) + F (0), then
F (3) = F (2) + F (1),
then. . . Use the values of
F (0) and F (1) to find F (2),
then use the values. . . then
they tell two friends, and. . .

in math. It starts with 0, then 1, then each new term is the sum
of the two that come before it. A slightly more formal definition
is

F (0) = 0
F (1) = 1
F (n) = F (n− 1) + F (n− 2) if n > 1

PROBLEM

(b) For the Fibonacci sequence, determine F (0) through F (9)
and the sum of these ten numbers.

Most of the time if we use
F (n) with capital F , we
mean the “real” Fibonacci
sequence, not these
impostors.

(a) Your table will be given four new pairs of starting numbers.
For each pair, determine the first ten numbers (including
the two givens) and their sum. Notice anything?

(h) Describe some similarities between the five sequences your
table worked with.

Stuff in boxes is more
important than other
Important Stuff!

1. Here’s a recursive definition for the sequence 0, 1, 2, 3, 4, . . .:

t(0) = 0, t(n) = t(n− 1) + 1 if n > 0

(a) For some number a, t(a) = 23. Find a.
(b) Calculate the sum t(0) + t(1) + t(2) + · · ·+ t(9).
(c) Calculate the sum t(0) + t(1) + t(2) + · · ·+ t(100).

2. Write a recursive definition for a(n) that fits the sequence
2, 6, 10, 14, 18, . . . This means a(0) should

be 2, a(1) should be 6, and
a(73) should be 294. Just
sayin’.

3. Write a recursive definition for b(n) that fits the sequence
2, 6, 18, 54, 162, . . .

4. Determine the sum a(0)+a(1)+a(2)+ · · ·+a(9) as simply
as you can, without a calculator. Yes, that other thing is also

a calculator. In general, try
to do whatever you can
without calculators.

5. Determine the sum b(0) + b(1) + b(2) + · · ·+ b(9) as simply
as you can, ideally without a calculator.
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6. Without a calculator, estimate the number of digits in
F (100), a big Fibonacci number. Yes, it’s okay to get Avoid saying “the 100th

Fibonacci number” unless
it’s clear what you mean.
F (100) is usually called the
100th Fibonacci number,
but it can be confusing.

this wrong! But think it over a bit.

7. Find two numbers with the given sum s and product p.

(a) s = 7, p = 10
(b) s = 2, p = −3
(c) s = −13, p = 30
(d) s = 10, p = 25

(e) s = 10, p = 23
(f) s = 10, p = −1
(g) s = 100, p = 2379
(h) s = 100, p = 1337

Neat Stuff

Here are some more good questions to think about.

8. Write a recursive rule for c(n) that fits the sequence 1, 2, 11, 43, 184, 767 . . .

9. Which Fibonacci numbers are even, and which are odd?
Explain why this happens. Meanwhile, the number

7912 is weird. No, really, it
is, look it up.10. Which Fibonacci numbers are multiples of 3? Explain why

this happens.

11. The Lucas sequence is like the Fibonacci sequence, except
it starts with 2 and 1 instead of 0 and 1: L(2) = 3, L(3) = 4, L(4) =

7. There’s a lot of literature
on Fibonacci and Lucas. We
humbly request that you not
read any of it until at least
the end of this week, so that
you have the chance to find
and prove some of the
results on your own.

L(0) = 2
L(1) = 1
L(n) = L(n− 1) + L(n− 2) if n > 1

Find as many relationships as you can between the num-
bers in the Lucas sequence and the numbers in the Fi-
bonacci sequence. Try to prove them!

12. The Quagmire sequence is the sum of the Lucas and Fi-
bonacci sequences. Alright:

Q(n) = L(n) + F (n)

Figure out what you can about the Quagmire sequence,
and any new relationships you can figure out between the
Lucas and Fibonacci sequences. Giggity.
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13. In terms of n, how many ways are there to tile a 2-by-n
rectangle with identical 1-by-2 dominoes? Consider any
rotations or reflections to be different tilings: there are 3
tilings for the 2-by-3 rectangle. Why look, here they are!!

14. Without a calculator, determine the units (ones) digit of
F (100).

15. Describe what happens with the sequence defined by

r(0) = 1, r(n) = 1 +
1

r(n− 1)
if n > 0

16. Some pairs of Fibonacci numbers F (a) and F (b) have com-
mon factors. Investigate and find something interesting Well, duh, they have the

common factor 1. (We
mean “legitimate” common
factors.)

about it.

Tough Stuff

Here are some much more difficult problems to try.

17. Marla claims that starting with F (7) = 13, it’s possible
for F (n) to be prime, but it’s not possible for F (n)+1 and
F (n)− 1 to be prime. Prove this. . . well, if it’s true. . .

18. Find x if√√√√
x+

√
x+

√
x+

√
x+
√
x+ . . . = 15

19. Consider the unit circle x2 +y2 = 1. Plot n equally spaced
points on the circle starting from (1, 0). Now draw the n−1
chords from (1, 0) to the others. What is the product of
the lengths of all these chords?

20. Take the diagram you drew in problem 19 and stretch it
vertically so that the circle becomes the ellipse 5x2+y2 = 5.
All the points for the chords scale too. What is the product
of the lengths of all these chords? Holy moly.
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2 Repeating Matters

Important Stuff

We’re going to start with doing the same thing, over and over.
The Mabbott sequence is one of the least famous known in math. For example,

M(2) = 2 ·M(1) + 3 ·M(0),
then
M(3) = 2 ·M(2) + 3 ·M(1),
then. . . Use the values of
M(0) and M(1) to find
M(2), then use the
values. . . then lather, rinse,
and. . .

It starts with 2, then 2 again, then each new term is twice the
one before it, plus three times the one before that. A slightly
more formal definition is

M(0) = 2
M(1) = 2
M(n) = 2 ·M(n− 1) + 3 ·M(n− 2) if n > 1

PROBLEM

(a) For the Mabbott sequence, determine M(0) through M(8).

(n) Use patterns in M(n) to find a way to calculate M(12)
directly without calculating M(10) and M(11).

(d) Your table will be given four new pairs of starting numbers.
For each pair, determine the first nine numbers (including
the two givens). Notice anything?

(y) Describe some similarities between the five sequences your
table worked with.

1. Find a solution to this system of equations:

A+B = 2
3A−B = 2

2. Here’s a recursive definition for the sequence 0, 1, 3, 6, 10 . . .: “Recursive” doesn’t mean
“cursive again.”

s(0) = 0, s(n) = s(n− 1) + n if n > 0

(a) Determine s(9).
(b) Determine s(100).

3. Write a recursive definition for c(n) that fits the sequence
3, 6, 9, 12, 15, . . . This means c(0) should be

3, c(1) should be 6, and
c(221) should be 666. Uh
oh.

4. Write a recursive definition for d(n) that fits the sequence
3, 6, 12, 24, 48, . . .

5. Determine the sum c(0) + c(1) + c(2) + · · ·+ c(6) as simply
as you can, without a calculator.
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6. Determine the sum d(0)+d(1)+d(2)+ · · ·+d(6) as simply
as you can, ideally without a calculator.

7. Calculate each of these.
(a) (5 +

√
2) + (5−

√
2)

(b) (5 +
√

2) · (5−
√

2)

8. Find two numbers with the given sum s and product p.

(a) s = 10, p = 25
(b) s = 10, p = 24
(c) s = 10, p = 23
(d) s = 10, p = 22
(e) s = 10, p = 21

(f) s = 10, p = 20
(g) s = 10, p = 1
(h) s = 10, p = −1
(i) s = 10, p = −299
(j) s = 100, p = 2451

Neat Stuff

9. A “Mabbott-like” sequence is defined by

R(0) = 5
R(1) = 19
R(n) = 2R(n− 1) + 3R(n− 2) if n > 1

Find a closed rule, such as R(n) = 3n, that matches the
sequence, then used the closed rule to find R(10).

10. Find a solution to this system of equations:

A+B = 5
3A−B = 19

11. A sequence is defined by

v(0) = 7
v(1) = 23
v(n) = −v(n− 1)− v(n− 2) if n > 1

Determine v(227). Jackée would be proud.

12. Without a calculator, estimate the number of digits in
F (1000), a really big Fibonacci number.

13. Which Fibonacci numbers are even, and which are odd?
Explain why this happens. Fibonacci numbers are like

marching soldiers in The
Wizard of Oz. Oh, ee,
oh. . . oh, ee, oh. . .

14. Which Fibonacci numbers are multiples of 5? Explain why
this happens.
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15. The Lucas sequence is like the Fibonacci sequence, except
it starts with 2 and 1 instead of 0 and 1: L(2) = 3, L(3) = 4, L(4) =

7. The Lucas sequence lives
on the second floor. Please
don’t read literature about
Fibonacci and Lucas, so
that you can find and prove
results on your own.

L(0) = 2
L(1) = 1
L(n) = L(n− 1) + L(n− 2) if n > 1

Find as many relationships as you can between the num-
bers in the Lucas sequence and the numbers in the Fi-
bonacci sequence. Try to prove them!

16. The Quagmire sequence is the sum of the Lucas and Fi-
bonacci sequences:

Q(n) = L(n) + F (n)

Figure out what you can about the Quagmire sequence,
and any new relationships you can figure out between the
Lucas and Fibonacci sequences. Giggity giggity.

17. Write a recursive rule for h(n) that fits the sequence 1, 10, 44, 160, 536, 1720, 5384 . . .

18. In terms of n, how many ways are there to tile a 2-by-n
rectangle with identical 1-by-2 dominoes? Consider any
rotations or reflections to be different tilings: there are 3
tilings for the 2-by-3 rectangle. Why look, here they are!!

19. In terms of n, how many binary sequences of length n do
not have consecutive zeros? A binary sequence is made

up of all ones and zeros. For
n = 2 there are four binary
sequences: 00, 01, 10, and
11.

20. Without a calculator, determine the units (ones) digit of
F (100) and of F (1000).

21. Describe what happens with the sequence defined by

r(0) = 1, r(n) = 1 +
1

r(n− 1)
if n > 0

22. Some pairs of Fibonacci numbers F (a) and F (b) have com-
mon factors. Investigate and find something interesting. Don’t count common factor

1. Well, maybe you can. . .
23. Write a closed rule for h(n) from problem 17. Good luck!

PCMI 2010 7



Draft. Do not drive too closely or too far away.

Repeating Matters

Tough Stuff

Here are some much more difficult problems to try.

24. Describe a rule you could use to determine, given any in-
teger n > 1, which Fibonacci numbers are divisible by n.

25. Marla claims that starting with F (7) = 13, it’s possible
for F (n) to be prime, but it’s not possible for F (n)+1 and
F (n)− 1 to be prime. Prove this. . . well, if it’s true. . .

26. Prove that any positive integer can be written in exactly
one way as the sum of one or more non-consecutive Fi-
bonacci numbers. For example: 43 = 34 + 8 + 1 while
43 = 21 + 13 + 5 + 3 + 1 would be unacceptable. There are 100 types of

people in the world: those
who understand the
Zeckendorf representation
and those who don’t.

27. Find x if√√√√
x+

√
x+

√
x+

√
x+
√
x+ . . . = 15

28. Find x if √√√√
x+

√
x+

√
x+

√
x+
√
x+ . . . = 1

29. Consider the unit circle x2 +y2 = 1. Plot n equally spaced
points on the circle starting from (1, 0). Now draw the n−1
chords from (1, 0) to the others. What is the product of
the lengths of all these chords?

30. Take the diagram you drew in problem 29 and stretch it
vertically so that the circle becomes the ellipse 5x2+y2 = 5.
All the points for the chords scale too. What is the product
of the lengths of all these chords? We’ll keep asking this one

until someone does it!
Sketchpad perhaps?
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3 Reiterating Leitmotifs

Important Stuff

1. What is the third word in the first line of the fourth full
paragraph of text on the first page? You’ve made us so sad. We

bet you’re not even reading
all the jokes that show up in
these side notes. And
nobody remembers
Emmy-award-winning
actress Jackée Harry from
227?! What is this world
coming to?? When nobody
laughs at a joke about the
Zeckendorf representation, a
kitten dies.

PROBLEM

We’re going to start with doing the same thing, over and over. Here’s a
recursive definition for a function J(n).

J(n) =


2 if n = 0

7 if n = 1

7J(n− 1)− 10J(n− 2) if n > 1

(k) Determine J(0) through J(7).

(a) Assegid says that J(n) grows exponentially. Is he right? Is
he almost right?

(t) Your table will be given four new pairs of starting numbers.
For each pair, determine the first nine numbers (including
the two givens). Notice anything?

(e) Find a closed rule for J(n), then use it to compute J(11).

A closed rule is one like
M(n) = 3n + (−1)n. It has
no recursion, and it also has
no recursion.

2. Find two numbers with the given sum s and product p.

(a) s = 7, p = 10
(b) s = 2, p = −3
(c) s = 3, p = −10
(d) s = 9, p = 14

(e) s = 8, p = 15
(f) s = 92, p = 1995
(g) s = 200, p = 9991
(h) s = 1, p = −1

3. The common ratio between two terms in a sequence is
calculated by dividing a term by the one before it. Cal-
culate the common ratios of J(n), from J(1)/J(0) up to What up with that, I say,

what up with that?!J(9)/J(8), to four decimal places. What up with that?
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4. Here’s a recursive definition for a function B(n). Did you know that one of
the most famous German
beers is Motif Beer? Then
surely you heard about its
new low-calorie version. . .B(n) =


2 if n = 0

3 if n = 1

3B(n− 1) + 10B(n− 2) if n > 1

(a) Determine B(0) through B(7).
(b) Calculate the common ratio of consecutive terms.

What’s happening!! Hey hey hey!

5. Here’s a recursive definition for a function C(n).

C(n) =


1 if n = 0

k if n = 1

3C(n− 1) + 10C(n− 2) if n > 1

Oh noes! C(1) is a variable! Find all possible values of k for
which C(n) is a honest-to-goodness exponential function.

6. There is a two-term recursive definition for p(n) that fits
the function p(n) = 7n − 2n. The rule is

p(n) = A · p(n− 1) +B · p(n− 2)

and A and B need to be found. To find A and B. . .
(k) Compute p(0) through p(4). Psst: p(0) = 0 and

p(1) = 5.(i) Here’s a system of two equations

p(2) = A · p(1) +B · p(0) and
p(3) = A · p(2) +B · p(1)

Solve the system to find A and B.
(m) Verify that your recursive definition gives the cor-

rect values of p(0) through p(4).

7. (a) Find a two-term recursive definition for j(n) that fits
the function j(n) = 3n + 5n.

(b) Find a two-term recursive definition for e(n) that fits
the function e(n) = 2 · 3n + 3 · 5n.

(c) Find a two-term recursive definition for t(n) that fits
the function t(n) = 4 · 3n − 5n.

8. There’s a shorthand for the adding and scaling of sequences
we’ve been doing:

(1, 5) + (1, 2) = (2, 7) and 2(2, 7) = (4, 14)

(a) Find A and B so that A(1, 5) +B(1, 2) = (5, 19).
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(b) A sequence starts with 5 and 19 and follows the rule
J(n) = 7J(n−1)−10J(n−2). Find a closed rule that
matches this recursive definition.

(c) Find A and B so that A(1, 5) +B(1, 2) = (1, 0).
(d) Find A and B so that A(1, 5) +B(1, 2) = (0, 1).
(e) Find A and B so that A(1, 5) + B(1, 2) = (11,−4).

Use the last two!

Neat Stuff

9. Okay, here’s a pile of recursive rules and starting points. Starting points, eh?
Whateves. Skip the last one
if you want to, but it’s fun
and highly educational. You
might need a calculator for
that ride.

For each, find a closed rule that fits the sequence.
(c) t(n) = 5t(n− 1)− 6t(n− 2). Starting point (2, 5).
(l) t(n) = 5t(n− 1)− 6t(n− 2). Starting point (6, 13).
(i) t(n) = 5t(n− 1)− 6t(n− 2). Starting point (1, 2).
(n) t(n) = 5t(n− 1) + 6t(n− 2). Starting point (2, 5).
(t) t(n) = 92t(n− 1)− 1995t(n− 2). Start at (2, 92).

10. A function is defined by

s(n) =


0 if n = 0

1 if n = 1

−s(n− 2) if n > 1

Determine s(4077). Is this number on your
radar?

11. Find a closed rule that matches this recursive definition.

f(n) =


2 if n = 0

10 if n = 1

10f(n− 1)− 23f(n− 2) if n > 1

12. The Lucas sequence is like the Fibonacci sequence, except
it starts with 2 and 1 instead of 0 and 1: The Lucas sequence was

once injured in a high school
football game, but went on
to star in “License to Drive.”

L(n) =


2 if n = 0

1 if n = 1

L(n− 1) + L(n− 2) if n > 1

Find as many relationships as you can between the num-
bers in the Lucas sequence and the numbers in the Fi-
bonacci sequence.

13. Something interesting happens when you take the product
of two Fibonacci numbers that surround a third. What is It’s it. What is it? It’s it.

it?
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14. What happens to the Fibonacci sequence if only units dig-
its are considered? The sequence begins

0, 1, 1, 2, 3, 5, 8, 3, 1, . . .

15. In terms of n, how many ways are there to tile a 2-by-n
rectangle with identical 1-by-2 dominoes? Consider any A picture of these three

tilings can be found on Set
1 or 2.

rotations or reflections to be different tilings: there are
three tilings for the 2-by-3 rectangle.

16. In terms of n, how many ways are there to write n as the
sum of ones and twos? Consider any reorderings to be
different ways. There are three tilings, uh, ways to write
3 using ones and twos: 1 + 1 + 1 or 1 + 2 or 2 + 1.

17. In terms of n, how many binary sequences of length n do
not have consecutive zeros? A binary sequence is made

up of all ones and zeros. For
n = 2 there are four binary
sequences: 00, 01, 10, and
11.

18. Describe what happens with the sequence defined by

r(0) = 1, r(n) = 7 +
−10

r(n− 1)
if n > 0

Repeat for r(0) = 2. Neato.

Tough Stuff

19. Prove that the greatest common factor between F (a) and
F (b), is also a Fibonacci number. But which one?

20. Find a two-term recurrence that has period 6: for any
n ≥ 0, f(n+ 6) = f(n) and there is no smaller n for which
this is true.

21. Find a two-term recurrence that has period 8.

22. Marla continues to claim that starting with F (7) = 13,
it’s possible for F (n) to be prime, but it’s not possible for
F (n) + 1 and F (n)− 1 to be prime. Is this true? Prove it.

23. Consider the unit circle x2 +y2 = 1. Plot n equally spaced
points on the circle starting from (1, 0). Now draw the n−1
chords from (1, 0) to the others. What is the product of
the lengths of all these chords?

24. Take the diagram you drew in problem 23 and stretch it
vertically so that the circle becomes the ellipse 5x2+y2 = 5.
All the points for the chords scale too. What is the product
of the lengths of all these chords? Come on! Let’s see this

sucker in Sketchpad!
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Reappearing Doodads

4 Reappearing Doodads

PROBLEM

We’re going to start with doing the same thing, over and over. Find a

Lately the most common
reappearing doodad
has been a vuvuzBRAAAAA-
WWWWWWWWWWWWW

closed rule for T (n). If you’re not sure where to begin, consider taking
common ratios of consecutive terms.

T (n) =


2 if n = 0

13 if n = 1

13T (n− 1)− 30T (n− 2) if n > 1

Important Stuff

1. Calculate each of these. Sheesh, fractions and
radicals? It’s only problem
1!

(a)

(
1 +
√

5

2

)
+

(
1−
√

5

2

)

(b)

(
1 +
√

5

2

)
·
(

1−
√

5

2

)
2. Find two numbers with sum salt and product pepa. Whatta number, whatta

number, whatta mighty
good number!

(j) salt = 13, pepa = 30
(a) salt = 10, pepa = 21
(n) salt = 100, pepa = −1469
(e) salt = 1, pepa = −1 If you get this one right,

you’re golden. Problems
about Spinderella may
appear later.

3. Function S(n) is defined by this recursive rule.

S(n) =


1 if n = 0

k if n = 1

10S(n− 1)− 21S(n− 2) if n > 1

Find all possible values of k for which this is a rootin-tootin
geometric sequence.

4. Find the solution to each of these systems of equations. Forgot what that stuff
means? We defined this
shorthand previously:
(1, 5) + (1, 2) = (2, 7) and
2(2, 7) = (4, 14).

(s) A(1, 7) +B(1, 3) = (2, 10)
(e) A(1, 7) +B(1, 3) = (1, 19)
(t) A(1, 7) +B(1, 3) = (0, 1)
(h) A(1, 7) +B(1, 3) = (h, k)
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Reappearing Doodads

5. Function T (n) is defined by this recursive rule.

T (n) =


h if n = 0

k if n = 1

10T (n− 1)− 21T (n− 2) if n > 1

Find a closed rule for T (n) if. . . The last answer will be in
terms of h and k, which are
grateful to finally be used
for something other than
horizontal and vertical shifts.

(a) h = 2, k = 10
(b) h = 1, k = 19

(c) h = 0, k = 1
(d) you’re not given h or k

6. Recursion can happen to points, too! The recursive rule So for example, (10, 19)
goes to (19, 29) goes to
(29, 48) goes to . . .(x, y) 7→ (y, x+ y)

takes a point and produces a new point. This recursion
gives a whole sequence of points, as long as you have a
place to start. Let (0, 1) be the starting point. Just let it. (0, 1) deserves

nice things too. In case you
were wondering, there are
two Kims.

(k) Show that the next point in the sequence is (1, 1).
(i) Show that the next point in the sequence is (1, 2).
(m) Determine the next eight points in the sequence.

7. It’s Technology Time with our very special host, the TI- It’s fun to play with
spreadsheets. It’s fun to play
with spreadsheets. It’s fun
to play with spreadsheets,
and this is how you do it!!

Nspire! Yay! In today’s Technology Time you will make a
spreadsheet with the points from problem 6.
• Turn the calculator on by hitting the HOME icon, then

hit it again to call up the main menu.
• Select the spreadsheet icon. You should now have a

blank spreadsheet. To select something, use the
button in the center of the
pad, or hit the ENTER key
on the right.

• In cell A1 (note: not the top row!) type 0. In cell B1
type 1.

• The rule is (x, y) 7→ (y, x + y), so use the formulas to
type the next row: in cell A2 type =b1. (The equals
key is in the upper left.) This carries the value from
cell B1 into cell A2. The number 1 should appear.

• In cell B2 type =a1+b1. This carries the sum of cells
A1 and B1 into cell B2. The number 1 should appear.

• Now for the cool part: FILL DOWN! Go to cell A2 and
hold down the “clicker” (big button in the middle) for
about 2 seconds. Cell A2 should now have a dotted It’s fun to play with

spreadsheets. It’s fun to
play with spreadsheets. It’s
fun to play with
spreadsheets, and that’s how
you do it!! (FTW?)

line around it. Now click down a ways (to row 10).
You’re filling down the formula! Hit enter to confirm.

• . . . but the formula from the second column needs to
come down, too. Fill it down as well. Woot!
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Reappearing Doodads

Neat Stuff

8. Consider the function J(n) from yesterday:

J(n) =


2 if n = 0

7 if n = 1

7J(n− 1)− 10J(n− 2) if n > 1

You saw that as n increases, the common ratio of consecu-
tive terms approached 5. But what happens if n decreases?
(a) Determine the value of J(−1) that would allow the

recursive rule to continue working. Specifically, J(1) =
7J(0)− 10J(−1) gives this value.

(b) Determine J(−2) through J(−6) to a reasonable num-
ber of decimal places.

(c) What happens to the ratio of consecutive terms as n Remember, the common
ratio would be
J(−5)/J(−6), not the other
way around.

becomes more and more negative? The ratio is always
more than 1, by the way.

9. The golden ratio φ is the number 1+
√

5
2

.
(z) Show that φ2 = φ+ 1.
(a) Show that φ3 = blahφ + bleh. Oops, we forgot the

numbers! You figure it out.
(c) Find cool rules for φn for increasing values of n. How

awesome is that?
(k) Find cool rules for φn for negative values of n.

10. Something interesting happens when you take the product
of two Fibonacci numbers that surround a third. What is
it? It’s it. What is it? It’s . . . a

song by Faith No More. . . or
a delicious ice cream
sandwich!

11. Find a closed rule for R(n).

R(n) =


2 if n = 0

10 if n = 1

10R(n− 1)− 22R(n− 2) if n > 1

12. Find a closed rule for I(n). Deeper into the problem
sets, things always seem to
get more complex.

I(n) =


2 if n = 0

10 if n = 1

10I(n− 1)− 29I(n− 2) if n > 1

13. Find a closed rule for the Lucas numbers.
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Reappearing Doodads

14. What happens to the sequence of units digits of Fibonacci
numbers? The sequence begins 0, 1, 1, 2, 3, 5, 8, 3, 1, 4,
5, 9, 4, 3, 7, 0. . . How many Fibonacci

numbers does it take to
screw in a BRAAAAAW-
WWWWWWWWWWWW

15. (a) Find a closed rule for Y (n).

Y (n) =


1 if n = 0

3 if n = 1

6Y (n− 1)− 9Y (n− 2) if n > 1

(b) Find a closed rule for Z(n). Darn, joke interrupted by
vuvuBRAAAAAWWWWW-
WWWWWWWW

Z(n) =


1 if n = 0

6 if n = 1

6Z(n− 1)− 9Z(n− 2) if n > 1

(c) What’s going on? Research more starting pairs. I say: hey-ey-ey-ey-ey,
hey-ey-ey. I say hey! What’s
going on? And then I wake
in the morning and I step
outside. . .

16. Algebraically prove each of these identities. What might
they be useful for, pray tell?
(a) xn + yn = (x+ y) (xn−1 + yn−1)− xy (xn−2 + yn−2)
(b) Axn+Byn = (x+ y) (Axn−1 +Byn−1)−xy (Axn−2 +Byn−2)

Tough Stuff

17. The Onemorenacci sequence is defined by the rule

O(n) =


0 if n = 0

1 if n = 1

O(n− 1) +O(n− 2) + 1 if n > 1

Find a closed rule for the Onemorenacci sequence.

18. Prove that any positive integer can be written in exactly
one way as the sum of one or more non-consecutive Fi-
bonacci numbers. For example: 53 = 34 + 13 + 5 + 1.

20-22. Do problems 22 through 24 from yesterday.
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Rematerializing Materials

5 Rematerializing Materials

Important Stuff

We’re going to start with doing the same thing, over and over.

PROBLEM

The Lucas sequence is defined by
Problem 1 from yesterday’s
set may be helpful.

L(n) =


2 if n = 0

1 if n = 1

L(n− 1) + L(n− 2) if n > 1

Evaluate L(0) through L(6) and find a closed rule for L(n).

We’re going to start with doing the same thing, over and over.

PROBLEM

Wait... wait... What are these numbers called again? Fibboplonki? Nib-
bonoochie? Tribiani? Tamagotchi? Fonzarelli? Chimichanga? Minnelli?

Problem 1 from yesterday’s
set may be helpful.

F (n) =


0 if n = 0

1 if n = 1

F (n− 1) + F (n− 2) if n > 1

Well, whatever they are, find a closed rule for them.

1. The golden ratio φ is the number 1+
√

5
2

.
(c) Show that φ2 = φ+ 1.
(a) Show that φ3 = φ(φ+ 1) without evaluating φ. The correct pronunciation of

φ3 is “fum”.(m) Show that φ3 = blahφ + bleh. You figure out the
blahnks, but there’s a catch: you are not allowed to
write the symbol

√
5 anymore in this problem! Use

the behavior of φ to guide you.
(e) Show that φ4 = blihφ+ blöh, again without evaluat-

ing φ. Hm, φ4 can be broken down
into smaller powers of φ. . .(r) Show that φ5 = bluhφ+ blyh.

(o) Describe a general rule for φn. Awesome!!
(n) Find cool rules for φn for negative values of n. One starter is φ = 1 + 1/φ.
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Rematerializing Materials

2. Let f(n) = φn + φ−n. Use the results from problem 1 to
evaluate f(0) through f(6).

3. What do you get when you average a Lucas number and
the corresponding Fibonacci number? A Fluke-anacci number?

4. Welcome back to Technology Time with our guest the TI-
Nspire! Let’s review what we did before, then make a
scatter plot and line of best fit! The recursion is

(x, y) 7→ (y, x+ y)

• Get an empty spreadsheet by going to the HOME
menu and selecting the spreadsheet icon.

• In A1, type 0; in B1, type 1.
• In A2, type =b1; in B2, type =a1+b1. This activity is a lot more

fun when you make the
appropriate sound effects.
Please no vuvuzelas.

• Go to A2 and hold down the “clicker” until you see
a dotted line around A2’s box. Move down to row 16
and hit enter to fill down the formula. Fail? No. . .

• Go to B2 and fill down its formula. Boom! If you’ve
done it right, row 16 is (610, 987).

• Now go to the very top of column A. Right next to the
A, type x. Next to the B, type y. This creates a list
variable for each column. The Data and Statistics icon

looks like a histogram
making a rude gesture. I’m
sorry, it does! You can also
add a new page by hitting
the ctrl key and then typing
I. Ctrl+I for “insert”.

• Go to the HOME menu and select the Data and Statis-
tics icon. Move the mouse to the x-axis and click.
This should give a popup with list variables, choose x.
Whooooop!

• Move the mouse to the y-axis (about halfway up) and
click. Choose y. Whooooop!

• To add the line of best fit, hit menu in the upper
right, then select Analyze → Regression → Linear.
Whoomp, there it is. Check out that slope! If these instructions are too

long, use a tag team.

The Week In Review

5. Take a few minutes to look back at what you’ve done.
List five things you learned this week, and two things you
are still unsure about or would like to investigate further.
We’ll talk this over at the end of class.
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Rematerializing Materials

Neat Stuff

6. Calculate this expression to seven decimal places for n =
8, 9, 10, 11.

1√
5
·
(

1 +
√

5

2

)n

7. Suppose you know that f(n) = 2 · 5n + 3 · 7n matches the
recursive rule f(n) = 12f(n − 1) − 35f(n − 2) for n from
0 to 5.
(e) Use as little evaluation as possible to show So, we don’t care that the

left side equals 384197. Try
to make the right side into
the left by combining like
terms.

2 · 56 + 3 · 76 = 12
(
2 · 55 + 3 · 75

)
− 35

(
2 · 54 + 3 · 74

)
(r) Explain how the above statement proves that the

recursive rule continues to work for n = 6.
(i) Write a new statement that can be used to prove that

the recursive rule continues to work for n = 7. In other
words, prove that f(7) = 12f(6)− 35f(5).

(c) How far can this go?

8. Prove this important identity using the same process you
followed for the specific case x = 5, y = 7 above. Same thing: make the right

side into the left.

Axn+Byn = (x+ y)
(
Axn−1 +Byn−1

)
−xy

(
Axn−2 +Byn−2

)
9. Here’s another rule that takes points and produces new

ones in the plane:

(x, y) 7→ (y, 6x+ y)

(d) Make a simple shape in the coordinate plane, then
figure out what new shape results after the transfor-
mation.

(o) A fixed point is a point for which (a, b) maps to itself
under the transformation. Determine all fixed points,
if any, for this transformation.

(u) A scaled point is a point for which (a, b) maps to
(ka, kb) under the transformation for some constant k. So fixed points are scaled

points with k = 1.Show that (1, 3) is a scaled point for this transforma-
tion.

(g) Find and graph all scaled points for this transforma-
tion.
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10. Something interesting happens when you multiply a Lucas
number by the corresponding Fibonacci number:

L(n) · F (n) = ???

Find the result, and (if you like) prove it by induction.

11. At Pizza and Problem Solving, Katya showed us that the SSTP was in the House of
Representin’ last night!
Assegid! Sara! Ellie! Katya!
Someone else!

number of ways to pick a set from 1 to n with no consecu-
tive digits was related to Fibonacci numbers. Solve it again
with a new restriction: 1 and n are considered consecutive.
Put another way: find the number of ways people could be
sitting at a round table with n seats without anyone sit-
ting next to anyone else, including the option that no one
is sitting.

12. (a) Something interesting happens when you take the
product of two Fibonacci numbers that surround a
third. What is it? Whatizit was the horrible

mascot for the Atlanta 1996
Olympics!

(b) Something else interesting happens when you take
the sum of two Fibonacci numbers that surround a
third. What is it?

13. (a) Find a closed rule for a(n).

a(n) =


2 if n = 0

6 if n = 1

2a(n− 1)− 1a(n− 2) if n > 1

(b) Find a closed rule for c(n).

c(n) =


3 if n = 0

6 if n = 1

2c(n− 1)− 1c(n− 2) if n > 1

(c) What’s goin’ on? Can you prove it? Brother brother brother,
there’s far too many of you
dyin’. . .14. (a) Find a closed rule for X(n).

X(n) =


1 if n = 0

5 if n = 1

10X(n− 1)− 25X(n− 2) if n > 1

(b) Find a closed rule for Y (n).

Y (n) =


0 if n = 0

5 if n = 1

10Y (n− 1)− 25Y (n− 2) if n > 1
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(c) Find a closed rule for Z(n).

Z(n) =


1 if n = 0

10 if n = 1

10Z(n− 1)− 25Z(n− 2) if n > 1

(d) What’s going on? Research more starting pairs.

15. Let f(n) = Af(n−1)+Bf(n−2) be a two-term recurrence.
(a) Show that if p(n) solves the recurrence, then so does

h · p(n) for any constant h.
(b) Show that if p(n) and q(n) each solve the recurrence,

then so does h · p(n) + k · q(n) for any constants h and
k.

16. Find a closed rule for Q(n). Things get messy in
episodes where Q shows up.

Q(n) =


8 if n = 0

3 if n = 1

79 if n = 2

19Q(n− 2)− 30Q(n− 3) if n > 2

Tough Stuff

17. Let φ be the golden ratio, and A and B be the two numbers
so that (

φn + φ−n
)( φn

√
5
− φ−n

√
5

)
= An +Bn

Find a two-term recurrence relation satisfied by An +Bn. This problem is inspired by
problem 10.

18. What happens to the Fibonacci sequence in mod m? For example, in mod 7 the
only numbers are 0 through
6. The sequence starts 0, 1,
1, 2, 3, 5, 1, 6, 0.

(a) Explain why it must be periodic and give a cap on
this period in terms of m.

(b) Find the period of the Fibonacci sequence for various
m, looking for any patterns and conjectures.

19. Evaluate this sum:

F0

1
+
F1

103
+
F2

106
+ · · ·+ Fn

103n
+ · · ·

20. Find some more “awesome fractions” like the one seen at
the end of today’s session.
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6 So You Think You Can Count

Important Stuff

PROBLEM

Jesse buys her first car, a Mini Cooper valued at $20,000. To pay for the
car, she takes out a loan for 48 equal monthly payments at 6% APR. The
loan starts at $20,000, and each month the remaining loan balance grows
by 0.5%, then the payment is taken.

1. Explain why Jesse’s monthly payment must be more than
$400.

2. Find Jesse’s payment to the nearest penny. Use technology
but no formulas.

At our last PD, somebody
set up a “car payment
calculator”. Don’t do that.
You’re going to build this
formula for us. Darryl thinks
this formula is the bomb.
Bowen thinks it’s off the
chain.

1. Sam buys his first car, a Nissan Versa stick-shift valued at
$10,000. Sam’s loan is similar to Jesse’s: 48 months at 6%
APR. Determine Sam’s monthly payment to the nearest
penny. Notice anything?

2. The recursive rule

(x, y) 7→ (y,−21x+ 10y)

takes a point and produces a new point. This recursion
gives a whole sequence of points, as long as you have a
place to start. For each of these starting points, find the
next three points in the sequence. Do these in “down” order:

first (2, 10) then (4, 20) and
so on. Beware, using the
point (4, 20) may result in
classroom snickering.

(n) (2, 10)
(i) (4, 20)
(c) (10/21, 2)

(o) (1, 3)
(l) (a, 3a)
(e) (1, 7)

3. In the last two sessions you worked on this recursion for
points:

(x, y) 7→ (y, x+ y)

(a) Find a fixed point for the recursion, a point (a, b) that
remains at (a, b) after the transformation.
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(b) Find a different point that is a scaled point for the
recursion, a point (a, b) that is taken to (ka, kb) for
some number k. Fixed points are also scaled

points. Why?
4. Here’s a handy notation for general stuff like the stuff in

the first two problems above. 2 3

4 5

  x

y

 =

 2x+ 3y

4x+ 5y


Evaluate each of the following using the notation above.
Check your work with a secret calculating device.

(m)

 0 1

−21 10

 2

10


(e)

 0 1

−21 10

  10

58


(l)

 0 1

−21 10

  1

3


(a)

 0 1

1 1

  0

0


(n)

 0 1

1 1

 5

8


(i)

 0 1

1 1

 34

55


(ε)

 0 1

1 1

  5 34

8 55


Hey, this last one’s different.
What happen ?

5. For this function, determine the sum of ε(0) through ε(8).

ε(n) =

1, n = 0

3ε(n− 1), n > 0

6. It’s Technology Time again! Get your TI-Nspire main That’s TI-Nspire, not
Inspire. It’s patented!screen turn on. We’re going to build the function from

problem 5, other than that fancy ε thingy.
• From the main menu, select a Calculator screen.
• Push menu and select “Define” from the “Actions”

menu. The word Define should appear on screen.
• Type e(n) = . Do not hit enter.
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• Push the button in the upper right that looks like an
absolute value symbol plus some other curly thing. A If you have a better

description for this, let us
know.

set of templates should appear on screen. Ooh, it’s
MathType!

• . . . except it works! Select the “piecewise function”
template, which is the 7th across in the first row. Hit
enter and kapow! a template with four boxes should
appear on screen.

• Make the line look like this: Move between all your boxes
using the tab key on the
left. For any greater than or
less than symbol, the base is
the “equal” key. Hit the ctrl
key then the “equal” key.
These pop-up menus often
group items where they
belong. To us, this is much
simpler than the old Nspire
layout.

e(n) =

1, n = 0

3e(n− 1), n > 0

• Hit enter. The response should be Done.
• Type e(8) and hit enter. Woo! Compute the sum of

e(0) through e(8) and you’re done.

Neat Stuff

7. Ashli is investigating other possible cars and payments. If
she pays $400 per month at 6% APR interest on a car
that costs $P, her remaining balance after n months can
be modeled by the function

B(n) =

P, n = 0

blah ·B(n− 1)− 400, n > 0

(a) Dangit. What number is blah?
(b) What is Ashli’s balance after 48 months if the car

costs $60,000?
(c) . . . if the car costs $70,000?
(d) . . . if the car costs $80,000?
(e) . . . if the car costs $90,000?

8. (a) Draw a triangle with points Z(1, 2), I(3, 2), G(3, 8).
Determine the area of the triangle.

(b) Move ZIG according to the rule

(x, y) 7→ (y,−10x+ 7y)

Find the coordinates of the three new points.
(c) Draw the new triangle and compute its area.
(d) Compute the following. Use the earlier work to help!

Darryl says you have no
chance to survive otherwise.

 0 1

−10 7

 1 3 3

2 2 8
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9. Find a closed rule that agrees with this recursive rule.

f(n) =

1, n = 0

2f(n− 1) + 1, n > 0

10. Find a closed rule that agrees with this recursive rule.

f(n) =

1, n = 0

2f(n− 1) + 3, n > 0

11. Find a closed rule that agrees with this recursive rule.

f(n) =

1, n = 0

2f(n− 1) +K, n > 0

12. Find a closed rule that agrees with this recursive rule.

f(n) =

P, n = 0

2f(n− 1) +K, n > 0

13. Build some other polygons and transform them according
to the rule in problem 8. What happens to the shape of
the polygons? What happens to the area of the polygons?

14. The Twomorenacci sequence is defined by the rule Is that a twomore? It’s not
a twomore!! (Best said in
an Austrian accent.)

T (n) =


0, n = 0

1, n = 1

T (n− 1) + T (n− 2) + 2, n > 1

Find a closed rule for the Twomorenacci sequence.

Tough Stuff

15. Marla still claims that the numbers on either side of a
Fibonacci number (from 13 above) can never be prime. Is
this true? If so, prove it. Factorizations may be helpful,
but not necessarily prime factorizations. . .

16. Rina one-ups Marla by claiming that the numbers on ei-
ther side of the square of a Fibonacci number (from 3
above) can never be prime. What you say! Make your time.

17. Mary n-ups Rina by claiming that the numbers on either
side of any power of a Fibonacci number (from 3 above)
can never be prime. For great justice, decide whether or
not this is true.
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7 America’s Next Top

Mathematical Model
Important Stuff

PROBLEM

Evelyn is looking to buy a Scion xB valued at $17,000. She’s looking to

Welcome to Cycle 7.
Today’s problem set
promises to be fierce. Don’t
forget to smile with your i’s.

pay it off over the next 36 months, and locked in a nice 3% APR interest.
Evelyn will make a fixed payment per month, then a “balloon” payment
at the end for the rest.

1. If Evelyn pays $300 per month, determine the amount she
still owes at the end of 36 months.

Remember, the interest is
added on before a payment
is taken. As with yesterday,
use technology as you desire
but no “car payment
calculator”.

2. How much does she still owe if she pays $350 per month?

3. How much does she still owe if she pays $400 per month?

4. $450 per month?

5. $0 per month? Interesting.

6. Plot these results as points, with the monthly payment on
the horizontal axis and the remaining balance on the vertical
axis. Notice anything? If not, make more points!

7. Use what you noticed to determine the monthly payment
that pays off Evelyn’s loan completely at 36 months.

If you spot a former mate
driving around in and old
Toyota Tercept, you can say
“Look! It’s the x in
Tercept!” Oh god, that was
horrible.

1. Chance is 25 years old and beginning to save for retirement. Ask Chance how many years
he’s been 25.Each year he will contribute the same amount of money

to a retirement account. Chance estimates the retirement
account will earn 10% APR interest. If Chance contributes
$1,000 per year, the balance in Chance’s account after n
years can be modeled by Say, did you know that 49 is

262,144? Fun fact. Okay,
maybe just fact.

B(n) =

1000, n = 0

1.1 ·B(n− 1) + 1000, n > 0

(r) How much money will Chance have at age 65 if he
contributes $1,000 per year?

(a) . . . $2,000 per year?
(y) If Chance wants to have $1,000,000 in this account at This problem makes Bowen

sad. Damn you, James
Michener!

retirement, how much should he contribute per year?
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2. Let S = 1 + 4 + 16 + · · ·+ 48.
(t) Write a nice, long expression for 4S that ends in 49.
(o) Write a nice, short expression for 4S − S = 3S.
(m) Use the value of 3S to find the value of S.

3. Generalize the last problem. What is 1 + k+ k2 + · · ·+ kn

in terms of k and n?

4. Let f(n) = An+B and g(n) = Cn+D be linear functions. This can be written as
f(Cn+D) if you like, so
replace n in f(n)’s
definition with Cn+D and
you got it like Roy Orbison.

Show that the composite function f(g(n)) is also a linear
function.

5. Let f(n) = 1.0025n− 300.
(f) Compute f(17000).
(e) Write a rule for f(f(n)). Collect terms but do not

evaluate anything. If you see 1.00252, and you will,
leave it that way. If you can’t be bothered to

write all these 1.0025s,
maybe write k instead.

(l) Use your last rule to write a rule for f(f(f(n))).
Again, collect terms without evaluating.

(i) Keep doing this until you get into a good rhythm,
then write a rule for f 36(n), which means taking f
and repeating it 36 times. Collect terms and try to
simplify, but do not evaluate.

(p) Show that f 36(n) is a linear function. What are its
coefficients?

(ε) Compute f 36(17000).

6. Time to turn up the heat on Technology Time, so bring on
the TI-PERspire! Today you’ll see how to use matrices to
repeatedly evaluate this recursion on points:

(x, y) 7→ (1.0025x− 300y, y)

• Get a calculator screen going, and call up the tem- The technical name for this
is actually dealy, but we’ve
decided to keep using
thingy. Consistency is
important. No one found
the hidden message in
yesterday’s giant Technology
Time sidenote, so there isn’t
one today.

plates with the wacky absolute value curly brace but-
ton thingy.

• Pick the 2-by-2 matrix template. Foom! Four boxies
will appear with a square bracket around them.

• Type this:  1.0025 −300

0 1


• To the right of the completed matrix, type a multipli-

cation symbol.
• Call up the templates again and pick the 2-by-1 verti-

cal vector from the templates (two to the right of the
matrix one). Zing! Two boxies will appear.
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• Make the whole thing look like this: 1.0025 −300

0 1

 ·
 17000

1


• Hit enter and a new vector should result.
• Make the next line look like this: You can just type ans using

the keypad, or you can hit
ctrl then the negative sign.
Like other calculators, this
means “the last
airbender”. . . um, answer.

 1.0025 −300

0 1

 · Ans

• Hit enter and a new vector should result. Repeat until
the 36th vector appears, unless you can think of some
other ways to do it. . .

Neat Stuff

7. Find another rule that agrees with this recursive rule! Why are you shouting! I
don’t know!

f(n) =

1, n = 0

nf(n− 1), n > 0

8. How much money will you have to contribute per year to
have $1,000,000 at age 65? If you’re over 65, maybe just
skip this one.

9. For each recursion on points, find all the fixed points, points
where (x, y) maps to itself, and all the scaled points, points
where (x, y) maps to a multiple of itself (kx, ky).
(k) (x, y) 7→ (2x, 2y)
(a) (x, y) 7→ (x, 2y)
(i) (x, y) 7→ (−x, y)
(t) (x, y) 7→ (y,−10x+ 7y)
(l) (x, y) 7→ (y,−21x+ 10y)
(y) (x, y) 7→ (y, 3x+ 2y)
(n) (x, y) 7→ (y, x+ y)
(p) (x, y) 7→ (1.0025x− 300y, y)

10. Start with the point (−8, 5) and follow the recursion (x, y) 7→
(y, x + y) for a while. Plot all the points you find in this
way. Describe the path taken by these points, and the path
taken by points that come before (−8, 5) under the same
recursion. What point (x, y) maps to

(−8, 5)?
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11. Find a closed rule that agrees with this recursive rule.

f(n) =

8, n = 0

1.5f(n− 1) + 2, n > 0

12. Find a closed rule that agrees with this recursive rule.

f(n) =

−4, n = 0

1.5f(n− 1) + 2, n > 0

13. Find a closed rule that agrees with this recursive rule.

f(n) =

A, n = 0

1.5f(n− 1) +B, n > 0

14. (t) Ellie challenges you to find a recursive rule for P (n)
that fits the sequence 1007, 10017, 100117, 1001117, . . .

(i) Explain why P (n) will always be a multiple of 53,
regardless of n.

(m) Find a closed rule for P (n).

15. Find a closed rule that agrees with this recursive rule.

f(n) =

A, n = 0

kf(n− 1) +B, n > 0

16. The Threemorenacci sequence is defined by the rule T (n) = Jeez, this again? Enough
already.T (n − 1) + T (n − 2) + 3 for n > 1 with starting values

T (0) = 0 and T (1) = 1.

Find a fixed point for the Threemorenacci sequence, then
use it to help you find a closed rule.

Tough Stuff

17. Saturday was 7/3/10, interesting because it’s written as
A/B/C with A + B = C. How many more times in this
century will such a date happen? The last one is in 2043.

18. Find a rule that agrees with this recursive rule. Psst: compare the values to
n!, you’ll be glad you did. . .

T (n) =

0, n = 0

nT (n− 1) + n, n > 1

19. Find all real numbers satisfying this system of equations:

a+ b = cd

c+ d = ab
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8 Todd and Kenny Plus Table 8

Important Stuff

PROBLEM

Darryl buys a limited-edition version of Pixeljunk Monsters for $1,000.

Apparently, Darryl loves
Monsters more than life
itself! Well, pretty close
anyway.

He uses a credit card, which charges him 12% APR interest (1% per
month).

(d) If Darryl doesn’t pay anything each month, how much will
he owe at the end of 12 months, assuming no one has charged
him additional fees or broken any pinkies?

(o) If Darryl only pays $1 each month, how much less will he
owe at the end of 12 months than if he paid nothing at all?

(n) If Darryl pays $2 each month, how much less will he owe at
the end of 12 months than if he paid nothing at all?

1. Use slopes and intercepts and whatnot to determine the
monthly payment Darryl should make to pay off his Mon-
sters game in the 12 months.

2. Let f(n) = 1.01n− p.
(c) Compute f(1000). It’s okay if an answer has

some p in it.(a) Write a rule for f(f(1000)). Collect terms but do
not evaluate anything. If you see 1.012, and you will,
leave it that way.

(r) Write a rule for f(f(f(1000))). Again, collect terms
without evaluating. If you can’t be bothered to

write all these 1.01s, maybe
write k instead. While
you’re at it, give the 1000 a
name. Besides “Bob.”

(o) Keep doing this until you get into a good rhythm,
then write a rule for f 12(1000), which means taking f
and repeating it 12 times. Collect terms and try to
simplify, but do not evaluate.

(l) Find the value of p that makes f 12(1000) = 0.
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3. Ben loves TaB. Each can of TaB has 46.8 mg of caffeine. Mmmm, TaB. It’s the
uncola! Or maybe it’s
refreshingly crisp? Or maybe
it’s got sass? Really though,
TaB’s never been the same
since they got rid of that
cyclamate.

Starting caffeine-free, Ben drinks a can of TaB every hour.
Suppose the body removes 10% of the caffeine in the blood-
stream each hour (close to reality).
(a) Write a recursive rule involving the number 0.9 for

the amount of caffeine in Ben’s body after n hours
after his first TaB.

(b) Determine the amount of caffeine in Ben’s body at 6 Needless to say, Ben also
wakes up in the middle of
the night to drink TaB on
the hour.

hours, 12 hours, 24 hours, and 100 hours.

4. Repeat problem 3, except this time Ben is coming off a
caffeine bender and has 800 mg of caffeine in his system. Perhaps from too much TaB

Energy Drink, now available
in stores. . . “bitter yet
quenching!” Make sure you
spell it right, that’s a capital
B!

5. Solve the equation B = 0.9B+46.8. What is special about
this exact amount of caffeine?

6. Here’s a recursive rule for W (n):

W (n) =

A, n = 0

0.5W (n− 1) + 3, n > 0

The behavior of W (n) depends on the value of A.
(a) Solve the equation W = 0.5W + 3.
(b) Find W (0) through W (5) given A = 14, and plot

these values on a number line.
(c) Find W (0) through W (5) given A = −2, and plot

these values on a number line. Notice anything?
(d) Repeat forA=6. Why is this value called a fixed point?

7. More about W . W starred Josh Brolin, and
is the name of a hotel chain.
It’s twice the letter U is,
except in France, where it’s
twice the letter V is. W
also begins the popular
phrase “Wah wahhhhh. . . ”

(a) Start with A = 106. How far away is W (0) from the
fixed point? How far away is W (1)? W (2)? Hmmm...

(b) Repeat for A = −94.
(c) Repeat for A = 1006.

8. Here’s another recursive rule, similar to W (n).

D(n) =

A, n = 0

2D(n− 1)− 6, n > 0

(z) Solve the equation D = 2D − 6.
(a) Find D(0) through D(3) given A = 14, A = −2, and

A = 6.
(c) Start with A = 106. How far away is D(0) from the

fixed point? How far away is D(1)? D(2)? Interesting.
(h) Repeat for A = −94 and for A = 1006.
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9. Write a closed rule that matches this recursive rule.

Z(n) =

8, n = 0

0.5Z(n− 1), n > 0

10. Let X(n) = W (n) − 6 where W (n) is the function from
problem 6. We picked 6 because it’s the fixed point of
W (n).
(a) If W (n) = 0.5W (n− 1) + 3, what is X(n) in terms of

X(n− 1)? Oh, that’s awfully convenient.
(b) Find a closed rule for X(n) if X(0) = 8.
(c) Find a closed rule for W (n) if W (0) = 14.

Neat Stuff

11. Find all fixed points for the following recurrences, or show
that there aren’t any. If there’s no fixed point,

there’s no 1 to blame.(a) a(n) = 2a(n− 1)− 16
(b) b(n) = 0.9b(n− 1)− 16
(d) d(n) = d(n− 1) + 3

12. Consider the recurrence

c(n) = A · c(n− 1) +B

(a) Find the fixed point of c(n) in terms of A and B.
When will it exist, and when won’t it?

(b) Once a number is picked for c(0) and run through
the recurrence repeatedly, a lot of things can happen.
What happens and when? Give examples—the ones
from today’s Important Stuff should help.

13. Find a closed rule that agrees with this recursive rule.

f(n) =

A, n = 0

kf(n− 1) +B, n > 0

14. Find a rule that agrees with this recursive rule!!! Make a table of values!!!
You’ll see it!!!

f(n) =

1, n = 0

nf(n− 1), n > 0
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15. For each recursion on points, find all the fixed points,
points where (x, y) maps to itself, and all the scaled points,
points where (x, y) maps to a multiple of itself (kx, ky).
(h) (x, y) 7→ (−3x,−3y)
(a) (x, y) 7→ (y,−x)
(n) (x, y) 7→ (y,−12x+ 7y)
(f) (x, y) 7→ (y, 4x+ 3y)
(i) (x, y) 7→ (1.01x− py, y)

16. Find all fixed points for the recursive rule

F (n) = F (n− 1) + F (n− 2) if n > 1

17. (t) Ellie challenges you to find a recursive rule for P (n)
that fits the sequence 1007, 10017, 100117, 1001117, . . .

(i) Explain why P (n) will always be a multiple of 53,
regardless of n.

(m) Find a closed rule for P (n).

Stupid Stuff

18. Compute the following: This is sometimes called the
(GA)2 conjecture.

(RAH)2+(AH)3+RO(MA+(MA)2)+(GA)2+OOH(LA)2

and come up with additional examples.

Tough Stuff

19. Saturday was 7/3/10, interesting because it’s written as The first one was in 2002.
So what, you say? So what
indeed.

A/B/C with A + B = C. How many more times in this
century will such a date happen?

20. Find a rule that agrees with this recursive rule. No, the rule isn’t
T (n) = .5(n+ 1)! + n.
Sorry Dave.

T (n) =

0, n = 0

nT (n− 1) + n, n > 1

21. Find all real numbers satisfying this system of equations:

a+ b = cd

c+ d = ab
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9 My Life On The 2.71828. . . List

Important Stuff

PROBLEM

Here’s a recurrence with an unknown starting point:

W (n) =

S, n = 0
1
3
W (n− 1) + 6, n > 0

1. Let S = 9. Calculate W (0) through W (4).
S = 9 is like the 1919 World
Series, or a sad puppy.

2. Let S = 36. Calculate W (0) through W (4) and plot them
on a number line.

3. Let S = −18. Calculate W (0) through W (4) and plot them
on the same number line. What do you notice?

4. Test out this closed rule for W (n):

W (n) = (S − 9) ·
(

1

3

)n

+ 9

What happens when S = 9? When S > 9? When S < 9?

1. Here’s a recurrence with an unknown starting point:

M(n) =

S, n = 0

3M(n− 1)− 18, n > 0

(a) Let S = 9. Calculate M(0) through M(4).
(b) Let S = 10. Calculate M(0) through M(4).
(c) Let S = 8. Calculate M(0) through M(4). Check before you wreck

Y (0)-self, of course.(d) Determine a closed rule for M(n), and check it.

2. Consider the two-step recursive rule A famous Boston Celtic
wore #33. Everybody’s
heard about him.K(n) = 14K(n− 1)− 33K(n− 2)

(k) Write down everything you’ve learned about this
type of recursive rule in the course.

(a) Find a closed rule for K(n) for the starting values
K(0) = 2 and K(1) = 14.

(r) Find a closed rule for K(n) for the starting values
K(0) = 1 and K(1) = 0.
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(e) Find a closed rule for K(n) for the starting values
K(0) = 0 and K(1) = 1.

(n) Find a closed rule for K(n) for the starting values
K(0) = 17 and K(1) = 42. Use parts (r) and (e). . .

3. At noon, Cal is caffeine free, but he’ll fix that by chugging
a 16.9-ounce bottle of Coke Zero at the end of every hour Hey! That’s a 250mL

bottle, I’ll have you know. . .for all eternity. Each bottle of Coke Zero contains C mg
of caffeine. Like Ben, 10% of Cal’s caffeine is metabolized
each hour. Let’s measure his caffeine level at the top of
each hour starting at noon. At noon, Cal’s caffiene level

is (Coke) 0. At 1 pm, Cal’s
caffeine level is C. At 2 pm,
Cal’s caffeine level is
0.9C + C. You’ll be glad
you wrote it that way and
not as 1.9C.

(t) How much caffeine is in Cal at 6 pm? Give your
answer in terms of C.

(e) How much caffeine is in Cal at midnight? Give your
answer in terms of C, and maybe clean it up a little.

(r) How much caffeine is in Cal after 1000 hours? Say,
about how big is (0.9)1000 anyway?

(i) There’s 48 mg of caffeine in a 16.9-ounce Coke Zero.
In the long run, how much caffeine will run through
Cal if he keeps this up?

4. Find a closed rule that agrees with this recursive rule. If
you like, you can make one of them cobwebby thingies.

f(n) =

8, n = 0
1
2
f(n− 1), n > 0

5. Find a closed rule that agrees with this recursive rule. Maybe another cobwebby
thingy too?

g(n) =

18, n = 0
1
2
g(n− 1) + 5, n > 0

6. Let g(n) = 1
2
g(n−1)+5. Now let f(n) = g(n)−10. . . then

also f(n− 1) = g(n− 1)− 10.
(a) Substitute to show that f(n) = 1

2
f(n− 1).

(b) How does this relate to the last two problems?
(c) From whence did we yoink this magic 10?

Neat Stuff

7. Let e(n) be defined by this recursive rule:

e(n) =

1, n = 0

e(n− 1) + 1
n!
, n > 0

Calculate e(20) to as many decimal places as you care to.
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8. Let Y (n) be defined by this recursive rule:

Y (n) =

60000, n = 0

1.005Y (n− 1)− 500, n > 0

(a) Find the solution to Y = 1.005Y − 500. Call this
number F . This is the fixed point for the recurrence
given.

(b) Calculate Y (0). How far is it from the fixed point? If you got a problem, Y (0)
I’ll solve it. Check out the
hook while the DJ revolves
it. . .

(c) Calculate Y (1). How far is it from the fixed point?
(d) Calculate Y (2). How far is it from the fixed point?

Find a pattern.
(e) Let Z(n) = Y (n) − F . Write a simple recursive rule

for Z(n). Z(n− 1) = Y (n− 1) − F
too.(f) Write a closed rule for Z(n).

(g) How far away will Y (n) be from the fixed point F?
Use this to write a closed rule for Y (n).

9. Monica buys a Prius valued at $22,800. She gets a 4.8%
APR loan and plans to pay $500 per month for 48 months. Another convenient

percentage, how nice. The
“fixed point” car would be
one where the $500 payment
exactly equals the amount
of interest in the month. A
really expensive car!

(a) How much money will Monica still owe at the end of
the 48 months?

(b) There is a more expensive car for which a $500 per
month payment would be a fixed point, an interest-
only loan. How much would that car cost?

(c) How far away from the fixed point is $22,800?
(d) Determine how far away from the fixed point Mon-

ica will be after the 48 months, using the method of
problem 8.

(e) How much money will Monica still owe at the end of
the 48 months?

10. Repeat problem 9, but replace the monthly payment by This choice of variable
reminds us to tell you that
the Yellow Snow Ice Cream
place is really good! Just
past Grub Steak.

the variable p. Use this to determine the monthly payment
that Monica should make to leave a $0 balance at the end
of 48 months.

11. Here’s a two-term recurrence with a shocking twist: Almost as shocking as that
Rear Admiral who claimed
to be the first to fly over the
North Pole but was later
shown not to have made it.
Don’t you know about him?

J(n) =


4, n = 0

3, n = 1

7J(n− 1)− 10J(n− 2) + 8, n > 1

The “+8” wrecks it, or maybe not. Use fixed-point analysis
to find a closed rule for J(n).

36 PCMI 2010



Draft. Do not push the red button.

My Life On The 2.71828. . . List

12. Find a closed rule for this recursive rule.

K(n) =


0, n = 0

1, n = 1

2J(n− 1) + 3J(n− 2) + 100, n > 1

13. Consider the two-step recursive rule

L(n) = 4L(n− 1)− 4L(n− 2), n > 1

(j) Find a closed rule for L(n) if L(0) = 1 and L(1) = 2.
(u) Find a closed rule for L(n) if L(0) = 0 and L(1) = 2.
(d) Find a closed rule for L(n) if L(0) = 1 and L(1) = 4.
(i) Find a closed rule for L(n) if L(0) = 1 and L(1) = 0.
(t) Find a closed rule for L(n) if L(0) = 0 and L(1) = 1.
(h) Find all scaled points for (x, y) 7→ (y,−4x+ 4y).

14. For each recursion on points, find all the scaled points,
points where (x, y) maps to a multiple of itself (kx, ky).
(j) (x, y) 7→ (x,−y)
(a) (x, y) 7→ (y,−x) A lot of these rules turn

points, rotating. It reminds
us of that band that sang
that song about turning,
turning, turning. Surely
you’ve heard of them.

(i) (x, y) 7→ (3x, 3y)

(m) (x, y) 7→
(
x

2
− y
√

3

2
,
x
√

3

2
+
y

2

)
(e) (x, y) 7→

(
3

5
x− 4

5
y,

4

5
x+

3

5
y
)

Tough Stuff

15. Here’s a fun nonlinear recurrence. We know, they’re all fun.
But this one’s especially
fun!

ε(n) =

1, n = 0

ε(n− 1) · (2− ln ε(n− 1)), n > 1

What is ε(1)? What is ε(5)? What’s going on?

16. Let T (n) be defined as in the past two days by this recur-
sive rule.

T (n) =

0, n = 0

nT (n− 1) + n, n > 1

Calculate the infinite product That giant Π either stands
for “product”, or it’s one of
those big ships from TRON.
End of line.

∞∏
n=1

(
1 +

1

T (n)

)
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Important Stuff

First, the most Important Stuff of all: this Sunday, Slurpees
are free. FREE I tells ya. We know, it’s hard to

believe. But it’s true! Walk
in and grab one on Sunday.
(A Slurpee is a frosty
beverage offered by 7-11 in
their stores. Except in
Oklahoma.)

PROBLEM

In a root-beer-induced stupor, Bowen and Marla knocked over a lamp
whose base was ancient Tang Dynasty pottery and whose shade was made
from the wings of extinct butterflies and the pelts of 40 newborn capuchin
monkeys.

The Tang Dynasty is
generally best known for
feeding orange juice to
astronauts.

They took out a $500,000 loan to pay back Randall, Clint and Chance.
They got a good fixed 4.8% APR loan and want to pay the whole thing
off with 30 years of monthly payments.

Use what you’ve learned so far to calculate their monthly payment.

1. Anna looks for a closed rule to match this rule for A(n):

A(n) =

104, n = 0
3
4
A(n− 1) + 10, n > 0

(b) Find the fixed point for the recurrence
A(n) = 3

4
A(n− 1) + 10.

(i) How far is A(0) from the fixed point?
(l) How far is A(1) from the fixed point?
(l) How far is A(2) from the fixed point?
(t) How far is A(3) from the fixed point? So polite! Not a fraction

yet. But wait: what’s 27
36

?(h) Describe the pattern in the results above.
(i) How far will A(n) be from the fixed point?
(l) Show that A(n)− 40 = 3

4
(A(n− 1)− 40).

(l) Write a closed rule for A(n).

2. Anna looks for a closed rule to match this rule for C(n). No, the other Anna. Coke
Zero’s in the hizouse again.

C(n) =

0, n = 0
9
10
C(n− 1) + 48, n > 0

(j) Find the fixed point for the recurrence
C(n) = 9

10
C(n− 1) + 48.

(o) How far is C(0) from the fixed point?
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(y) How far is C(1) from the fixed point?
(c) How far is C(2) from the fixed point?
(e) How far is C(3) from the fixed point? Now this is recursion.

(r) Describe the pattern in the results above.
(h) How far will C(n) be from the fixed point?
(e) Show that C(n)− 480 = 9

10
(C(n− 1)− 480).

(e) Write a closed rule for C(n).

3. Here’s a recursive rule for J(n). Hooray for car payments. Oh, I wish that I had Jesse’s
car. . .

J(n) =

20000, n = 0

1.005J(n− 1)− p, n > 0

(j) Find the fixed point for the recurrence
J(n) = 1.005J(n− 1)− p. Your answers in this problem

will be full of p. We are
neither mature nor original.

(a) How far is J(0) from the fixed point?
(m) How far is J(1) from the fixed point?
(i) How far is J(2) from the fixed point?
(e) How far is J(3) from the fixed point?
(s) Describe the pattern in the results above.
(m) How far will J(n) be from the fixed point?
(i) Show that J(n)− p

.005
= 1.005

(
J(n− 1)− p

.005

)
.

(t) Write a closed rule for J(n).
(h) Determine the unique value of p for which J(48) = 0.

4. Write a reclusive rule for H(n) that fits Reclusive rules can be hard
to find.

H(n) = 10 +
(

1

5

)n

5. Find the fixed point for this recurrence in terms of p over r:

f(n) = (1 + r) · f(n− 1)− p

The Week In Review

6. Take a few minutes to look back at what you’ve done.
List five things you learned this week, and two things you
are still unsure about or would like to investigate further.
We’ll talk this over at the end of class. Darryl learned how to write

important shorthands like
(po2)2.

PCMI 2010 39



Draft. Do not taunt Happy Fun Bill.

Real Numbers of Park City

Neat Stuff

7. Earlier this week, we introduced a shorthand for the recur-
sion on points

(x, y) 7→ (2x+ 3y, 4x− 5y)

The shorthand is the matrix : The Matrix is everywhere, it
is all around us, even now in
this very room.

 2 3

4 −5

 x

y

 =

 2x+ 3y

4x− 5y


Evaluate each of these by hand.

(j)

 2 3

4 −5

 5

2


(o)

 2 3

4 −5

 10

4


(s)

 2 3

4 −5

 1

0



(e)

 2 3

4 −5

  0

1


(p)

 2 3

4 −5

 17

42


(h)

 1 0

0 1

  17

42


8. Use a calculator to evaluate this matrix multiplication: Seriously, man, the Slurpee

is free. We mean it! 2 3

4 −5

 5 10 1 0 17

2 4 0 1 42

 = ???

Describe, in your own words, what the heck just happened. Don’t swallow the blue pill,
okay?

9. Consider the two-step recursive rule

U(n) = 8U(n− 1)− 16U(n− 2), n > 1

(m) Find a closed rule for U(n) if U(0) = 1 and U(1) = 4.
(a) Find a closed rule for U(n) if U(0) = 0 and U(1) = 4.
(r) Find a closed rule for U(n) if U(0) = 1 and U(1) = 8.
(k) Find a closed rule for U(n) if U(0) = 1 and U(1) = 0.

10. Without typing data into a website box, find a closed rule
for the two-term recurrence First find the fixed point,

then shift. It’s like the
electric slide, except way
more fun, and less likely to
destroy lamps.

H(n) = 13H(n− 1)− 30H(n− 2)− 360

where H(0) = 0 and H(1) = 5.

11. Consider the two-step recursive rule This problem is especially
easy! All you have to do is
consider something.v(n) = 6v(n− 1)− 13v(n− 2), n > 1
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(b) Find a closed rule for v(n) if v(0) = 2 and v(1) = 6. Darn. Figures there’d be
more to it than considering.(r) Find a closed rule for v(n) if v(0) = 0 and v(1) = 4.

(y) Find a closed rule for v(n) if v(0) = 0 and v(1) = 1.
(n) Find a closed rule for v(n) if v(0) = 1 and v(1) = 0.
(j) Find a closed rule for v(n) if v(0) = 17 and v(1) = 42.
(a) Find all scaled points for (x, y) 7→ (y,−13x+ 6y).

12. (a) Find a recursion in the form (x, y) 7→ (Ax+By,Cx+
Dy) with period 4. That is, if you repeat the operation
four times, you always get (x, y) back, and not before.

(b) Find a recursion in the form (x, y) 7→ (Ax+By,Cx+
Dy) with period 6.

(c) Find a recursion in the form (x, y) 7→ (Ax+By,Cx+
Dy) with period 8.

13. Here’s a fun fun fun nonlinear recurrence. Make sure your calculator is
set to Radian Mode. Or
else!

p(n) =

A, n = 0

p(n− 1)− tan(p(n− 1)), n > 0

(w) What is p(5) if A = 1?
(e) What is p(5) if A = 2?
(n) What is p(5) if A = 1.96?
(d) What is p(5) if A = 1.9?
(y) What what!! Can I get a. . .

Tough Stuff

14. Find a recursion in the form (x, y) 7→ (Ax+By,Cx+Dy)
with period 5. Exact values of A through D, kthxbye.

15. Let T0(x) = 1 and T1(x) = x. Define the recursive rule

Tn(x) = 2x · Tn−1(x)− Tn−2(x) n > 1

Yay! A sequence of polynomials! Generate a bunch and
look for patterns. Try graphing them on the interval −1 ≤
x ≤ 1. Neat!

16. Suppose f(x) is a cubic polynomial. Debra claims that
the recursive rule

R(n) = f(R(n− 1))

must have at least one fixed point. O RLY? I can has intersection?

PCMI 2010 41



Draft. Shots do not hurt other players... yet.

Like a Point

11 Like a Point

Important Stuff

We’re going to start with doing the same thing, over and over. Life is a mystery. Every
point must stand alone.

PROBLEM

Triangle PEG consists of the points P (2, 3), E (1, 1) and G (5,−1). Plot
the points in the plane and connect them to make PEG.

Make PEG what? Make
PEG celebrate!

(c) Apply the transformation (x, y) 7→ (−y, x) to each point in
PEG and draw a new triangle, called “new PEG,” on the

Like a point. . . transformed
for the very first time. Like
a point. . .

same axes.

(a) Apply the transformation again to new PEG to get new
new PEG. Draw it.

(g) Apply the transformation again to new new PEG to get
new new new PEG.

“New new PEG” is
sometimes referred to as
“PEG Classic”.

(l) Apply the transformation again to new new new PEG to
get (new)4 PEG.

(e) What do you notice?

1. Start over with a clean graph of PEG. Apply the transfor-
mation (x, y) 7→ (3y, 3x) to PEG. What do you get? Apply
the transformation again. Is this what they meant by

having more applications in
math class?2. Start over with a clean graph of PEG. Apply the transfor-

mation (x, y) 7→ (y, 3x + 2y) to PEG. What do you get?
Apply the transformation again. Again. Again. You might need some bigger

paper. . . no, BIGGER!
3. If you haven’t done Problems 7 and 8 on Day 10, please

go back and do them now. Yay!
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11 Like a Vector

Important Stuff

We’re going to start with doing the same thing, over and over. You made it through the
wilderness. Somehow, you
made it through. . .

PROBLEM

Triangle PEG consists of the points

P

 2

3

 , E

 1

1

 , and G

 5

−1

 .

Plot the points in the plane and connect them to make PEG.
Make PEG what? Make
PEG jungle boogie!

(c) Multiply  0 −1

1 0


with each point in PEG and draw a new triangle, called

Like a vector. . . multiplied
for the very first time. Like
a vector. Put your matrix
next to mine. . .

“new PEG,” on the same axes.

(a) Multiply each point of new PEG by the same matrix to get
new new PEG. Draw it.

(g) Multiply each point of new new PEG by the same matrix
to get new new new PEG.

“New new PEG” is
sometimes referred to as
“PEG 2.0”.

(l) Multiply each point of new new new PEG by the same ma-
trix to get (new)4 PEG.

(e) What do you notice?

1. Start over with a clean graph of PEG. Multiply each point

in PEG with the matrix

 0 3

3 0

. What do you get? Mul-

tiply each point again and regraph. I haven’t a square to spare.
Not even a ply!

2. Start over with a clean graph of PEG. Multiply each point

in PEG with the matrix

 0 1

3 2

. What do you get? Mul-

tiply each point again and regraph. Again. Again. You might need some
plagiarizing from the first
page. . .
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3. Start over with a clean graph of PEG. Multiply each point Phew, I was worried we were
in a “Groundhog Day” loop
there. At the very least
there should be no further
references to Peg.

in PEG with the matrix

 1 −2

0 1

. What do you get?

Multiply each point again and regraph. Again. Again.

4. A scaled point is a point for which (a, b) maps to (ka, kb)
under the transformation for some constant k. Find all the
scaled points for these transformations.
(p) (x, y) 7→ (3y, 3x)
(e) (x, y) 7→ (y, 3x + 2y)
(g) (x, y) 7→ (x− 2y, y)

5. A scaled vector is a vector for which

 a

b

 goes to

 ka

kb


when it is multiplied by some matrix A. Find some scaled You’re here because you

know something. What you
know you can’t explain, but
you feel it.

vectors for these matrices.

(p)

 0 3

3 0


(e)

 0 1

3 2


(g)

 1 −2

0 1


6. Describe, as simply as possible, what each of these matrices

does to points. Is the matrix real? If “real”
is what you can feel, smell,
taste and see, then “real” is
simply electrical signals
interpreted by your brain.
Your mind makes it real. No
one can be told what the
matrix is. You have to see it
for yourself.

(p)

 1 0

0 1


(e)

 1 0

0 −1


(g)

 3 0

0 −1



(p)

 1 1

1 1


(e)

 1 −2

0 1


(g)

 1 2

0 1



Neat Stuff

7. Let A(0) =

 104

1

 be the starting point for the repeated
I’m trying to free your mind.
But I can only show you the
door. You’re the one that
has to walk through it.
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application of the transformation

(x, y) 7→
(

3

4
x + 10y, y

)
(p) Find A(1) by calculating this matrix product: 0.75 10

0 1

 104

1


(e) Find A(2) by repeating the product, using A(1) as “The product. . . the

product. . . ” This line from
the end of a rejected early
draft of Apocalypse Now.

the new vector, then also A(3) and A(4).
(g) What happens in the long run to this series of vec-

tors? Where have we seen this behavior before?

8. Let L(0) =

 500000

1

 be the starting point for the re-
Stupid lamp.

peated application of the matrix transformation x

y

 7→
 1.004 −2000

0 1

 x

y


(p) Calculate L(1).
(e) Show that L(2) is also equal to the product 1.004 −2000

0 1

 1.004 −2000

0 1

 500000

1


(g) Think of a way to directly calculate L(360).

9. To two decimal places, find the value of p for which 1.004 −p

0 1

360  500000

1

 =

 0

1


10. (p) Find the area of original triangle PEG. Psst: it’s a right triangle.

The transformed one might
not be! Also we are
seriously nearing the limit on
Peg references here.

(e) Find the area of the first triangle found after apply-
ing the transformation (x, y) 7→ (y, 3x + 2y). Exact
answers please!

(g) Find the area of the second triangle found after ap-
plying the transformation. What do you notice?

11. Remember the matrix from Problem 1? Can you find the Great movie, “Remember
the Matrix”. Or was it
“Meet the Titans”? Or
maybe “Romancing the
Parents”? Or maybe “Gone
With the Stone”. . .

ancestor of triangle PEG, called “proto-PEG”?

12. Consider A(0) =

 2

7

 and M =

 0 1

−10 7

.
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(c) Calculate A(1) = M · A(0), then A(2) = M · A(1)
and A(3) = M · A(2).

(a) Plot the sequence of points defined by A(0), A(1), A(2), . . .
until you can figure out where they’re heading. They went that-a-way!

(g) Determine A(−1) such that A(0) = M · A(−1).
(l) Determine A(−2) and A(−3).
(e) Plot the sequence of points defined by A(0), A(−1), A(−2), . . .

until you can figure out where they’re heading. The
origin, you say? Surely you can be more specific! I am being more specific!

And don’t call me Shirley!
13. Find a closed rule for the recurrence

f(n) = 10f(n− 1)− 25f(n− 2), f(0) = 1, f(1) = 10

without using Wolfram Alpha.

14. Find a closed rule (in terms of n) for all the elements of
Mn given the matrix

M =


0 1

2
1
2

1
2

0 1
2

1
2

1
2

0


Stupid Stuff

15. What in blazes?
(p) D(E + O3) + D(E + A3) Quick! Call the cops!

(e) ((NA)8 + (HEY )3 + (GO2D) + (BY E))n

(g) ((OOH)7)2 + (OOH)4)2
This third one’s tough, like
a complete unknown.(p) ((BLAH + (FA + (LA)8))4)n

(e) OBLA(DI + DA)
(g) (BLAH + (AH)8)4

They just don’t write ’em
like that anymore. Finally,
no more Peg references!

Tough Stuff

16. Find a matrix M for which M8 =

 1 0

0 1

 but none of

M through M7 is this matrix.

17. Find a matrix that will transform PEG to a right triangle
with legs parallel to the axes. Alright, maybe one more.

18. Find a matrix M for which M3 consists of all the same
number, but neither M or M2 do.
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12 PA Don’t Preach

Important Stuff

PROBLEM

Poly-JOHN consists of the points

Papa, I know you’re upset
because I was always your
little square. But I’ve gotta
transform!

J

 0

3

 , O

 0

0

 , H

 3

0

 , and N

 3

3

 .

Plot these points in the plane and connect them to make JOHN.
Make JOHN what? Make
JOHN drink a TaB?

(x) Multiply  4 2

1 3


with each point in JOHN and draw a new polygon, called
long-JOHN, on the same axes.

And I’ve made up my mind,
I’m keepin’ my origin. . . ooh,
gonna keep my origin. . .

(y) What is the area of the original poly-JOHN ?

1. Find the area of this parallelogram. Do not move along
until you talk to someone else at your table who did this
a different way.

(a ,  b )

(a +c ,  b +d   )

(c ,  d  )

2. What is the area of long-JOHN ? Long-JOHN is not silver and
does not sell fish. Nor does
he live in a pineapple under
the sea.
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3. Poly-TOPE is the parallelogram consisting of the points

T

 1

5

 , O

 0

0

 , P

 1

2

 , and E

 2

7

 .

(a) Plot these points in the plane and connect them to
make TOPE. The one you wa-arned me

about. . . he is a
parallelogram. . . we’re in an
awful mess. . .

(b) Multiply  0 1

−10 7


with each point in TOPE and draw a new polygon,
called iso-TOPE, on the same axes.

(c) Perform the transformation again to get taupe-TOPE. Taupe-TOPE is dope?
Nope.No need to plot these. What do you notice about the

coordinates?

4. Find all scaled vectors for the matrix

 4 2

1 3

 and de-

termine their scaling factors. In other words, solve this
system of equations: 4 2

1 3

 x

y

 =

 kx

ky


5. Poly-GLOT is the parallelogram consisting of the points We’re all glottons for

punishment today.

G

 1

2

 , L

 −1

1

 , O

 0

0

 , and T

 2

1

 .

Plot these points in the plane and connect them to make
GLOT. Now multiply  4 2

1 3


with each point in GLOT and draw a new polygon, called Despite use of the capital

letters, this problem is not
affiliated with Blizzard
Entertainment or Leeroy
Jenkins.

mono-GLOT, on the same axes. WOW what happened!?
How does this relate to problem 4?

6. Consider the recurrence f(n) = 7f(n− 1)− 10f(n− 2).
(a) Let g(n) = f(n)− 5f(n− 1). Show that

g(n) = 2g(n− 1) and therefore g(n) = A · 2n.
(b) Let h(n) = f(n)− 2f(n− 1). Show that h(n) equals

something important too.

PCMI 2010 49



Draft. Do not push the red button.

(PA)2 Don’t Preach

(c) Solve this system for f(n):

f(n)− 5f(n− 1) = A · 2n

f(n)− 2f(n− 1) = B · 5n

Huzzah?

Neat Stuff

7. Remember the problem in the box? How much does a large
order of Fibonachos cost?
It’s the price of a medium
order plus the price of a
small order.

(a) Keep multiplying poly-JOHN by the matrix

 4 2

1 3


to get long-JOHN, big-JOHN, and big-bad-JOHN.

(b) What is the area of poly-JOHN ? long-JOHN ? big-
JOHN ? big-bad-JOHN ?

8. (a) What is the area of poly-GLOT ? mono-GLOT ?
(b) Describe how to tell that the area of mono-GLOT

must be a specific multiple of the area of poly-GLOT.
The graph from problem 5 should help.

9. Poly-GAMY is the parallelogram consisting of the points. . . aw,
you just pick some points this time, okay? Plot these
points in the plane and connect them to make poly-GAMY.
Multiply  1 2

2 4


with each point in GAMY and draw a new polygon, called All those points “got

together”, I guess.
Manah-gamy... do doo do
doo do.

mono-GAMY, on the same axes. What do you notice?

10. Let M =

 0 1

−10 7

 as before. For each vector X, deter-

mine MX, M2X, M3X, and M10X without a calculator.

(a)

 0

0


(b)

 1

5


(c)

 1

2



(d)

 2

7


(e) 4

 1

5

+ 3

 1

2


Why didn’t we just write

this as

[
7

26

]
?

(f)

 a

b
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11. (a) Find the polygon “papa-JOHN ”, which is the prede-
cessor of poly-JOHN.

(b) Find a matrix B that you can multiply poly-JOHN
to get papa-JOHN.

(c) Find a matrix B that you can multiply long-JOHN
to get poly-JOHN.

12. Here’s an interesting transformation matrix: Really though, aren’t they
all interesting? No. They
are not.

A =

 0 1

−1 2


(a) Start with the point

 3

8

 and keep multiplying it

with A. What happens?

(b) Start with the point

 −3

7

 instead. What happens?

(c) What’s going on here? What happens to the corre-
sponding recurrence?

13. Determine a rule for the area of a triangle whose vertices
are A(x1, y1), B(x2, y2), and C(x3, y3). Bonus points for
using mattresses. Please do not sing “Jump”

while bouncing on matrices.

Tough Stuff

14. The Tribbiani sequence is defined by the recurrence How you doin’? Yeah, don’t
start with all zeros, know
what I’m sayin’? Sadly the
inventor of this sequence is
unable to count high enough
to use it, but he is a mento
for kids.

f(n) = f(n− 1) + f(n− 2) + f(n− 3)

with three starting values. If you start with any set of
integers, the ratio of consecutive elements does. . . what?

15. Mess around with the powers of the matrix

B =


0 1 0

0 0 1

1 1 1


Whatchu talkin’ bout? What’s yellow and

equivalent to the Axiom of
Choice? Zorn’s Lemon! Get
it? Neither did we. Bowen
had a math book with a
typo and for years thought it
was called the Axiom of
Choie.

16. What’s up with the recurrence f(n) = 3f(n− 1)− 3f(n−
2) + f(n− 3)? Quadrophenia!

17. How long is the Fibonacci sequence in mod 19? What
about the Tribbiani sequence?
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13 Vector of Light

Important Stuff

PROBLEM

Poly-WONA consists of the points

Poly-WONA cracker? Hey
Mr. DJ, put a record on, I
WONA dance with my
baby. . .

W

 0

1

 , O

 0

0

 , N

 1

0

 , and A

 1

1

 .
Plot these points in the plane and connect them to make WONA.

Wona Fanta, don’t you
wanna. . .

(j) All Amanda wants is to multiply 5 1

3 3


with each point in WONA and draw a new polygon, called
alli-WONA, on the same axes.

All I WONA do is have some
fun, until the sun comes up
over Kearns Boulevard. . .

(i) What is the area of the original poly-WONA and the new
alli-WONA?

(m) Find all the scaled vectors for the matrix 5 1

3 3


and the scaling factors for each. Do this by solving

Well do ya, do ya do ya
WONA. . . 5 1

3 3

 x

y

 =

 kx

ky



1. Repeat the problem in the box using roly-POLY and
super-POLY with the same matrix and the points Super Polident gets tough

stains super clean. Ask
Martha Raye, denture
wearer.P

 −1

3

 , O

 0

0

 , L

 2

2

 , and Y

 1

5

 .
Ooh, pretty. Jerry wants to know: how many times larger
is super-POLY than roly-POLY ? Show it!! Show me the scaling!!!!
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2. Let T (n) be defined by this tough-looking cookie: Try this on the Nspire! It
actually works! Pretty
amazing.

T (n) =



 2

13

 , n = 0

 0 1

−30 13

T (n− 1), n > 0

(b) Find T (1), T (2), T (3) and T (4).
(r) 13 and −30, eh? We saw these numbers in a box

someday. For whence cameth this? Faster than the speeding
light she’s BRAAAAA-
WWWWWWWWWWWWW

(i) What do the 0 and 1 in this matrix do, if the 13 and
−30 are driving everything?

(a) Find a closed rule for T (n). Your answer can involve
some sort of matrix raised to some power, like n.

(n) Find all scaled vectors for the matrix

 0 1

−30 13

.

3. Find A and B so that each of these is true. This looks familiar, vaguely
familiar. Almost unreal yet,
it’s like from a problem
set. . .

(c) A

 1

3

+B

 1

10

 =

 11

82



(h) A

 1

3

+B

 1

10

 =

 7

0



(r) A

 1

3

+B

 1

10

 =

 1

0



(i) A

 1

3

+B

 1

10

 =

 0

1


(s) Use the last two results to help with this one:

A

 1

3

+B

 1

10

 =

 x

y
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Neat Stuff

5. Let M =

 0 1

−30 13

. For each vector X, determine

MX, M2X, M3X, and M10X without a calculator. What’s our reason for
writing part (r) this way?

(s)

 0

0



(a)

 1

3



(n)

 1

10



(d)

 2

13



(r) 4

 1

3

+ 7

 1

10



(a)

 x

y


8. Describe the effect each matrix below has when we multi-

ply them with things in the plane. Oh, and there’s combos! Sadly not the
pretzel-flavored kind. For
(p), multiply stuff with F
first to get Fx, then
multiply that with E to get
EFx. Does order of
operations matter??

(a) A =

 1 0

0 1


(b) B =

 5 0

0 1


(c) C =

 1 1

0 1



(d) D =

 1 −1

0 1


(e) E =

 0 1

−1 0


(f) F =

 0 −1

1 0


(p) F first, then E
(h) E first, then F
(u) C first, then D She’s got herself a little

inverse matrix. . . multiplies,
and all she gets is
one. . . ohh. . . ohh. . . one.

(o) C first, then E
(n) E first, then C
(g) C3

Shear-ish the love. . . every
day, every joy. . .

13. You can think of a parallelogram as the shape spanned
by two vectors from the origin: (a, c) and (b, d). In three
dimensions, a parallelepiped is the shape spanned by three This could be the best math

term ever. Parallelepiped!
Say it three times and
maybe Michael Keaton will
come out of the box.

vectors from the origin: (x1, y1, z1), (x2, y2, z2), and
(x3, y3, z3). Find its volume in terms of the nine variables,
and explain your work. Please try to do this without rely-
ing on a formula. (See picture on the next page.)
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(x3, y3, z3)((x33xx ,, yy33yyy , zz3zz ))

(x1, y1, z1)

(x2 + x3, y2 + y3, z2 + z3)

(x1 + x3, y1 + y3, z1 + z3) (x1 + x2 + x3, y1 + y2 + y3, z1 + z2 + z3)

(x2, y2, z2)

Figure adapted from http://en.wikipedia.org/wiki/File:Determinant_parallelepiped.svg.

21. Find all the scaled vectors for each matrix.

(t) T =

 0 1

−1 2


(i) I =

 0 1

−4 4


(m) M =

 0 1

−25 10


34. Jessica challenges you to build a matrix whose only scaled

vectors are along the line y = 10x. Do it!

55. Start with the matrix X =

 b

m+ b

 and calculate T nX

(where T is the matrix from problem 21) until you see what
is happening. Wack. Wiggida wack. Some of

them try to rhyme, but they
BRAAAAA-
WWWWWWWWWWWWW

89. Consider the recurrence f(n) = 10f(n− 1)− 25f(n− 2).
Try substituting g(n) = f(n) − 5f(n − 1) and see what
develops.

144. Find all scaled vectors for this 3-by-3 matrix. These Fibonachos are really
tasty, and if you buy the
right number of them, they
come in a perfect square
box.M =


0 1 0

0 0 1

30 −31 10
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233. Let

f(n) =


0, n = 0

5, n = 1

37, n = 2

10f(n− 1)− 31f(n− 2) + 30f(n− 3), n > 2

Find a closed rule for f(n).

Tough Stuff

377. For n > 1, can the sum of the first n squares ever be a
perfect square? What about the sum of the first n perfect
cubes? Quicker than a vector of

light and gone! Oh, and for
the record, Ace of Base
sucks.
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14 Crazy for U n

Important Stuff

PROBLEM

(k) Find a closed rule for this recurrence:

This problem is so much
f(U(n))!! We’re trying hard
to control our hearts.

U(n) =


2, n = 0

1, n = 1

U(n− 1) + 6U(n− 2), n > 1

(r) Find all the scaled vectors for the matrix 0 1

6 1


and the scaling factor for each.

See yesterday’s box if you
are unsure what to do. If
you’re having trouble, we’ll
walk over to where you are.

(i) Parallelogram NORM has the following vertices:

N

 1

3

 , O

 0

0

 , R

 1

−2

 , and M

 2

1

 .

Plot these points in the plane and connect them to form
NORM.

Rumor suggests there may
be a power outage at 1 pm
today. Expect strangers
making the most of the
dark.

(s) Multiply the matrix  0 1

6 1


with each point in NORM to get nom-nom-NORM, and
draw it and the original NORM on the same axes.

What kind of animal is
Cookie Monster? An
om-nom-vore.

(t) What are the areas of the original NORM and nom-nom-
NORM ? What does our magic formula say about the area
of nom-nom-NORM compared to NORM ? Interesting.

(i) Multiply the same matrix with each point in nom-nom-
NORM to make infinity-NORM. Plot infinity-NORM on

The infinity norm is also
known as the Chebyshev
norm, the supremum norm,
or sometimes the word
“bigger”. The infinity norm
is often used to indicate a
marathon of “Cheers”.

the same axes as the others. COOL!

1. Solve our CAPTCHA! (Wave for us to bring it to you.) We’ll see you through the
smoky air.
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2. Find A and B so that each of these is true. This all breaks down to
simple mathematics. 83% of
these problems are extreme
madness, add 2% gourmet
falling cakes, divide by the
month of August. Times f ,
multiplied by this drawing of
a tiger, T minus that one
thing, and the waterfall
times muscle equals 4.
(What?! Taken from
http://www.youtube.com/
watch?v=pKI-hD49FnQ)

(k) A

 1

3

+ B

 1

−2

 =

 1

13



(r) A

 1

3

+ B

 1

−2

 =

 1

0



(i) A

 1

3

+ B

 1

−2

 =

 0

1



(s) A

 1

3

+ B

 1

−2

 =

 x

y


3. Let M =

 0 1

6 1

. For each vector X, determine MX,

M2X, M3X, and M10X without a calculator. Hey! Put that calculator
away. Earlier in this course
we saw someone using a
calculator to multiply by 5,
and it was the most
offensive thing we’ve seen in
our years of teaching. And
that includes an elementary
school production of Hair.

(m)

 1

3



(a)

 1

−2



(r)

 1

3

+

 1

−2

 =

 2

1



(y)
2

5

 1

3

+
3

5

 1

−2

 =

 1

0



(A)
1

5

 1

3

− 1

5

 1

−2

 =

 0

1



(ndrews)

 x

y


4. Find a closed rule for this recurrence: Get back from break on

time! If you are one minute
late, we will go to the
animal shelter and get you a
kitty cat. We will let you fall
in love with that kitty cat.
And then on some dark cold
night we will steal away into
your home and punch you in
the face.

T (n) =



 x

y

 , n = 0

 0 1

6 1

T (n− 1), n > 0
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5. Find a closed rule for this recurrence in terms of x and y. Didn’t we do this already?
Sure, but there’s a fresh
perspective now that might
be helpful. Besides, we’re
out of original ideas, and
we’re gonna leave constant
reinvention to Madonna.

U(n) =


x, n = 0

y, n = 1

U(n− 1) + 6U(n− 2), n > 1

Review Your Stuff

6. Your table must write two math problems that we will We reserve the right to
reject or edit any problem,
primarily based on
duplication between tables,
or just because we feel like
it. Wah wahhhhh.

use on tomorrow’s problem set. Consider the topics of
the course, and choose appropriate numbers, contexts, and
difficulties so that the problems can be solved by people
in this room. Please take no less than 15 minutes and no
more than 20 minutes for this task, and work together as
a table. Sidenote jokes or references are welcome within
reason and will be used if we decide they are actually funny. Also we apologize about the

sidenotes; normally “funny”
isn’t our criterion for
selecting jokes.

Neat Stuff

7. Repeat the process of the Important Stuff questions with
the matrix One difference this time is

that all the scaled factors
have positive k. What’s
your M(A(n)) got to do
with me? I got a M(A(n)).

M =

 0 1

−10 7


Eventually, determine a closed rule for Mn ·

 x

y

 for any

vector, but use the road markers built up instead of trying
to find a closed rule immediately.

8. An important matrix is

M =

 0 1

1 1


(a) Graph NORM, M ·NORM, and M2 ·NORM. Which

of these three parallelograms has the largest area? Ba ba ba ba ba, M NORM
NORM, M
NORM-a-NORM. . .

(b) What are the scaled vectors and scaling factors of M?
(c) Describe what the graph of Mn ·NORM will look like

for a large value of n.
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9. Find all the values of k so that the matrix This problem is a little
k00ky.

M =

 0 1

−30 13

−
 k 0

0 k


produces shapes with no area when using M for transfor-
mations.

10. Rebecca challenges you to find all the scaled vectors and Oh noes! Stop asking tricky
questions, Rebecca.scaling factors for

M =

 0 1

−100 20


11. Consider the recurrence

f(n) = 20f(n− 1)− 100f(n− 2)

(v) Let g(n) = f(n) − 10f(n − 1). Show that g(n) is
exponential with the rule g(n) = A · 10n. Today’s teaching tip:

empower your students to
live in fear by creating an
environment of irrational,
random terror. Children
need to be terrified. Stomp
that yard! This tip brought
to you by Sue Sylvester.

(i) Show that f(n) = 10f(n− 1) + A · 10n.
(c) Write a rule for f(n) in terms of f(n−2). . . in terms

of f(n− 3). . . in terms of f(n− 4).
(k) Normally a geometric series would be showing up

right about now, but what is happening instead? Use
this to find a closed rule for f(n).

(i) Determine the particular solution for f(0) = 0 and
f(1) = 20.

12. (a) Factor A3 − 15A2 + 75A− 125.
(b) Use the style of problem 11 to find a closed rule for

the recurrence Why was f(n− 3) afraid of
f(n− 2)? Because f(n− 2)
f(n− 1) f(n)! Ha ha ha!!!f(n) = 15f(n− 1)− 75f(n− 2) + 125f(n− 3)

f(0) = 1, f(1) = 15, f(2) = 175

13. What happens if you work your matrix-multiplying magic
on x2 + y2 = 1 (the equation for the unit circle) instead
of a square or parallelogram? Try a few different matrices
and see what happens. Congratulations to Darryl on

being voted the Most Chill
Teacher of 2010! Woo!

Tough Stuff

14. Find all possible values of b and c such that x2 + bx + c
and x2 + bx− c are both factorable over the integers. We think Lance Armstrong

could really benefit from the
results of the Banach-Tarski
paradox.
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Problems are categorized by the week they review. Skip around What Madonna song are we
referring to in this title?as much as you like. If you’d like to make a short presentation

on something you learned in this course, let us know and we can
take a camera shot. Something you learned in

this course, not at karaoke.
There, we learned that Ellie
is a fantastic singer and Just
Dancer, and that somehow
“King Tut” is still available
in karaoke machines. (Well
sung, Andy.)

Week 1 Stuff

10ooh.

OOH(EE + (AH)2) + T [(I + A)NG] +

(WALLA)2 +B [(I + A)NG] =?

6+8. Let Astoundingly, both tables 6
and 8 made the same
problem. Coincidence? Or
cheating?! Only their
hairdresser knows for sure.

F (n) =

 0 1

−12 7

n  2

7

 .
(a) Let a(n) be the first number in the vector F (n).

Write a recursive rule for a(n), like

a(n) =


, n = 0

, n = 1

some rule , n > 1

(b) Write a closed rule for a(n) that does not involve
matrices.

12. Find a rule for the sum of the first n Fibonacci numbers,
starting with F (0) = 0. This doesn’t have to use the

closed form. Look for
patterns.12. Find a rule for the sum of the first n powers of 3, starting

with 30 = 1.

6. Let

h(n) =


4, n = 0

−8, n = 1

−6h(n− 1)− 5h(n− 2), n > 1

(a) Find h(0) through h(5). Ooh, I found h(0)! It’s like
searching for Waldo except
more boring.

(b) Find a closed rule for h(n).
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8. Let f(x) = 2x+ 1.
(a) Determine f(f(x)) and f(f(f(x))). Note: this is not pronounced

“ffffffx”.(b) Let fn(x) be the same as f(x) iterated n times. Keep
iterating f(x) until you can find a rule for fn(x) in
terms of n.

12. Find the value of
1

φ
+

1

φ2

where φ is the golden ratio
1 +
√

5

2
.

Week 2 Stuff

12. Consider parallelogram BASE with vertices at (1, 1), (6, 3),
(8, 7), and (3, 5).
(a) Determine ABASE, the area of the parallelogram. All that we want is to find

the area. You’re gone
tomorrow. Boy.

(b) The parallelogram is transformed according to rule
S : (a, b) 7→ (b, a + b). Find the new coordinates and
draw the new parallelogram.

(c) If this transformation is repeated x times, what hap-
pens to the shape and orientation of the parallelogram? It appears to be getting

little in the middle. Our
apologies for the tough
notation here, but we hope
you’ll see the sign.

(d) What happens to ABASE·Sx , the area of the parallel-
ogram after x transformations?

5. A New Yorker came to a party with 0.8 oz of apple sauce
in his body. He then guzzled 1.2 oz of apple sauce every
hour. His body processes 8% of the apple sauce each hour.
(z) Write a recursive rule for the amount of apple sauce

in the New Yorker’s body after n hours.
(a) Determine the amount of apple sauce in his body

after 3 hours.
(c) Find a closed rule for the amount of apple sauce in

his body after n hours.
(h) How much apple sauce should he consume each hour

to maintain a fixed point of 2.5 oz of apple-sauciness?
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7. An evil undergrad drew the frowning face below: Maybe it was one of
Ramona’s exes? Clearly the
effect of too much infinity
norm and not enough apple
sauce.

x

y

Help turn that frown upside down! Find a transforma-
tion in the form (x, y) 7→ something clever that turns the Can you think of something

clever? Absolutely!picture into a smiley face!

8. Use this diagram to find a rule for the area of a triangle
with vertices (a, b), (c, d), and (e, f). By the way, the area
of a trapezoid is given by But wait! What if one of the

trapezoids is a parallelogram
instead! OH NOES!

A =
1

2
(b1 + b2)h

and there are three trapezoids in the diagram. . .

(a ,  b )

(e ,  f    )

(c,  d  )
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Week 3 Stuff

12. Explain this XKCD cartoon. Note: cos 90◦ = 0 and
sin 90◦ = 1.

10ee. Let

B

 2
3

1
3

 , A

 −1
3

−2
3

 , N

 −2
3

−1
3

 , and G

 1
3

2
3

 .
(r) Plot points and connect (recommend using a 1

3
-unit

scale) to form BANG. BANG!

(i) Multiply each point in BANG with the matrix 3 −3

1 1


to get big-BANG. Draw big-BANG and BANG on the BANG!!!!!!

same axes.
(n) Find the areas of BANG and big-BANG geometri-

cally. How does this relate to the matrix above?
(a) Multiply the same matrix with big-BANG to make

big-whopping-BANG. BANG!!!!!!!!!!!!!!!!!!!!!!!

(?) Find scaled vectors of the matrix and scaling factors
for each.

(?) What is the sum of your scaling factors? What is
the product of your scaling factors? Notice anything? This is a truly outstanding

question and well worth
exploring. Thanks!

Go back and look at some other matrices and see if
you find the same result.

12. Take any of the shapes used in this week’s openers and
transform them under the matrix This matrix makes things

flatter than that lady singing
about her brand new
whatever it was. . . roller
skates? No idea.

 1 3

2 6


(a) What happens?
(b) When, in general, does this sort of thing happen?
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9. Find a transformation that makes this parallelogram into
a unit square. Take note of the orientation of the stuff
inside the parallelogram.

U

N

I

T

9. What happens when the HOUSE below goes under reno-

vation with the matrix

 2 1

1 3

?

H

O

S

E

U

5. The set designer for Madonna’s next Dar-Wen tour is lay- This is to follow her “Pope-a
don’t Preach” number.
(Apparently she’d been on
the Bo-ryll tour last year.)

ing out the stage for her performance of “Like a Virgin”
at the Vatican. The mattress is aligned on a coordinate
grid with the vertices at T (3, 3), O (0, 0), U (−6, 6) and
R (−3, 9). At one point in the performance the mattress
will transform according to matrix This is all part of Madonna’s

controversial new
“Attempted Chocolate
Suicide” stage show.M =

 0 1

−2 3

 .
Graph the original and the new mattress con-TOUR and
describe the effect. What will it look like?
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3. (a) Plot the point X =

 5

0

.

(b) Let

T =

 3
5
−4

5

4
5

3
5

 .
Find TX, the location of the new point after X is
transformed by T , and plot it.

(c) Apply the transformation four more times and plot
these points. What do you notice? Circle gets the square?

(d) In what quadrant is T 25X? Try to figure this out
without determining its coordinates.

1. Consider the happy circle defined by the equation x2+y2 =
1. We want to stretch this into the evil ellipse of death
(EEOD), x2 + 5y2 = 1.
(a) Graph both equations.
(b) For each point below in the circle, find the corre-

sponding point in the EEOD. Mary, Mary (why you
buggin’), quite contrary,
how does your circle grow?

M

 1

0

 , A

 0

1

 , R

 −1

0

 , and Y

 0

−1


(c) Determine a matrix that will transform the circle into

the EEOD.
(d) Use scaling to find the area of the EEOD.
(e) Find a cool formula for area of the ellipse with major

axis a and minor axis b.
(f) Prove that this transformation matrix forms a real

ellipse. For reals.
(g) Find a matrix that will turn the circle into a shape

that has as much depth as the career of Justin Bieber.
(h) Find a matrix that will turn the circle into a shape

that has as much depth as Justin Bieber’s hair. Wait,
never mind, this problem is impossible.

4. What transformation matrix takes the parallelogram

F

 1

6

 , O

 0

0

 , U

 3

9

 , and R

 2

3

 .
back to a square of side 1 with lower left corner O?
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13. (a) Plot the following points. There’s something about
Mary. (This one’s about the
far-away Mary.)

M

 1

6

 , A

 0

0

 , R

 7

2

 , and Y

 8

8


(b) Multiply each point in MARY by the matrix

ROSE =

 0 1
2

−3 7
2


(c) Plot ROSE ·MARY
(d) Find all scaled vectors of matrix ROSE
(e) How much larger or smaller is the area of ROSE ·

MARY compared to the area of MARY ? Try to get
this without finding either area.

(f) What will any polygon look like as you multiply it
by ROSE repeatedly? Will all the points approach
something?

(g) What will happen to the area of polygons repeatedly
transformed by ROSE? Is this a paradox? Or is it

what was stolen from
Chance’s place?

Double Stuf

7. (s) Let J(n) be the number of ways to tile a 2-by-n
rectangle with one-unit-square “mahnaminoes”. Find
J(1), J(2), and J(3). There seems to be an echo

in here. A won-derful
problem if you will.

(e) Find a closed rule for J(n). Don’t think too hard
about this one.

(v) Let M(n) be the number of ways to tile a 2-by- WARNING: This problem is
very difficult! There is a
three-term recursive rule,
and a rather nice one.

n rectangle using any combination of mahnaminoes
and dominoes. (Remember, all different orientations
are considered different solutions.) Find M(1), M(2),
M(3), and M(4).

(2.718. . . ) Find a three-term recursive rule for M(n).
(n) Find a closed rule for M(n) if you feel like wading

through a giant pit of despair.

4. Find a closed rule for

Four(n) =


−4, n = 0

4, n = 1

4 · Four(n− 1)− 4 · Four(n− 2), n > 1
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2. (See the provided image below.) Every time a cat runs by,
the dog’s nose, point P (−5,−2), doubles its distance from
the origin while staying along the line y = 2

5
x. At the same

time, the bird’s wheels stay on the x-axis but reflect to the
opposite side of the origin, staying the same distance away. Wait, is someone flipping

the bird?(a) Find a matrix M that accomplishes this transforma-
tion.

(b) Determine the approximate endpoints of the dog’s
collar after 9 cats run by.

3. (b) Find a matrix D that transforms any point across
the line y = x. D.A.R.Y.L. Classic movie!

Not a ripoff of WarGames in
any way, shape, or form,
nope!

(o) Find a matrix A, different from the last one, that
transforms (5, 2) to (2, 5).

(w) Find a matrix R that transforms any point across
the line y = 3x.

(e) Find a matrix Y that transforms (0, 0) to (0, 1).
(n) Find a matrix L that transforms (0, 1) to (0, 2) and

(1, 0) to (1, 1) and (1, 1) to (1, 2).

11. Start with KITE made from the pointsK(−4,−4), I(0, 2),
T (2, 2), E(2, 0). Careful! Isn’t flying a kite shear fun?

If you don’t like this joke, go
fly a kite!

(a) Determine the area of KITE.
(b) Determine the area of KITE through careful shear-

ing.
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8. Determine the exact value of√√√√
2 +

√
2 +

√
2 +

√
2 +
√

2 + · · ·

12. If you transform a parallelogram through a matrix, will it
always remain a parallelogram? Almost always? Are there
other shapes that stay the same under transformations?

10ahh.

 5 1

3 3


Stare at it. Keep staring at it. That’s right. Keep staring.
(Stare ∞.) Yeah, we have no idea

what’s going on here either.
Maybe if we stare long
enough, we’ll see a 3-D
sailboat.

Nim Stuff

12. In one type of Nim game, there are two piles of sticks. On
a turn, you may take as many as you want from one pile.
The goal is to take the last stick. Determine a strategy
that wins the game if there are 10 sticks in one pile and 6
in the other. Generalize. The first game is like

moving a rook toward the
corner of a large chessboard.
Why? What piece is
represented in the second
game? The second game
has a tough but beautiful
generalization, by the way.

12. The same game is played again, with one new rule: you
may also take an equal number of sticks from both piles.
The goal is still to take the last stick. Determine a strategy
that wins the game if there are 10 sticks in one pile and 6
in the other. Generalize.

12. Celebrate and have a great summer. Thanks for making
this course fun, and see you soon.
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